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PREFACE. 



In the following Treatise I have adopted the method of 
liiTniting Katios as mj basis ; at the same time the co- 
ordinate method of Infinitesimals or Differentials has been 
largely employed. In this latter respect I have followed in 
the steps of all the great writers on the Calculus, from 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the subject. An ex- 
clusive adherence to the method of Differential Coefficients 
is by no means necessary for clearness and simplicity ; and, 
indeed, I have found by experience that many fundamental 
investigations in Mechanics and Geometry are made more 
intelligible to beginners by the method of Differentials than 
by that of Differential Coefficients. While in the more ad- 
vanced applications of the Calculus, which we find in such 
works as the M4canique Celeste of Laplace and the Mica- 
nique Analytique of Lagrange, the investigations are all 
conducted on the method of Infinitesimals. The principles 
on which this method is founded are given in a concise form 
in Arts. 38 and 39. 

In the portion of the book devoted to the discussion of 
Curves I have not confined myself exclusively to the ap- 
plication of the Differential Calculus to the subject, but 
have availed myself of the methods of Pure and Analytic 
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Geometry whenever it appeared that simplicity would be 
gained thereby. 

In the discussion of Multiple Points I have adopted tke 
simple and general method given by Dr. Salmon in his 
Higher Plane Curves, It is hoped that by this means the 
present treatise will be found to be a useful introduction to 
the more complete investigations contained in that work. 

As this book is principally intended for the use of begin- 
ners I have purposely omitted all metaphysical discussions, 
from a conviction that they are more calculated to perplex 
the beginner than to assist him in forming clear conceptions. 
The student of the Differential Calculus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset ; indeed it is only- 
after considerable acquaintance with the Science of Geometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science can be acquired only after 
practice in the application of its principles, and after patient 
study. 

The more advanced student may read with profit Carnot's 
Reflexions sur la Mitaphysique du Calcul Infinitesimal; in 
which, after giving a complete resumi of the difEerent points 
of view under which the principles of the Calculus may be 
regarded^ he concludes as follows : — 

" Le m^rite essentiel, le sublime, on pent le dire, de la 
methode infinit^simale, est de r^unir la facilite des precedes 
ordinaires d'un simple calcul d'approximation d Inexactitude 
des resultats de I'analyse ordinaire. Cet avantage immense 
serait .perdu, ou du moins fort diminue, si d cette methode 
pure et simple, telle que nous I'a donnee Leibnitz, on voulait, 
sous Tapparence d'une plus grande rigueur soutenue dans 
tout le cours de calcul, en substituer d'autres moins naturelles, 
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moins commodes, moins conformes & la marohe probable 
des inventeuTS. Si cette m^thode est exaote dans les r^- 
Bultats, oomme personne n'en doute aujourd'hui, si o'est tou- 
jonrs k elle qu'il f aut en revenir dans les questions difficiles, 
oomme il parait enoore que tout le monde en convient, 
poTirquoi recourir k des moyens d^toum^s et eompliquds pour 
la supplier? Pourquoi se contenter de Tappuyer sur des 
inductions et but la oonf ormit^ de ses r^sultats avex oeux que 
fouimssent les autres m^thodes, lorsqu'on pent la d^montrer 
directement et g^neralement, plus facilement peut-^tre 
qu'auoune de oes m^thodes eUes-m^mes P Les objections que 
I'on a faites centre elle portent toutes sur cette f ausse suppo- 
sition que les erreurs commises dans le cours du calcul, en j 
n^gligeant les quantit^s infiniment petites, sent demeur^es 
dans le r^sultat de ce calcul, quelque petites qu'on les sup- 
pose ; or c'est ce qui n'est point : I'^limination les emporte 
toutes n^cessairement, et il est singulier qu'on n'ait pas 
aper9u d'abord dans cette condition indispensable de T^limi- 
nation le veritable caract^re des quantit^s infinit^simales et 
la r^ponse dirimante a toutes les objections." 

Many important portions of the Calculus have been 
omitted, as being of too advanced a character; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
would allow. 

I have illustrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In the Chapter on Eoulettes, in addition to the discussion 
of Cycloids and Epicycloids, I have given a tolerably com- 
plete treatment of the question of the Curvature of a Eoulette, 
as also that of the Envelope of any Curve carried by a rolling 
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Curve. This discussion is based on the beautiful and general 
results known as Savary's Theorems, taken in conjunction 
with the properties of the Circle of Inflexions. I have 
introduced the application of these theorems to the general 
case of the motion of any plane area supposed to move on 
a fixed Plane. 

I have also given short Chapters on Spherical Harmonic 
Analysis and on the System of Determinant Functions 
known as Jacobians, which now hold so fundamental a plaoe 
in analysis. 

Trinitt Colleqe, 
Oetoher, 1899. 
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CHAPTER I. 

FIBST PBINCIPLES — ^DIFFBRBNTIATION. 

I . Fimctloiis. — ^The student, from his previous acquaintance 
with Algebra and Trigonometry, is supposed to understand 
what is meant when one quantity is said to be a function of 
another. Thus, in trigonometry, the sine, cosine, tangent, &c., 
of an angle axe said to be functions of the angle, having each 
a single value if the angle is given, and varying when the 
angle varies. In like manner any algebraic expression in x 
is said to be a function of x. Geometry also furnishes us 
with simple illustrations. For instance, the area of a square, 
or of any regular polygon of a given number of sides, is a 
function of its side ; and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 
any change made in the one produces a corresponding variation 
in the other y then the latter is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters JF*,/, 0, &c. 

Thus the equations 

u^F[x), vfix), fr-^(a?), 

denote that u, r, tr, are regarded as fimctions of Xj whose 
values are determined for any particular value of x, when the 
form of the function is known. 

2. Dependent and Independent Tarlables, Con- 
stants. — ^In each of the preceding expressions, x is said to be 

B 
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the independent variable, to which any value maj be assigned 
at pleasure ; and u, v, tr, are called dependent variables, as their 
values depend on that of x, and are determined when it is 
known. 

Thus, in the equations 

y=io*, y»«*, y = sinaj, 

the value of y depends on that of a?, and is in each case deter^ 
mined when the value of a? is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable a;, then every fimction 
of X will assume a corresponding series of values.. If a quan- 
tity retain the same value, whatever change be given to a?, it 
is said to be a constant with respect to x. We usually denote 
constants by a, b, e, &o., the first letters of the alphabet; 
variables by the last, viz., ti, v, w^ a?, y, z. 

3. Algebraic and Transcendental Functions. — 
Functions which consist of a finite number of terms, involving 
integral and fractional powers of x^ together with constants 
solely, are called algebraic functions — ^uius 



(*-«)•' ^^. (a + <«)(J-*)»,&o., 

are algebraic expressions. 

Functions ^ich do not admit of being represented as 
ordinary algebraic expressions in b, finite number of terms are 
called transcendental : thus, mnw^coBXj tan Xj ^, log x, &c., 
are transcendental functions ; for they cannot be expressed 
in terms of x except by a series containing an infinite number 
of terms. 

Algebraic functions are ultimately reducible to the follow- 
ing elementary forms : (i). Sum, or difference (ti + «?,!*- t?). 

(2). Product, and its inverse, quotient f wp, - J. Powers, and 

their inverse, roots («*•, «•*). 

The elementary transcendental functions are also ulti- 
mately reducible to : (i). The sine, and its inverse, (sin t«, 
8in"'t<). (2). The exponential, and its inverse, logarithm 
K log u). 
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4. Conttniioiis Functloiis. — ^A funotion {x) is said to 
be a continuous function of Xy between the limits a and by 
when, to eaoh value of x^ between these limits, corresponds a 
finite value of the function, and when an infinitely small 
change in the value of x produces only an infinitely small 
change in the function. If these conditions be not fulfilled 
the function is discontinuous. It is easily seen that all 
algebraic expressions, such as 

atfid^ + Oiof^^ -f • • • • Oiif 

and all circular expressions, sin a?, tan x^ &c., are, in general^ 
continuous functions, as also ^, log x^ &c. In such cases, 
accordingly, it follows that if x receive a very small change, 
the corresponding change in the function 01 it; is also very 
small. 

5. Increments and DiflF^rentlals. — In the Differen- 
tial Calculus we investigate the changes which any function 
undergoes when the variable on which it depends is made to 
pass through a series of different stages of magnitude. 

If the variable x be supposed to receive any change, such 
change is called an increment ; this increment of a? is usually 
represented by the notation Aa?. 

When the increment, or difference^ is supposed infinitely 
small it is called a differential^ and represented by rf!a?, i.e. an 
infinitely small difference is called a differential. 

In like manner, iiuhe a, function of a?, and x becomes 
X -¥ Ax, the corresponding value of uis represented hju + Au; 
i. e. the increment of w is denoted by Aw. 

6. I^imiting Ratios, Derived Functions. — If uhe & 

function of a?, then for finite increments, it is obvious that the 

ratio of the increment of t* to the corresponding increment of 

X has, in general, a finite value. Also when the increment 

of a; is regarded as being infinitely small, we assume that the 

ratio above mentioned has still a definite limiting value. In 

the Differential Calculus we investigate the vidues of these 

limiting ratios for different forms of functions. 

The ratio of the increment of u to that of x in the limit, 

J' 

when both are infinitely small, is denoted by — . When 

B 2 
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u -f[x\ this limiting ratio is denoted \yjf[x\ and is called 
WiQ first derived function* oif[x). 

Thus ; let x become a? + A, where h = Aa?, then u becomes 

f{x + A), i. e. tt + Att «/(» + A), 

.-. Au «/(» + h) -/(a?), 

At^ /(a? + A) -/(a?) 
Aa; A 

^^ limiting value of this expression token A t8 infinitely/ small 
is called the first derived function of /(«), and represented 
hjfix). I 

Again, since the ratio — has/' (a?) for its limiting value, 

if we assume 

€ must become evanescent alonir with Aa; ; also — becomes 

^ Aa? 

-J- at tlie same time ; hence we have 
ax 

This result may be stated otherwise, thus : — ^If Ui denote 
the value of u when x becomes a?i, then the value of the ratio 

-^ , when a?! - a; is evanescent, is called the first derived 

a?i — a? 

du 
function of w, and denoted by -r-. 

ax 



* The method of derived functions was introduced by Lagrange, and the 
different derived functions off(x) were defined by him to be, the coefficients of 
the powers of A in the expansion off{x + h) : mat this definition of the first 
derived function agrees with that given in the text will be seen subsequently. 

This agreement was also pointed out by Lagrange. See '*ll)i4orie del 
Fonctions Analytiques/' N^. 3, 9. 
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If Xi be greater than Xy then Ui is also greater than u^ pro- 

vided -^ is positive ; and henoe, in the limit, when Xi - x 

^i"^ . du . 

is evanescent, Ui is greater or less than u acoording as — is 

ax 

positive or negative. Hence, if we suppose x to increase, 

then any function of x increases or diminishes at the same 

time, according as its derived function, taken with respect 

to a?, is positive or negative. This principle is of great 

importance in tracing the different stages of a function of Xy 

corresponding to a series of values of x, 

7. Differential, and Diiforentlal Coeffieient, of 

m. 

Let u "/{x) ; then since 

i-/w. 

we have du = d{/{x)) -/^{x)dXf 

where dx is regarded as being infinitely small. In this 
case dx is, as already stated, the differential of or, and du 
or /^ {x) dxy is called the corresponding differential of u. 
Also J^ (x) is called the differential coefficient of /(rr), being 
the coefficient of dx in the differential of f{x). 

8. Algebrale niustratlon. — That a fraction whose 
numerator and denominator are both evanescent, or in- 
finitely small, may have a finite determinate value, is 

evident from algebra. For example, we have t = -r what- 
ever n may be. If n be regarded as an infinitely small 
iiQmber, the numerator and denominator of the fraction 
both become infinitely small magnitudes, while their ratio 

remains unaltered and equal to ?. 

It will be observed that this agrees with our ordinary 

idea of a ratio; for the value of a ratio depends on the 

relative^ and not on the absolute magnitude of the terms 

which compose it. 

.... na + nV 

Again, :f ii - , 

no -¥ n^o 

in which n is regarded as infinitely small, and a, by d and V 
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represent finite magnitadeB^ the tenns of the fraction are 
both infinitely small, 

but their ratio is rj. 

h + nlr 

the Undting tfolue of which, as it is diminished indefinitely, 

is -T. Again, if we suppose n indefinite^ increased, the 

limiting value of the fraction is -p. For 

6 

a + rf'fi i^ aV -Id 

= ^. + 



6 + i'« V Vi^^h'nY 

but the fraction 77-7; — tt-tt diminishes indefinitely as n 

6 (6 + in) 

increases indefinitely, and may be made less than any 

assignable magnitude, however small. Accordingly the 

limiting value of the fraction in this case is 7>. 



9. Tiis^Mometrical Ill«stnitfoii« — ^To find the values 
of 7 — g, and —^y when is regarded as infinitely email. 

Here - — - = cos^, and when = o, oosO = !• ^ 

Hence, in the limit, when = o,* we have I 

sin 9 - tan0 . ., ^ 

7 — z = i> and, .". -^ — ji = I, at the same time, 
tan© sm0 

Again, to find the value of -r— ^9 when is infinitely smalL 

sina * 

From geometrical considerations it is evident that if 6 be ^ 
the circular measure of an angle, we have j 

tan > > sLq 0, 

tan0 e 
sm o sinlr 

* Jfa mariatU quautiiy be supposed to diminish gradually ^ tiU it he less tMdtt 
anytkiuff Jinite whieh ean be assigned, it is said in that state lo be imdefimtdy 
small or evaneseent; for abbreviation^ sueh a quantiiy is often denoted by cypher. 

A disciission of mfinitesiinals, or infinitely smaU quantities of different orders, 
will be found in the next Chapter. 



I < 



Geometrical Illustration, 

but in the limit, i.e. when is infinitely small, 

tanO 

and therefore, at the same time, we have 

e 



sind 



= I. 



This shows that in a circle the ultimate ratio of an arc to its 
chord is unity, when they are both regarded as evanescent. 

ID. C^eometrical lUnstration. — Assuming that the 
relation y = f{x) may in all cases be represented by a curve, 
where . . . 

expresses the equation connecting the co-ordinates (a;, y) 
of each of its points ; then, if the axes be rectangular, and 
two points (a?, y), («?!, y^ be taken on the curve, it is obvious 

that represents the tangent of the angle which the 

chord joining the points (a?, y), (iPi, yi) makes with the axis 

of iP. 

If, now, we suppose the points taken infinitely near to 
each other, so that Xi-x becomes evanescent, then the chord 
becomes the tangent at the point {x, y)y but 

?- — - becomes -y- or J^ (x) in this case. 
a?i — a? ax 

Hence, f^ {x) represents the trigonometrical tangent of the 
angle which the line touching the curve at the point (ar, y) makes 
with the axis of x. We see, accordingly, that to draw the 
tangent at any point to the curve 

is the same as to find the derived function ^{x) of y with 
respect to x. Hence, also, the equation of the tangent to 
the curve at a point {x, y) is evidently 

y-Y = f{z){x-X), (2) 

where X, T are the current co-ordinates of any point on the 
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tangent. At the points for which the tangent is parallel to 
the axis of x, we have /" (a;) = o ; at the points where the 
tangent is perpendicular to the axis, f {x) = oo . For all 
other points f^ (a?) has a determinate finite real value in 
general. This conclusion verifies the statement, that the 
ratio of the increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
magnitude, when the increment becomes in&iitely small. 

This has been so admirably expressed, and its con- 
nexion with the fundamental principles of the Differential 
Calculus so well explained, by M. Navier, that I cannot for- 
bear introducing the following extract from his "Le9ons 
d'Analyse*': — 

" Among the properties which the function y = /(a?), or 
the line which represents it, possesses, the most remarkable — 
in fact that which is the principal object of the Differential 
Calculus, and which is constancy introduced in all practical 
applications of the Calculus — ^is the 
degree of rapidity with which the 
function f{x) varies when the in- 
dependent variable x is made to 
vary from any assigned value. 
This degree of rapidity of the 
increment of the function, when x 
is altered, may differ, not only 
from one function to another, but 
also in the same function, ac- 
cording to the value attributed to 
the variable. In order to form a 
precise notion on this point, let us attribute to a; a deter- 
mined value represented by ONy to which will correspond 
an equally determined value of y, represented by PN. Let 
us now suppose, starting from this value, that x increases by 
any quantity denoted by ^x^ and represented by iVJf, the 
function y will vary in consequence by a certain quantify, 
denoted by Ay, and we shall have 

y + Ay « f{x + A«), or Ay = f{x + Aa?) -/(«)• 

The new value of y is represented in the figure by QM^ 
and QL represents Ay, or the variation of the function. 
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The ratio — of the increment of the function to that of 
the independent variable^ of which the expression is 

is represented by the trigonometrical tangent of the angle 
QPL made by the secant PQ with the axis of a?. 

" It ifl plain that this ratio — ^ is the natural expression 

of the property referred to, that is, of the degree of rapidity 
with wU the function y increases when we moi«aie thV 
independent variable x\ ior the greater the value of this 
ratio, the greater will be the increment Ay when x is in- 
creased by a given quantity Ax. But it is very important 

to remark, that the value of — ^ (except in the case when 

i^X 

the line PQ becomes a right line) depends not only on the 
value attributed to a?, that is to say, on the position of P on 
the curve, but also on the absolute value of the increment Ao;. 
If we were to leave this increment arbitrary, it would be 

unpo88ible to assign to the ratio £ any precise value, and 

it is accordingly necessary to adopt a convention which shall 

remove all uncertainty in this respect. 

^* Suppose that after having given to Aa; any value, to 

which will correspond a certain value Ay and a certain 

direction of the secant PQ, we diminish pro^essively the 

value of Aa;, so that the increment ends oy becoming 

evanescent; the corresponding increment Ay will vary in 

consequence, and will equally tend to become evanescent. 

The point Q will tend to coincide with the point P, and the 

secant PQ with the tangent PT drawn to the curve at the 

At/ 
point P. The ratio -^ of the increments will equally 

UiX 

approach to a certain limit, represented by the trigonometrical 
tangent of the angle TPL made by the tangent with the 
axis of a?. 

<<We accordingly observe that when the increment Aar, 
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and oonseqnently Ay, diTniniflh progresdyely and tend to 
vaoifih, the ratio -^ of these increments approaches in 
general to a limit whose yalue is finite and determinate. 

Av • • . . * 

Hence the value of — corresponding to this limit must be 

considered as giving the true and precise measure of the 
rapiditi/ with which the function f {x) varies when the independent 
variable x is made to vary from an assigned value ; for there 
does not remain anything arbitrary in the expression of this 
value, as it no longer depends on the absolute values of the 
increments Ao; and A^, nor on the figure of the curve at any 
finite distance at either side of the point P. It depends 
solely on the direction of the curve at this point, that is, on 
the inclination of the tangent to the axis of x. The ratio 
just determined expresses what Newton called the^emon of 
the ordinate. As to the mode of finding its value in each 
particular case, it is sufficient to consider the general 
ezpresaion ^ jj^^^^^^f^^ 

Ao; tiX ' 

and to see what is the limit to which this expression tends, 
as Ao; takes smaller and smaller values and tends to vanish. 
This limit will be a certain function of the independent 
variable Xj whose form depends on that of the given function 

f{x) We shall add one other remark ; which is, that 

the differentials represented by dx and dy denote always 
quantities of the same nature as those denoted by the variables 
X and y. Thus in geometry, when x represents a line, an 
area, or a volume, the differential dx also represents a line, an 
area, or a volume. These differentials are always supposed 
to be less than any assigned magnitude, however small ; but 
this hypothesis does not alter the nature of these quantities : 
dx and dy are always homosreneous with x and y. that is to 
say, preset always 4e sameSumberof dimensioJof theunit 
by means of which the values of these variables are expressed." 
loa. Iiimit of a ¥arlable Macnitaile. — ^As the con- 
ception of a limit is fundamental in the Calculus, it may 
be well to add a few remarks in further elucidation of its 
meaning : — 




^^ ..,.^*wv^>^^ 
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In general, when a variable magnitude tends continually to 
equality with a certain fixed magnitude^ and approaches nearer to 
it than any assignable difference, however small^ this fi^xed magni- 
tude is called the limit of the variable magnitude. For example, 
if we inscribe, or cironniscribe, a polygon to any closed curve, 
and afterwards conceive each side indefinitely diminished, 
and consequently their number indefinitely increased, then 
the closed curve is said to be the limit of either polygon. 
By this means the total length of the curve is the limit of 
the perimeter either of the inscribed or circumscribed polygon. 
In like manner, the area of the curve is the limit to the 
area of either polygon. For instance, since the area of any 
polygon circumscribed to a circle is obvioudy equal to the 
reotMigle under the radius of the circle and the semi-perimeter 
of the polygon, it follows that the area of a circle is repre- 
sented by WlQ product of its radius and its semi-circumfe- 
rence. Again, since the length of the side of a regular 
polygon inscribed in a circle bears to that of the correspond- 
ing arc the same ratio as the perimeter of the polygon to the 
circumference of the circle, it follows that the ultimate ratio 
of the chord to the arc is one of equality, as shown in Art. 9. 
The like result follows immediately for any curve. 

The following principles concerning limits are of fre- 
quent application: — (i) The limit of the product of two quan^ 
titiesj which vary together^ is the product of their limits; (2) The 
Umit of the quotient of the quantities is the quotient of their 
limits. 

For, let P and Q represent the two quantities, and j9 and 
q their respective limits ; then if 

P=i? + a, Q-? + /3, 

a and /3 denote quantities which diminish indefinitely as P 
and Q approach their limits, and which become evanescent 
in the limit. 

Again, we have 

PQ, ^pq +pp + ga + oj3. 

Accordingly, in the limit, we have 

PQ = pq. 
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The numerator of the last fraction becomes eyanescent in 
the limit, while the denominator becomes ^, and consequently 

the limit of — is -. 
Q q 

1 1 . HUTereiitiatieii. — ^The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differentiating the expression. 

We proceed to explain this process by applying it to a 
few elementary examples. 



ExAJEPias. 
I. f = «"• 

Substitiite s + A fiar ^, and denote the new Talue ef y liy yi, then 

.*. , or — ^ = as + iL 
h Lx 

If A be taken an infinitely amalL qnantity, we get in the lindt 

-^ = is: 

or if /(») as s*, we hare/* (s) = 2S. 

I 
a. jr--. 



_ I 

Hen fi 



s+ A 
I I 



^ 



•^■^ s+A s «(s + A)* 



yi - y ^ AST I 

oar — = — 



h ' AS s(s + A)' 
which eqnatioD, when A is eraneacent, becomeB 
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12. Hiflnerentlatlon of the Algebraic Sum of a 
Finite Brnmber of Functloiis. — ^Let 

y = w + f?-ir + &o. ; 
then, if iPi = a? + A, we get 

yi « 111 + ri - fTi + . . . ; 



yi-y _ ui-u vi'V wx-^w 



"r • • •• 



A ^ A A 

which becomes in the limit, when h is infinitely smaU, 

dy ^du dv dw 
dx dx dx dx 

Hence, if a function consist of several terms, its derived 
function is the sum of the derived functions of its several partSy 
taken with their proper signs. 

It is evident that the differential of a constant is zero. 

13. DUItereiitlatlon of the Product of Two Fuiic* 
tlons. — ^Let p » uvy where u, Vy are both functions of ^; and 
suppose Ay, Ati, Ar, to be the increments of y, u^ 9, corre- 
sponding to the increment A;r in x. Then 

Ay - (i* + A«) {v + Af>) - w? 

« udkV + r Atf + Au Ar, 

Ay At? , ^ \ Ati 

Ao; A^ Ao; 

Now suppose Ar to be infinitely small, then 

Ay Ar Ati 

A^ Ao? Ap 

become in the limit 

dy do j\^^ . 
dx* da^ dx* 

also, since Ac vanishes at the same time, the last term dis- 
appears from the equation, and thus we arrive at the result 

dy dv du . . 

dx dx dx' 

W^^^r ^^r^^r ^^F^^ 
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Henoe, to diffei^ntiate the produot of two functions, 
multiply each of the factors by the differential coefficient of the 
other J and add the products thus found. 

Otherwise thus : let /(a?), ^ (a?), denote the functions, and 
h the increment of a^ then 

yi ^f{x + A) ^ (a? + A) ; 

. yi - y _ f{^ + A) » (a? + A) -f{x) » [x) 
•• A " A 

^/(.^A)^-/(.)^^^^^^^^^^^»(..fA)-»M 
Now, in the limit, 

and »(a? + A)-»(a?) ,, 

^ Wf 

and, accordingly, 

|=/(ar)^» + *(;r)/(*), 

which agrees with the preceding result. 

When y = au^ where a is a constant with respect to a?, 
we have evidently 

dy du 

dx dx 

14. Differentlatloii of the Product of any UTaiiiber 
of Functloiis. — First let 

y = uf>w\ 



suppose 








f>W 


- «» 




then 








y 


= fi«. 




and, by 


Art. 


13, 


we 


have 

dy 
dx " 


dz 
ir 


du 
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but, by the same Ajrtiole, 



henoe 



dz df> dw 
— = fC — + f? — • 
dx dx dx 



dy du dv dw 

dx dx dx dx 



This process of reasoning can be easily extended to any 
number of functions. 

The preceding result admits of being written in the form 

I dy 1 du 1 dv 1 dw 

and in general, if y - yi . y» . ys . . . . yn, 
it can be easily proved in like manner that 

ydx yi dx y^dx ' * ' yn dx' 
15. DlflTerentlatloii of a lEootteni — ^Let 

y « -, thent* = yv\ 

therefore, by Ait. 13, ^ = y^ + f^, 

dy du dv du udv 
or Ij-^ss y — s — — 

dx dx dx dx vdx 

du dv 
f) f^ — 

dx dx 

" V ' 

du dv 

. ^ = ^" ^ (5) 

** dx v^ 

This may be ■written in the following form, which is often 

useful: 

d fu\ _ ^ du u dv 

dx\v I V dx v^ dx' 
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Henoe, to differentiate a fraction, multiply the denominator 
into the derived function of the numerator^ and the numerator into 
the derived function of the denominator; take the latter product 
from the former f and divide by the sqttare of the denominator. 

In the particular case where ti is a constant with respect 
ix>x {a suppose), we obviously have 

^/^?^„-^^. (6) 

dx \vj r" dx 



EZAICPLES. 
a—tf , dm 2a 

I. urn — -—. ^Ht, 



J 



a + 9 dx {a + a?)'* 

du 
a. « = (a + 4r) (^ + #)« -r-^a + bi-2x, 

, as 

1 6. DlflTerentlalion of an Integral Power. — ^Let 

y = af^f where n is a, positive integer. 

Suppose yi to be the value of ^, when a becomes Xu then 



a?i — a? a?i — a? 



Xi^^ + xxi^^ + . . . + af^^. 



Now, suppose Xi" X to be evanescent. In this case we 

may write x for Xi in the right-hand side of the preceding 

equation, when it becomes naf*^^; but the left-hand side, in 

du 
the limit, is represented by -f- • 

ax 

Hence -^ « «if^, 

ax ' 

or — ^-^ « na^*. 

da; 

This result follows also from Art. 14 ; for, making 

yi = ya = y» - . . . - ^n - I*, 
we evidently get from (4), 



nu 



dx dx 

This reduces to the preceding on making u m s. 



(7) 
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17. Oifferentlatloii of a Fractional Power. — ^Let 

m 

hence, by (7), 

•1 _Z. — •M«i«l-l 



„y-._ = ««-_; 



m 



• ' ^ s — — = = — t^* , 

* * dx dx n y^^ dx n dx 



(8) 



18. Diflferentlatloii of a STegatiTe Power. — Let 

y = •»"**, then y = -z:, and by (6) we get 

du 

^M ;?= «»«^'^. (9) 

Combining the results established in (7), (8), and (9), we 
find that 

— ^ — - = i»u**"^ — 
dx dx 

for all values of w, positive, negative, or fractional. When 
appKed to the differentiation ot any power of x we get the 
foUowing rule : — Diminish the index by unity ^ and multiply the 
power of X thus obtained by the original index; the result is the 
required differential coefficient, with respect to x. 

19. DIfferentlatloii of a Fiinetion of a Functloii. — 

du 

Let y = f{x) and 1* = (y), to find -j-. Suppose yi, Wi, to be 

the values of y and u corresponding to the value Xi for x ; 
then if Ay, At^, Ao?, denote the corresponding increments, 
we have evidently 

Ui-u ^ Ui-u yi~y 

Xi"^ X yi-ya?! — w 
or 

A« _ Af^Ay 
AiT Ay Aa;' 



1 
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As this relation holds for all corresponding increments, 
however small, it must hold in the limit,* when An? is 
evanescent ; in which case it becomes 

du ^ dudy . ^ 

dx dy dx 

Hence the derived function with reject to x of u is the 
product of its derived with respect to y ; and the derived of y 
with respect to x. 

20. Differentlatloii of an Inverae Fanction. — To 
prove that 

dx I 

dy " dy' 

dx 

Suppose that from the equation 

y •= fip) («) 

the equation 

X = f (y) (S) 

is deduced, and let a?i, yi, be corresponding values of a?, y^ 
which satisfy the equation (a), it is evident that they will 
also satisfy i^e equation ((). But 

yi-y xi-x 

■ . X >— — — at f 

xi-x yi-y 

As this equation holds for all finite increments, it must 
hold when Xx- x and yi- y are infinitely small ; therefore 
we have in the limit 

dx dy 

The same result may also be arrived at from Art. 19, 
as follows : — 

When y =/(a?), and u = 0(y), 



* The Student will observe that this is a case of the principle (Art. loa) that 
the limit of the product of two quantities is equal to the product of their limits. 
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we have, in all oases, 

da dudf 
dx dydx 

This result must still hold in the pariioiilar oase when u " x^ 
in whioh oase it beoomes 

dxdy 

dydx* 

Examples. 
I. « - (o^ - «>)•. 

Lei «* - 4^ » y, then « -* y*, 



du 
Henoe 3- = - io» (a* - «•)•. 

ax 



dm 



i. 


« = (a + i«a)*. 


^IM. 




3- 


i,.(,+aj»)l. 




i^ti « 


<fe ^ (!+««)»' 


4- 


« - (i + «•)•. 




— « miMJ^i (i + a?*)"^^. 



"We next proceed to determine the derived functions of 
the elementary trigonometrical and circular functions. 
21. Differentiatioii of sin a?. — ^Let 



y « sina?, yi = sin {x + A), 

. h 
. / TV . - Jin - 
yi-y sin (a? + A) - sm a? 2 



2 sin - co8(a?+ -1 



. h 
sin- 
.2 
But by Art. 9, the limit of -^ - i ; moreover, the Kmit of 



(«r+|)iB 



006 (d^+- lis 008 4^ 

01 
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Henoe 1^^ 



<fc COS* (12) 



22, mflnBrenttatton ofooBW. 

y » 008 d?^ yi - OOB (d^ + k)f 



Vi-y 008 



(a? + A) - 008 a? a V 2) 



HenoOy in the lixniti 

€?00S X 



-Bin*. (13) 



This roBTilt might be deduced from the preceding, by substi- 
tuting — s f or Wi and applying the principle of Art. 19. 

It may be noted that (12) and (13) admit alflo of being 
written in the following symmetrical form :— 



dAXLX 

dx 
dooBx 






cos 
ax 

23. DiflRerentlatioii of tan d?. 

y « tan x^ pi •= tan {x + A), 

sin (a? + A) sin a? 
yi - y tan (a? + A) - tan x cos (a? + A) cos x 
~b A " A 

sin A 



Acosd^oos (x-^ by 



which becomes — r- in the limit. 

cos* a? 



J 



Differentiation ofy = «m"* a?. 2\ 

Henoe — ^ — - « — =- = seoP*. (14) 

Otherwise thnsy - 

, sin iz; (2 sin a; . e^ 00s a; 

, / , V a . 00s X — ; sin a? — - — 

a (tan a;; cos a? dx dx 



da dx 00s' d; 



008*^+ sin'o; i 



008* a? COS* a?" 



24. ntflfterentlattoii of cot x. — ^Proceed as in the last, 

, , rf(cota?) I , , V 

and we get — ^-= — - « - -t-t- ■» - ooseo'a?. (15) 

w Bin 0? 

This result can also be derived from the preceding, by put- 
ting — 2 for d?, as in Art. 22. 

25. Diflnerentlatlon of fleo «i 



if - seo « « ; 

cos a? 

dy sina? , , .. 

= tana? secaj. (16) 



• • 



dx cos' X 



o,. ., , d coseo X , 

Similarly — -z - cot a? oosec x. 

dx 

26. Dlflterentiatloii of y = sirT^x. 

TT . ^ 

Mtaru x^smyy .•. ^ = cos jf. 

Hence, by Art. 20, we get 

dx cosy y/i >^ 
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The ambiguity of the sign in this case arises from the ambi- 
guity of the expression y = sin""* a? ; for if y satisfy this equa- 
tion for a particular value of x^ so also does tt - ^ ; as also 
27r + yy &o. If, however, we assign always to ^ its letzst value^ 
i. e. the acute angle whose sine is represented by w^ then the 
sign of the differential coefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, so long 
as it is acute. Accordingly, with the preceding limitation. 

In like manner we find 

d. ooEr*« I 



*> V^T? 



(i8) 



with the same limitation. 

This latter result can be at once deduced from the preced- 
ing by aid of the elementary equation 



4r 

Bm"*« + oor*fl?--, 

2 



27. BlflRerentlatloii of tan** ox. 

y a tan'*^, .*. x - tan y ; 



henoe 



db 



1*, » 



• • 



dy cos*y 
cf.tan-*^^ dy ^ I , . 



d.00t*» 1 

Similarly, —^ :^-^ 

28. Geometrical Demonstratioit. — The results ar- 
rived at in the preceding Articles admit also of easy demon- 



] 



Oeometrical Demomtration. 



23 



Btration by geometrical construction, 
method by applying it to 
the case of sin 0. 

Suppose XPQFtobe a 
quadrant of a circle hav- 
ing as its centre, and 
construct as in figure. 
Let denote the angle 
XOP expressed in circu- 
lar measure; then 



We shall illustrate this 
Y 




N M X 

Fig. 3. 



e = ?!:^,andA = A0 = ^^^^ 



OP 



Accordingly, 



sin (0 + A) - sin = 



OP • 



^ ^^ = cosPQfi.^Q 



OK^ 

OP PQ ' OP 



OP' 



sin(0 + A) -sin0 -^„ PQ 

.\ — ^^ -r^ = cos PQi? ^Tj. 

h arc PQ 

But we have seen, in Art. 9, that the limiting value of 



PQ 

arcPQ 



= I ; also PQR = 0, at the same time ; hence — -=^ — = cos 0, 

au 

as before. 

The student will find no difiiculty in applying the pre- 
ceding construction to the differentiation of cos 0, sin"* 0, and 
cos"* 0. The differential coefficients of tan 0, tan"* 0, &c., can, 
in like manner, be easily obtained by geometrical construction. 



I- y = sin («•« + «>. 



«. y » co8<itd;oo8fi«. 



Examples. 



s M cos (iw + •). 



dy 

•j-^-{mQo%nx 8in mx •\- uco&mxtaii «ur). 



3- y " iin* ». 



-r- a niin""* » 008 «. 

dx 
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4. y = Bin(i + ««). ^ = 2« cos (i + ««). 

ax 

5. Show that Bin' x -j- (sin*** sin ma^ = m 8in*»*iaj sin (m + i) «. 

d 
Here ~ (sin^ip sin mx) = m sin^-^aj (cos a; sin m« + sin * cos mx) 

= w Bin«»-i X sin («j + i) a; : .*. &c. 

6. y = (a8in«a: + *co82«>«. j^ = n (a-i) 8in2a;(a8in»* +ic08««)»»-». 

7. y = sin (sin a;). 

Or y = sin «, where m = sin «. -f^ = cos a; cos (sin «)• 

8. y = sin 1 («»). -^ = . 

9. y = sin-i (i - «2)*. 

Here (i - «*)* = sin y ; .•. » = cos y. 

i=-8my-f ; .-. -^ = 7=. 

10. y B cos-i r . — = V <* - ^' 

a^booBx dx a + bco&x 

11. y = 8ec»». ^ = « sec"* tan 9. 



12. y = secr*(««). 



<to 



^y 



rf* x^x^ - 1* 

29. Differentiation of loga^. 
Let y = logaa;, y^ = loga (a? + ^), 

yi-y __ logg (a? + A) - loggg ? ^ ^^^v "^;^y 

A " A h ' 

Henoe j^ is equal to the limiting value of 

when h is infinitely small. 
Again, let h = (VUy then 

I , / A\ I loga (i + w) I , , .z 

Tioga I + - = - --^-^ = - loga (l + u)^ 

h ^ \ x) X u X ^^ ' 
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.'. ~ = - mnltiplied by the value of loga (i + t#)* when u is 
mfinitelj small. 



I 



To find the value of the latter expression, let - = », then 



u 



(i + uY becomes [ i + - ] , in which z is regarded as infinitely 

great. Suppose the limiting value of this expression to be re-' 
presented by the letter e^ according to the usual notation. We 
can then find the value of ^ as follows by the Binomial 
Theorem : — 

/ I V » I « (« - 1) I 

\ zj IS 1 . 2 r 

. (-i) (-^)(-f) ^ 

- 1 + - + -^ ^ + -^ ^-^ ^ + fto. 

I 1.2 1.2.3 

The limiting* value of which, when » = 00, is evidently 

III ^ SL 

I + - + + + + &0, 

I 1.2 1.2.3 1.2.3.4 

By taking a sufiScient number of terms of this series, we 
can approximate to the value of e as nearly as we please. 
The ultimate value can be shown to be an incommensurable 
qxiantity, and is the base of the natural or Napierian system 
of logarithms. When taken to nine decimal places, its value 
18 2.718281828. 

Agaiuy since (i + uY = e when ti « o, we get 

C^. loga a? loga^ , V 

Also, since the calculation of logarithms to any other 
tese starts from the logarithms of some numbers to the base e ; 

* It will be shown in Chapter 3, without asmuning the Binomial expansion, 
•that e is the limit of the sum of the series 

I + - + + + &c., ad infinitum, 

I 1.2 I . a . 3 



L. 
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and moreover, since the logarithms of all numbers are expressed 
by their logarithms to the base e multiplied by the modulus 
of transformation, the system whose base is e is fundamental 
in analysis, and we shall denote it by the symbol log without 
a suffix. In this case, since log e = i, we have 

^aoga')-i. (21) 

Again, 

d f. . logio^ -Jf . . 

dx X X ' 

where -3f or logio^ is the modulus of Briggs' or the ordinary 
tabulated system of logarithms. The value of this modulus, 
when calculated to ten decimal places, is 

0.4342944819. 

On the method of its determination see G-albraith's "Algebra," 

P- 379- 

If a; be a large number, it is evident, from the preceding, 

that the tabular difference (as given in Logarithmic Tables), 

M 
i. e. the difference between logio (^ + a^d logwa?, is — , ap- 

X 

proximately. The student can readily verify this result by 
reference to the Tables. 

30. Diflnsrentiatlon of <f. 

Let y ^<^y then log y ^x log a ; 

^ (log y) 1 

^ rf(log y) ^ d (log y) dy _ \dy ^ 

dx dy dx y dx* 

^-yloga = a*loga. (23) 



• • 



dx dx 
Also, since log ^ - i, we have 
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Etahtpliw. 



I. yslog(8in«). 

Let nn^ss, then y = log f. 

dy dj/ dB 
dx" d»' dm* 



And since 



dV OOBX 

we get -f- " - — =s cot jr. 

^ dx Bmae 

■ 

a. y - log \/ 1^ - *» - J log (a» - *») ; ^ = -^P^. 



r-i«gjf^ 



-008 



eoax 



a 8m.'- 



I — COB j; / 2 , » 

W2 008^- 

9 dy I 

••• jf " log tan-. Hence -^ « -^ — ^ 

31. Ijoffaiitiliiiilc Diflterentlatloii. — ^When the fiino- 
tion to be differentiated consists of produots and quotients 
of functions, it is in general useful to take the logarithm 
of the function, and to differentiate it This process is called 
logarithmic differentiation. 

EzAHPLBS. 

>• If^fl'ifi'V**' *1fm log^»logyi + 1og^ + . . . + log|fi». 

„ idy 1 d!n , I dy* . i dyn 

y dx y\ d» y%dx y% dx 

This fmniAhes another proof of formula (4), p. 15. 

sin" X 
a. y B . Here, logvamlogsin^-iilogooatf; 

1 dy Q(MX sin « dy sin**'^ x , , . , . 

.*. - 3^ as m -; — 4. n ; .'. :r ■■ ^, (moo8*» + n sm**). 

y ^ sm « cos d; d!r cos**^^ x 



28 First Principles — Differentiatum. 

Here logy = |log(«- i) -7 log(«- 2) -^log (#- 3); 

* 4 3 

I rfy 5 I 31 71 7J^ + 3o« - 97 



hence 



y<to 2x- I 4»-2 3«-3 ia.(a?-i)(*-2)(a?-3)' 

. ^^ (g - i)i (ya?' + 30a? - 97) 

dx " ia.(»-a)l(«-3)V ' 



• • 



dy a^ ^^ (^ ^ — 44?* 

5. y « «•. Here log y s « log «. 



Henee ^^*P^8*+0; .-. -^ « «• (i + log •). 

6. y = #^. Here log y a «•, 

idy d.xf , , . 

•'• ^ = *•'«•('+ log »). 

7. y = <<*» where f» and v are both functions of «• 
Here log y » f log m, 

1 dp . dif V du 

dy i. dv V du\ . dv .du 

/. -f--W ( log 1* 7- + - 3- ) = «• log i#3- + w^* 3-. 

32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such cases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation. 



Examples. 



• 1 * 

I. y = Bin-* 



\/i + « 



•2 



X sfl 
Here — , = sin y, or ; = sin'y ; hence d? s tan y, 

^i + ali ' + «" 

dy I 

and we get •/■scos' y m 



dx '.!+*> 



r 



Hence 



Hence 
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y atan' 



tany 






y/i + ag* tany+i 
y/TlT^" tany-i* 

. ^ _ ('•*• tan y)« - (1 - tany)« atany 

(i+tany)» + (i -tany)« i+tan«y ' 

^ccaay-i^ 



• • 



*f co« »y Vi -«4 



Jf-log r . . = - log y y -=' 



1,^1 +\/i- •» 



-log \''" =-log(i+v^i-««)-^log«. 

> w 2 a 



y-tan-*-^^^ +tan-* 



I — »*' 

Let « a tan s, and the student can easily proye that 

y«-«} hence — = - 



a * <£v a I + «»' 
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EzAicpLia. 



I. yaseo-i*. Ant, —« 



^ X's/n^ - I 

d/u 

2. yB«log«. -p-si + logc. 

dy 2 
3.y = log1an.. ^^ = 5^' 

6. {^ B sm (log «}• — = jj — . 

J. 1 * 1^ I 

8. y = taii-» — r. 7-= — 7= 

l-\/ar ** 2\/a?(i+«). 

Here y = tan-i \/a; + tan-* ^/a. 

^' ^ °^ (I + ««)»• Si "■ (I + a^)"^*' 

lo.y = log^^ -itan-*. ^=j^:p. 

II. ye log / ~=— 7=z=* 

.-,3 + 2« <fy I 

I -X ^ (l +«) 
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,5. y« _ ^. ^|„. __«_ ^— (I -*»)!. ttni*. 

^ i-tan« dp , , ' \ 

16. y = . -r^" (ooBflf + 8m xu 

seo jT ax 

17. y = log - - 



g _ e*^'''(g3;- i) rfy _ (i -f a') a; g« *«a"^ » 

' • ^ ~ (i + «^)» ' dsB~ (i + «»)i 

, i+a; -, i + a: + a;' y— , .X's/ \ dy 6 

20. y = log {{2* - .) + 2a/*> -*-!}. I = (^._'^_,), - 



22. y r= d«*taii->«. ^ '^ **' ( 2 "*■ ****^"** (^ + log*) ) • 

23. Being giyen that y««'fi-a;2) fi j ;if 

dy _ cx^ \ gV -i- d'x^ 

dettirmine the values of c, c', «". -4«*. = 3, c' = — 6, c" =a j. 

24. y = log (log a;). ^ 



rfa; a; log x 

, 3 + 5 cos a? rfy 4 

35. y = COS-* ^—^ . -7- = ;: . 

5 + 3 COS* <?« 5 + 3 COS* 

26. y = sin-^ — —-T. — = — —3, 

<fy 

27. y = tf«« 8m"» r«. — =5 tf«*Bm"»-ira? (a sin ra? + mr cos r«). 

a8. y s ^M^nnrs. -^ =s (p*^/a^ + r« sin (ra; + ^), 

r 
where tan ^ a -• 



1 
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, \. , « ^ ' 

\ ^ X y dy I 

Here __ = taii»^; A m^fSMy\ .-. — «- ;; — ;3;r. 

I + « a <»» (I - ^'/i 

II. f^ 9^. ^ = ««*^^ (»log « + i). 

32. y «(i +««)»siD^mtan->»). ^"••(' + **) * coB{(m-i)tan-%}. 



{ 



\a Qosx - b %mx dy — ab 

33* y— ^^ \acoBx + b amx «fo " a« cos' « - i* sin* »* 

34. Define the differential coefficient of a function of a variable quantity, 
with respect to that quantity, and show that it measures the rate of increase of 1 
the function as compared witii the rate of increase of the yariable. 



35 . If y = -, prove the relation 



dy dx 



\/n-y* v^i + «* 

36, Iff#«log --^^ — ' y prove that ~ is of the form 

a? + oaj - v^(«2 + ax)'i -bx ^ 

, and determine the values of il and B, Ana. A = s^ B= a. 



^/ix^ + ax)* — bx 

d I - \ A sin* e + .g singg-f O 

37. Prove that -|^3i^e cos ev/i-^»sin«0J -^7===—, 

and determine the values of A, By C. Ans. -4 = 3c*, JB = - a (i + «*), C = i. 

38. If i* = « + il%i^-+ '-44 ^\+ ...«*<«/.; find the turn 

23 2.45 2.4.67 

of the series represented by — . An$* (i — «^)"*. 

39. Beduce to its simplest form the ezpressiQii 
30' £ J? (g^ + ag )* ^^ 



(«2 + a)» («« + 2a)» <to ■ («3 + a)i * ' («» + a)» («» + 2a)l* 

^_ rfy sin' (a + y) 
40. Ifsiny* « sin (a +y), prove that ~« — . _ « 



41. If X (l+y)ft + y (I + »)» = o, find ^. 

ax 

In this case «* (i + y) = y' (i + a?) ; 

••.«•- y2 = ya? (y - «), 
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<?y 



or « + y + «y=so; .•. yc- 



. .^ 1_ 

I + ar • * ' rfa; (l + a;)** 

y-r; sr ,« rfy I /x + a 

42. V = log (« + V xS - a*) + sec* -. •f'= - J . 

43. If a; and y are givea as functions of t by the equations 

«=/W; y = J^W; 

rfy <f.y F' (t) 

find the value of -r- in terms of *• — = 777-7 . 

dx dx y (0 

«2 



1+ «« 



I +0:'' 



Hence y » 



I + &c.) ad infinitum, 
«■ dy X 



I + y' <^ V^«« + i •^ 



45. a? = a 1^ . 

jp £fy log ii 

Hence y--^j^^-. ^=(x + log*)«' 



1) 



( 34 ) 



CHAPTER n. 



SUCCESSIVE DIFFERENTIATION. 



33. Successive Derived Fnnctioiis. — ^In the preceding 
chapter we have considered the process of finding the derived 
functions of different forms of functions of a single variable. 

If the primitive function be represented bj/(a?), then, as 
already stated, its/r«^ derived function is denoted hj f (x). 
If this new function, /'(a?), be treated in the same manner, 
its derived function is called the second derived of the original 
function /(a?), and is denoted by /"(a?). 

In like manner the derived function of f^\x) is the third 
derived ot/{x), and represented by /"'(a?), &c. 

In accordance with this notation, the successive derived 
functions oif{x) are represented by 

f\x), /"{x), f"'{x), /(») («), 

each of which is the derived function of the preceding. 
34. fi^nccessive Differential Coeffidenti. 

If y = f{x) we have J =f{x). 

Hence, differentiating both sides with regard to a?, we get 

then g = f'\x). 

In like manner j-f Vj ) is represented by -7-|, and so on ; 



{ 
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henoe g -/" {x), &o. • • • g -/«-> (»)• (0 

The expressions 

dx' do?' (i^' ' • • (fo» 

are called the firsi^ second^ third j . . . n'* differential coef- 
fidents of y regarded as a f anotion of x. 

These functions are sometimes represented by 

a notation which will often be found convenient in abbre- 
viating the labour of forming the successive differential 
coefficients of a given expression. From the mode of 
arriving at them, the successive differential coefficients of a 
function are evidently the same as its successive derived 
functions considered in the preceding Article. 

35. Successive Differentials. — The preceding result 
admits of being considered also in connexion with differen- 
tials ; for, since x is the independent variable, its increment, 
dx, may be always taken of the same infinitely small value. 
Hence, in the equation dy = f\x) dx (Art. 7), we may 
regard dx as constant, and we shall have, on proceeding 
to the next differentiation, 

d (dy) ^dxdlf (x)-] = (e&) V"(«)i 
since ^[/ (i»)] =/" («) dx. 

Again, representing d {dy) by d'y, 
we have d^y = f\x) {dxy ; 

if we differentiate again, we get 

and in general 

Prom this point of view we see the reason why/W {x) is 
called the n** differential coefficient olf(x). 

d2 



36 Succesme Differentiation. 

In the preceding results it may be observed that if dx 
be regarded as an ir^nitely small quantity^ or an infinitesimal 
of the first order, if^Yy being infinitely small in comparison 
mth dxj may be called an infinitely small quantity or aa 
infinitesimal of the second order; as also d^y^ iijr^{x) be 
finite. In general, d^y^ being of the same order as (dxi)^, is 
called an it^nitesimal of the n** order. 

36. Infinitesimals. — ^We may premise that the expres- 
sions great and small, as well as infinitely great and infinitely 
small, are to be understood as relative terms. Thus, a magni- 
tude which is regarded as being infinitely great in comparison 
with a finite mamitude is said to be infinitely great. Similarly, 
a magnitude which is infinitely small in comparison with a 
finite magnitude is said to be infinitely small. If any finite 
magnitude be -conceived to be divided into an infinitely great 
number of equal ports, each part will be infinitely small with 
regard to the finite magnitude ; and may be called an infini- 
tesimal of the first order. Again, if one of these infinitesimals 
be conceived to be divided into an infinite number of equal 
parts, each of these parts is infinitely small in comparison 
with the former infinitesimal, and may be regarded as an 
infinitesimal of the second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented depends upon the unit with which 
the quantity is compared, it follows that a finite magnitude 
may be represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the 
earth may be regarded as a very small magnitude of the fibrst 
order, and the length of a foot as one of a higher order of 
smallness in comparison. Similar remarks apply to other 
magnitudes. 

Again, in the comparison of numbers, if the fraction, (one 

million)** or — ^, which is very small in comparison -with 
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mdtyf he regarded as a small quantity of the first order, the 

fraotion — j^, being the same fractional part of — ^ that this 

is of I, must be regarded as a small quantity of the seoond 
order, and so on. 

If now, instead of the series — 5, f — i ) > ( — 5 ) » • •' • 

we consider the series -, — ,, -, . . • in which n is 

n tr nr 

supposed to be increased without limit, then each term in the 

series is infinitely small in comparison with the preceding 

one, being derived from it by multiplying by the infinitely 

small quantity -. Hence, if - be regarded as an infinitesimal 

of the first order, -j, -5, ... -7, may be regarded as infini- 
tesimals of the second J thirds . . . r** orders. 

37. €^eonietrical Ulnstration of Infinitesimals. — 

The following geometrical results will help to illustrate the 
theory of infinitesimals, and also 
will be found of importance in the 
application of the Differential Cal- 
culus to the theory of curves. 

Suppose two points. Ay By taken 
on the circumference of a circle ; 
join B \^ Ey the other extremity 
of the diameter AEy and produce 
EB to meet the tangent at A 
in D. Then since the triangles 
ABB and EAB are equiangular, 
we have 




Fig. 3. 



AB BE BBAB 
Ab " AE' '''^'^ AD " AE' 



Now suppose the point B to approach the point A and to 

become indefinitely near to it, then BE becomes ultimately 

AB 
equal to AEy and, therefore, at the same time, -jy: = i. 
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Again, g beoomeB infinitely smaU along with ^ 

i. e. BD becomes infinitely small in comparison with AD or 
AB. Hence BD is an infinitesimal of the second order when 
AB is taken as one of the first order. 

Moreover, since DE - AE < BD, it follows that, when one 
siSe of a right-angled triangle is regarded as an infinitely small 
quantity of the first order, the difference between the hypothenuse 
and the remaining side is an infinitely small quantity of the 
second order. 

Next, draw BN perpendicular to AD, and BF a tan- 
gent at B\ then, since AB > AN, we get AD - AB 
<AD^AN<DN\ 

AD'AB DN AD 
BD ^ BD^ DET 

AD - AB 

Consequently, ^^r — becomes infinitely small along with 

AD\ .'. AD - AB is an infinitesimal of the third order. 
Moreover, as BF= FD, we have AD = AF + BF; .-. AF 
+ BF" AB is an infinitely small quantity of the third order ; 
but AF+ FB is > arc AB, hence we infer that the difference 
between the length of the arc AB and its chord is an infinitely 
small quantity of the third order, when the arc is an infinitely 
small quantity of the first. In like manner it can be seen 
that BD - BN is an infinitesimal of the fourth order, and 
so on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which AF and BF are tangents, since 
the length of the arc AB is less than the sum of the tangents 
AF and BF, we may extend the r^^ult just arrived at to all 
such curves. 



* In thia extension of the foregoing proof it is assumed that the ultimate 
ratio of the tangents drawn to a continuous curve at two indefinitely near 
points is, in general, a ratio of equality. This is easily shown in the case of 
an ellipse, since the ratio of the tangents is the same as that of the parallel 
diameters. Again, it can be seen without difficulty that an indefinite number 
of ellipses can be d^wn touching a curve at two points arbitrarily assumed on 
the curve ; if now we suppose the points to approach one another indefinitely 
along the curve, the property in question follows immediately for any con- 
^uous curve. 
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Henoe, the difference between the length of an infinitely 
small portion of any continuous curve and its chord is an infi- 
nitely small quantity of the third order, i.e. the difference between 
them is ultimately an infinitely small quantity of the secofid 
order in comparison with the length of the chord. 

The same results might have been established from the 
expansions for sin a and cos a, when a is considered as infi- 
nitely small. 

If in the general case of any continuous curve we take 
two points Ay By on the curve, join them, and draw BE 
perpendicular to ABy meeting in E the normal drawn to 
the curve at the point A ; then all the results established 
above for the circle stiU hold. When the point B is taken 
infinitely near to -4, the line AE becomes the diameter of 
the circle of curvature belonging to the point A ; for, it is 
evident that the circle which passes through A and JB, and 
has the same tangent at A as the given curve, has a contact 
of the second order with it. See "Salmon's Conic Sections/' 
Art. 239. 



Examples. 

1. In a triangle, if the vertical angle be very small in oomparison with either 
of the base angles, prove that the difCerence between the sides is very smaU in 
comparison with eiUier of them ; and hence, that these sides may be regarded as 
ultimately equal. 

2. In a triangle, if the external angle at the vertex be very small, show that 
the difference between the sum of the sides and the base is a very small quantity 
of the second order* 

3. If the base of a triangle be an infinitesimal of the first order, as also its 
base angles, show that the difference between the sum of its sides and its base 
is an infinitesimal of the third order. 

This furnishes an additional proof that the difference between the length of 
an arc of a continuous curve and that of its chord is ultimately an infinitely 
small quantity of the third order. 

4> If a right line be displaced, through an infinitely small angle, prove that 
the projections on it of the displacen^nts of its extremities are equal. 

5. If the side of a regular polygon inscribed in a circle be a very small 
magnitude of the first order in comparison with the radius of the circle, show 
that Uie difference between the circumference of the circle and the perimeter of 
the polygon is a very small magnitude of the second order. 
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38. Fundamental Principle of the Infinitesimal 
Calculus. — ^We shall now proceed to enunciate the funda- 
mental principle of the Infinitesimal Calculus a^ conceived by 
Leibnitz :* it may be stated as follows : — 

If the difference between two quantities be infinitely 
small in comparison with either of them, then the ratio of 
the quantities becomes unity in the limit, and either of them 
can be in general replaced by the other in any expression. 
For let a, j3, represent the quantities, and suppose 

a = /3 + t, or g = I + g. 

Now the ratio ^ becomes evanescent whenever i is infinitely 

small in comparison with /3. This may take place in three 
different ways : (i) when /3 is finite, and i infinitely small : 
(2) when i is finite, and ^ infinitely great ; (3) when /3 is 
infinitely small, and i also infinitely small of a higher order : 

thus, if i = A;j3*, then jz = AjS, which becomes evanescent along 

with /3. 



* This principle is stated for finite magnitudes by Leibnitz, as follows : — 
'' Oseterum aequalia esse puto, non tantum quorum differentia est omnino nulla, 
sed et quorum dilEerentia est incomparabiliter parva." . . . *' Scilicet eas 
tantum homogeneas quantitates comparabiles esse, cum Euc. Lib. 5, defin. 5, 
censeo, quarum una numero sed finite multiplicata, alteram superare potest ; et 
qu8B tali quantitate non differunt, ffioualia esse statue, quod etiam Archimedes 
sumsit, aliique post ipsum omnes." Leibnitii Opera, Tom. 3, p. 328. 

The foregoing can be identified with the fundamental principle of Newton, 
as laid down in his Prime and Ultimate Eatios, Lemma I. : ^' Quantitates, ut 
et quantitatum rationes, quae ad squalitatem tempore quoyis finite constanter 
tendunt, et ante finem temporis illius proprius ad invicem accedunt quam pro 
dat^ quavis difierentii., fiunt ultimo sequales." 

All applications of the infinitesimal method depend ultimately either on the 
limiting ratios of infinitely small quantities, or on the limiting value of the 
sum of an infinitely great number of infinitely small quantities ; and it may- 
be observed that the difference between the method of infinitesimals and that of 
limits (when exclusively adopted) is, that in the latter method it is usual to 
retain evanescent quantities of higher orders until the 0»^ of the calculation, 
and then to neglect them, on proceeding to the limit; while in the infinitesimal 
method such quantities are neglected from the commencement, from the know- 
ledge that they cannot affect ihQjinal result, as they necessarily disappear in the 
limit. 
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Accordingly, in any of the preceding cases, the fraction 

^ becomes unity in the limit, and we can, in general, snbsti- 

tute a instead of j3 in any function containing them. Thus, 

an infinitely small quantity is neglected in comparison with 

a finite one, as their ratio is evanescent ; and similarly an 

infinitesimal of any order may be neglected in comparison 

with one of a lower order. 

Again, two infinitesimals a, /3, are said to be of the same 

8 ... 

order if the fraction ~ tends to a finite limit. If -^ tends 

a o" 

to a finite limit, /3 is called an infinitesimal of the n*^ order 

in comparison with a. 

As an example of this method, let it be proposed to 
determine the direction of the tangent at a point (2;, y) on a 
curve whose equation is given in rectangular co-ordinates. 

Let a? + a, y + j3, be the co-ordinates of a near point on 
the curve, and, by Art. 10, the direction of the tangent 

3 

depends on the limiting value of — . To find this, we substi- 

a 

tute 0?+ a for Xy and ^ + /3 for ^ in the equation, and neglect- 

ing all powers of a and j3 beyond the first, we solve for -, 

a 

and thus obtain the required solution. 

For example, let the equation of the curve be a^ + y* = ^axy : 

then, substituting as above, we get 

a!» + 3ar*a + y* + 3y'/3 = 30x1/ + ^axfS + zaya : 

hence, on subtracting the given equation, we get the 

limit of — = ;. 

a ax- y* 

39. Subsidiary Principle. — If ai + 03 + as + • • • + a» 

represent the sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi- 
nitely, and if j3i, /32, . . . fin be another system of infinitely 
small quantities, such that 

^1 i3, fin 

ax aj On 



1 
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where ci, C2, • • . e», axe infinitely small quantitiBS, then the 
limit of the sum of j3i, /329 • • • i3n is ultimately the same as 

that of ai, 02, . . . a». 

For, from the preceding equations we have 

jSi + jSj + . . . + j3»= oi + aj + . • . + an + ai6i + a2£9 + . . . + a«e«. 

Now, if i| be the greatest of the infinitely small quan- 
tities, «i, 62> • • . €», we have 

i3i + /32 + . . . + j3» - (ai + aa f . « . • + a«) < i| (ai + at . . . + a«) ; 

but the factor ai + a2 + . . . + a» has a finite limit, by hypo- 
thesis, and as ri is infinitely small, it follows that the limit of 
jSi + i32 + . . . + i3n is the same as that of ai + 02 + . . . + a». 
This result can also be established otherwise as follows : — 

The ratio /3. -^ /3a -h . . • h- /3, 

by an elementary algebraic principle, lies between the greatest 
and the least valaes of the fractions 

ai at a* 

it accordingly has imity for its limit under the supposed con- 
ditions : and hence the limiting value of j3i + /3j + . . . + /3i» is 
the same as that of ai + 02 + . • . + a«. 

40. Approximatioiis. — The principles of the Infini- 
tesimal Calculus above established lead to rigid and accurate 
results in the limit, and may be regarded as the fundamental 
principles of the Calculus, the former of the Differential, and 
the latter of the Integral. These principles are also of great 
importance in practical calculations, in which approximate 
results only are required. For instance, in calculating a 

result to seven decimal places, if — ^ be regarded as a small 

quantity a, then a^, a\ &c., may in general be neglected. 
Thus, for example, to find sin 30' and cos 30' to seven de- 

cimal places. The circular measure of 3o'is-^,or .0087266 ; 
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denoting this by a, and employing the f ormulcB, 



o* a» 



Bin = — 7-, COS o = I — — • 
6 2 

it is easily seen that to seven decimal places we have 



a» . o'^ 



— = .0000381, — = .0000001. 

2 

Hence sin 30' = .0087265 ; cos 30' = 9999619. 

In this manner the sine and the cosine of any small angle 
can be readily calculated. 

Again, to find the error in the calculated value of the 
sine of an angle arising from a small error in the observed 
value of the angle. Denoting the angle by a, and the small 
error by a, we have 

sin (a + a) = sin a cos a + cos a sin a = sin a + a cos a, 

neglecting higher powers of a. Hence the error is repre- 
sented by a cos a, approximately. 

In like manner we get to the same degree of approxima- 
tion 

tan {a-¥ a) - tan a = 



COS*fl 



Again, to the same degree of approximation we have 

a + a _^a ba~ aji 

where a, /3 are supposed very small in comparison with a and b. 
As another example, the method leads to an easy mode of 
approximating to the roots of nearly square numbers ; thus 

\/a' + a = a + — ; ^/a^ + 0' « a + — = a, whenever o* may 

2a 2a •^ 

be neglected. 



Likewise, v^a' + o « a + — =, &o. 

If J = a + a, where a is very small in comparison with a, 
we have \/fl6 = \/a' + aa = a + - = 



a + b 



2 z 



44 Successive Differentiation. 

Again, in a plane triangle, we have the foimula 

C C 

(^ = tt^ -h b^ - idb cos C = (a + hy sin* — + (a - by cos' — . 

Now if we suppose a and b nearly equal, and neglect (a - by 
in comparison with (a + 6)*, we have 

c = Ua + by sin* — + (a - by cos* —r-{a-\-b)wi — . 

This furnishes a simple approximation for the length of 
the base of a triangle when its sides axe very nearly of equal 
length. 

1. Find the value of (i + a) (i - la') (i + 30*), neglecting a* and higher 
powers of a. Ana, I + a - 2a' + a^. 

2. Find the value of sin (0 + a) sin (3 + /3), neglecting terms of 2nd order 
in a and fi, Atu, sin a sin 6 + a cos a sin 6 + iS sin a cos b, 

3. If Kn = tt — d sin M, « heing very small, find the value of tan ^. 

Afu, (i +*) tan — . 

a 

— u m e , .Wx/'wXv *. - 

Here - = — + - sin w; tan - = tan 1 — + o ), where a « - sin ti : .'. sc 

3 2 2 2 \2 / 2 

4. In a right-angled spherical triangle we have the relation cos » cos a ooa h; 
determine the corresponding formula in plane trigonometry. 

The circular measure of a is -=-, iS being the radius of the sphere ; henoBy 
substituting I - -^ for cos a, &c., and afterwards making J2 ^ 00, we get 

Mr 

«a = a» + *». 

5. If a parallelogram be slightly distorted, find the relation connecting the 
changes of its diagonals. 

Ans, dAd + c^Ad' s o, where df df denote the diagonals, and Adj Ad^ ihe 
changes in their lengths. In the case of a rectangle the increments are eqiial* 
and of opposite signs. 

6. Find the limiting value of 

Aa^ + £a^*^ + Ca'-** + &0. 
aa** + Ao»*i + ca'*** + &c. 
when a becomes evanescent. 

Aa^ A 



In this case the true value is that of 



aa" a 



^enoe the required value is zero, — , or infinity, according as m >, =, or < n. 
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7. Find the ralne of 



I - -.- + — 
6 120 

«« «4 ' 

I — + — 

2 24 

ju|2 2j|^ 

neglecting powers of j; beyond the 4th. Am, i + — + — . 

S, Find the limiting yalues of - when y^o^x and y being connected by 

y 

the equation ^ = 2«y — sfl. 
Here, diyiding by y* we get 

a?' « 

y* y 

If we solye for - we hare 

y 

?=I±(l-y)|. 

Hence, in the limit, when y b o, we haye - = 2, or - s o. 

y y 

9. In fig. 3, Art. 37, if ^^ be regarded as a side of a regular inscribed polygon 
of a very great number of sides, show that, neglecting small quantities of the 
4tli order, the difference between the perimeter of the inscribed polygon and 
that of the circumscribed polygon of the same number of sides is represented 

by - BD. 

1 

Let n be the number of sides, then the difference in question is n (AD — AB); 

v.* »-4^ /^T. .,,v irAE(AD-AB) 

but Ms —; .\n(AD-AB)^ ^-^ 

tiioAB' ^ ' AB 

^vAJB ^^ r.^(BB^AB) = J BD, 0. p. 

This result shows how rapidly the perimeters of the circumscribed and in- 
scribed polygons approximate to equality, as the number of sides becomes very 
great. 

10. Assuming the earth to be a sphere of 40,000,000 metres circumference, 
show that the difference between its circumference and the perimeter of a regular 
inscribed polygon of 1,000,000 sides is less than ^tk of a millimetre. 

11. If one side d of a spherical triangle be small, find an expression for the 
diffeienee between the other sides, as far as terms of the second order in b. 

Here cos = cos acos^ + sinasindcosC. 

Let g denote the difference in question ; i.e.e = a~z; 

then cos a cos s + sin a sin e = cos a cos d + sin a sin 3 cos C; 

•*• tinif - ain 3 cos C s cot (cos b — cose). 
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Since i and b are both small, we get, to terms of the second order, 

, _, cot tf . - _,. 

a 

The first approximation gives e^b cosC. If this be substituted for • in tha 
right-hand side, we get, for the second approximation, 

^ b* sin^C oota 
« e= p cos C - , 



We now proceed to find the successive derived functions 
in some elementary examples. 

41. Derived Functions of a^« 

Let y " a^, 

then ~ = mof^K -rl = ^ (w - i) af^\ 

dx oar ^ * 

and in general, ^ = w (w - i) (w - 2) . . . (w - n + i) a?*""". 

If m be a positive integer, we have 



d^ 



« I • 2 • . . fW. 



and all the higher derived functions vanish. 

If m be a fractional, or a negative index, then none of the 
successive derived functions can vanish, 

Examples. 

I. If « SB air" + bx^'^ + <fa?»-* + &c., prove that 

_»ff (n- i)«j;«-8 + (ft - i)(ii - 2) Ja^-»+ &a 

also 3— =i.2.,..«.a, and - — - = ci, 

a 

and — ^ = (- I )- «(''+')••• (x+^-iJ' ^ 
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., . dy a d^y a ^y i a 
prove that -r- = — tl, -jh- -r, tt = - -;» 

42. \t y ^ a^ log a?, to find -^. 
Here ■£; = S^^og x + a^; 

also — = 6aJ log x+ ^x + 2x = 6x log ;r + 5;^, 

;t~ = 6 log a? + 6 + 5, Tl = - 

It miglit have been observed that in this case all the 
terms in the successive differentials which do not contain 
log X will disappear from the final result — ^thus, by the last 

Article, ). ^ = o, accordingly, that term may be neglected ; 

and similar reasoning applies to the other terms. The work 
can therefore be simplified by neglecting such terms as we 
proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 

•3-^, where y = af*^^ log x. 

For, as in the last, we may neglect as we proceed all terms 
-which do not contain log a; as a factor, and thus we get in 
this case, 

n - I 



d^y (w - i) . . . 2 . I _^ 
flte** X X 
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43. Derived Functtoiis of sin mx* 

Let y = Bin mx^ 

then -7- = m COS mx. 

ax 

-Tjl = - w' sin mxj 
and, in general, -7-^ = (- i)**m'** sin ma?, | 



(0 



e^ar*"+^ 



= (- i)**m"^^ cos ma;. 



It is easily seen that these may be combined in the single 
equation (Art. 22) ^ 



dor 

In like manner we have 

d"^ cos mx 



d^ (sin mx) 

-i = w/ sm I ma; + r - I • 



dn(ma; + r-J- (2) 



= m'' cos ma; + r - 1 • 



^) 



44. Derived Functions of ^. 

Let y = ^, 



then ^ = a€f^, ^ = a'e«*, . . . ^ = a**^"'. (3) 

dx dur daf^ ^*^' 

This result may be written in the form 

^0.^-«*'^, (4) 

where the symbol 1-=-] denotes that ihe process 0/ differentia' 
tion is applied n times in succession to the function ^*. 
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In general, adopting the same notation, we have 



^A^ef^ + A^dT'^ + ^2a«-»^ + &c. 
= [^ofl" + ^i^*^' + -^ja'^-* + (So. ^„] 6^. 

This result, if ^ (a;) denote the expression 

A^ + ^liU*-^ + . . . ^«, 
may be written in the form 



«(^)^-*(«)^; (5) 



in which (a) is supposed to contain only positive integral 
powers of a, 

45. To find the n*^ Derived Function of 6^ cos bx, — 

Let y represent the proposed expression, 

then ^-a^ooB6.-i^ainJ. 

ax 

-«**(« cos 6a? - J sin 6a?) ; 



if tan = -, we have 6 = ^a^ + 6' sin 0, and a = y^a' + 6* cos^. 
Hence we get 

B 
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^ = («• + 6»)» ^ [a ooB (6a? + 0) - i am {bx + 0)] 

= (a» + 6») e«» cos (6a? + 2^). 

By repeating this prooess it is easily seen that we have in 
general, when n is any positive integer, 

g-(a' + if«"0O8(&r + n«). (6) 

46. To find the DeiiTed Fnnctioiis of tan^M — V 

and tan"^ x. 

Let y = tan"* f - j, or « = cot y : 

dy - I . , 



d (dy\ d . . dy d f . ^ . 



d^y d (dy 
d^ 



« edn* y — (sin* y) - sin' y sin zy. 

. . d^y d , . ^ . ^ dy d , . ^ . . 
^S^'°' ^ ' S ^'"'^ ''"^ '^^ ^ ^^ (sm'y sin zy) 

d 

m - sin'* y — (sin' y sin zy) 

--1.2. sin'y sin 3y. (JEr. 5, -4W. 28.) 

Hence, also — = 1.2.3. 8in*y sin 4y; 

d^y 
and in general, -7- = (- i)* |» - i sin" y sin wy. 
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Affaiii, since tan"^ x^ — tan'^ -, 

o ^ 2 X 



have —^ ^ = ir i^-' sin^y an «y, (?) 



where y = cotr^a?, as before. 

This result can also be written in the form 

j«/x -1 \ sinfwtan-^-J 

d*" (tan-^a?) , v- , , \ xj ,-.. 

oar ' (i + aj»)? 

47. 'Mty s sin (m sin"^^), to prove that 

(-^)3-|--V-a (9) 

Here 

dy ^m QOQ (m sin"* x) 

.% (i - a?) l-^j m m* cos* {m sin"*a?) - #»■ (1 - y*). 

Hence, differentiating a second time, and diyidiog by 2 -^, 
we get the required result. 

48. Theorem of liolbnitz. — To find the n*^ difieren 
tial coefficient of the product of two functions of x. Let 
y « uf ; then, adopting the notation of Art. 34, we write 

•,i/,i<,for^,^,and^ 

and similarly, y", w", iT, &c., for the second and higher 
derived functions — ^thus, 

F 2 
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Now, if we differentiate the equation y - w, we have 

/ = !*«/ + tn/y by Art. 13. 
The next differentiation gives 

The third differentiation gives 

in which the coeffidents are the same as those in the expan- 
sion of {a + by. 

Suppose tnat the same law holds for the nf^ differential 
ooeffioient, and that 

then, differentiating again, we get 

^ ' 1.2 

in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold for any integer value of w, 
it holds for the next higher integer ; but we have shown that 
it holds when w = 3 ; therefore it holds for » = 4, &c. 

Hence it holds for all positive integer values of n. 

In the ordinary notation the preceding result becomes 

d^ (uv) d'^v du fl?»-i V w (» - I ) flPtt d'^-'^v ^ 

i ss u y- n — ■ + —2: : + &0. 

daf" daf" dxdixT^ 1.2 d^dsf'"^ 
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49. To proTe that 

(1)"(^«) = ^(..0«, {„) 

where n is a positive integer. 

Let r = 6^ in the preceding theorem ; then, since 

dv d^v « dJ^iD 

— z= aef^. — = a'c***, ... — = a**^, 

dx ' dx" ' daf ' 

we have 

which may be written in the form 



or 



(0(e-«)-«~(a.^J«; 



where the symbolic expression ( ^ + ^ ) is supposed to be 
developed by the Binomial Theorem, and :r> :^ > • • • 



dx' ds^' daf 

ex- 



sobstitated for (^)«*> \Ti^^ ( J") *** "^ *^® resulting 

pansion. 

50. In general, if 0(a) represent any expression in- 
volving Gn\j positive integral powers of a, we shall have 

For let ^f ;7- )> when expanded, be of the form 
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then the preceding formula holds for each of the component 
terms, and accordingly it holds for the sum of all the terms ; 
.'. &c. 

The result admits also of being written in the form 

This symbolic equation is of importance in the solution 
of differential equations with constant coefficients. See 
" Boole's Differential Equations," chap. xvi. 

51. If ^ = sin'^a;, to proTe that 

Here -j- = , op (i - »»)* ^ - i ; 

hence, by differentiation. 



Again, by Leibnitz's Theorem, we have 

T~«J - \i - or) 3-—- - znx-j—r. - n (If - ij —--. 



m-^ 



Also 



\dx) \ dc) e^« daf" 



On subtracting the latter expression from the former, we 
obtain the required result by (14). 
If d? » o in formula (13), it becomes 

^*V\ < fd^y" 

' « o. 



;).- 



dixf^^ h \dafJo 



Applications of Leibnitz's Theorem. 55 

where ( -;-- ) represents the value of -~ when x becomes 
I \dafJo ^ daf 

cypher. 

Also, sinee f — j = i, we get, when n is an odd integer, 

Again we have ( ^ ) =0; consequently, when n is an even 
integer, we have f ^ ) - a 



52. If y B (i ^a^y sin (m tan^^a;), to prove that 

(,.^g-„™-.)4..(»-.).-. (,„ 

Here 

-^ = f?M?(i +fl?)*" sin(f» tan"*a?) +i»(i + «•)* cos (w tan"* a?), 

or 

(i •\-^) j--mx{i +«')'sin(wtan~»ir) + m(i+a?)'oosi»(tan"*a?) 

« iw«y + m(i + a?)' cos (m tan"' a?) ; 

.*. (i + ar)'* cos (w tan"*a:) ■ -^ - ay. 

The required result is obtained by differentiating the last 
equation, and eliminating cos {m tan"* a?) and sin (w tan"^a?) by 
aid of the two former. 

Again, applying Leibnitz's Theorem as in the last Article, 
we get, in general — 

ox ^V / X ^^P / V / \ ^y 
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Hence, when a? = o, we have 

Moreover, as when a? = o, we have y = o, and ~ ■ m ; i1 

CM/ 

follows from the preceding that 



d^"" 



^^j^=(- i)«m(m-i)...(fn-2n). (i6) 



For a complete discussion of this, and other analogoui 
expressions, the student is referred to Bertrand, " Traits di 
Calcul DifE^rentiel," p. 144, &o. 
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Examples. 



4 
I. y «B «* log «, prove that —-5 = - J^. 

a. y = «log*, „ rf^=(-'J i?;^! • 



3. y = *'» t> ^=«-(i+log«)»+«^». 



4. y = log (sin a?), „ 



^'y 2 cos a; 
rf«* " sin* » ' 



5. yatan-1 + tan* j, „ tt"""/ — r"3;3« 

« I— «' rfaf' (i + ar)*^ 



6. jf B «« log («l). 



9» 



£»y 2* 
dafi 9* 






8. ys«««gm«y ,, 



rf"y ^« sin {x + w^) 
<<a;» sin**^ ' 

wHere tan b-. 
r 



9. \iy^tf^9f^^ prove that 

10. Ifffsza cos (log «) + b sin (log d;), 

prove that ^'^"'"^i^''"^™®' 

11. Ifyx=^"«»-i*, 

prove that (' - «^) 3-5 - * 3^ = «V 

ad;' Ad; 



5> 



of Ifce foBofvi&g mlna of jr : 
13. BoKSiisllat J' = (» + V'?^^, 



(^-Og.^- 






15. IsFig. 3,Ait.37,if.<tL9lei^g;DMlfliaade€f«iepdar 



fwlf Igm of an 
nmocneiim- 



of tbe drde and the periincter of tfe polyigom is igm o ente d hj - BD, 
to thoMomd avderof mfimteGouus. 

16. If|r»^coi« + ^BM;,inif«lfaft^^+«>^jr»OL 



.7. uy^.^^,^^gH-.y, L^^-'^>-^0» 






Thii ioDowi at onee fiom Alt. 4<» nee ~ f tar«H « ^^ Itcanalaobe 

proved otherwiae, as foQovs: { 

' L-T— i 1— 1- 

(- 1)" I . I . . • • r I I 1 

(-i)-V. r {» + .1. i)i)ii>i) . (, _ .(. .)t)i^. -i 
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Again, since - = tan ^, we havo a = \/a* + a?* sin ^, and » = v a' + «* cos ^ ; 



hence (#+ a(- I)»)»*i = (a» + aj^ » (cos^ + (- i)» Bin4>)«*i 

- (a* + «») * {cos(n + I) «^ + (- I)* Bin (n + i) ^}, 
and we get, finally, 

jfu, In . sin (« + i) <^ . sin^+i ^ 

i8. In like manner, if y 



a* + «>' 



^fny \n . Bin»^^ ^ . cos (» + l) ^ 
prove that t^ = (- i)* ^= in? • 

19. If i# = »y, 
pTOTeihat T— "'t^ + ^t— !• 

ao. Iff#=(sin-i«)», 
^ prore that (i - «') T3r - «t- = »• 

21. Proye, from the preceding, that 



f and 






22. If jf B tf~ sin Aa?, prove that ^ - ^« ^ + (»* + ^'jy = O, 

Here (MP+h ^ae + b I gg - 3 I 

jp3 — «2 2tf a; - tf 2C a; + tf* 



( 6o ) 



CHAPTER in. 

DEVELOPMENT OP PUNCTI0N8. 

53. liemma. — If w be a function of a? + y which is finite 
and continuous for all values oi x -\- t/^ between the limits 
a and b^ then for all such values we shall have 

du du 
dx dy 

For, let tf =/(« + y), then if x become » + A, 

*f = li^t of /(^ ^y^\ -/(^ -^ y), 

dx h 

when A is infinitely small. 

Similarly, if y become y + A, we have 

t3?y A 

which is the same expression as before. 

TT du du , 

Hence t- = t-. 

oo? ay 

Otherwise thus : — ^Let « = a? + y, then u -/(«)t 

(& , dz 

— =1, and — =1! 
(3te ' dy ' 

rfw du dz ,, . ^ ' 

dy dz dy dx 
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54. If a continuous function /(a? + y) be supposed ex- 
panded in a series of powers of y^ the expansion can contain 
no negative powers; for, suppose it contains a term of the 
form My^^ where M is independent of y, this term would 
become infinite, /or all valuer ofxj when y = o ; but the given 
f miction in that case reduces to/(ar); and since /(a?) cannot 
be infinite for all values of x^ it follows that the expansion 
oif{x+y) can contain only positive powers of y. 

Again, if f{x) and its successive derived functions be 

continuous, the expansion of/(a? + y) can contain no /rac^iowa/ 

p 

power of y. For, if it contain a term of the form Pi/^% 

where- is a proper fraction, then its (» + i)** derived func- 
tion with respect to y would contain y with a negative index, 
and, accordingly, it would become infinite when y = o; but this 
is impossible for the same reason as in the former case ; hence, 
with the conditions expressed above, the expansion oif{x + y) 
can contain only positive integral powers of y. 

55. Taylor's Expansion of/ (a? + y)* — Assuming that 
the function/ (a? + y) is capable of being expanded in powers of 
y, then by the preceding this equation must be of the form 

f{x + y) = Po + Piy + P,J^ + &c. + P„^ + &c., 

in which Po, Pi, ... P» are supposed to be finite and con- 
tinuous functions of x. 

When y = o, this expansion reduces to/(a?^ = Po. 

Again, let t* =/(a? + y) ; then by differentiation we have 

du dPo dPi ^dPt ^dP^ p 

•T- = Pi + 2P^ + ZP^'^ + &0. 

ay 

* The inyestigation in this Article is introduced for the purpose of showing 
the beginner, in a simple manner, how Taylor's series can be arrived at. It ia 
based on the assumption that the function /(a; -l- y) is capable of being expanded 
in a series of powers of y, and that it is also a continuous function. It demon- 
strates that whenever the function represented by/(af + y) is capable of being 
expanded in a convergent series of positive ascending powers of y, tho series 
most necessarilj coincide with the form given in (i). An investigation of the 
conditions of convergencj of the series, and of the applicability of the Theorem 
in general, will be introduced in a subsequent part of the Chapter. The parti- 
(nilar case of this Theorem when/(d;) is a rational algebraic expression of the n^^ 
degree in a; is already familiar to the student who has read the Theory of Equations. 
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Now, in order that these series should be identical for all 
values of y the ooeffieients of like powers must be equal. 
Accordingly, we must have 

rfP. df{x) 

'^*~ 1 . 2 (to ~ 1 . 2"^" ~ 7T1-' ^*^' 

^ dx 1.2.3 (&» 1.2.3'^ ^ ' ^ 
and in general, 

I . 2 . . . n efof* I . 2 . . . n | 

Accordingly, when /(a?) and its successive derived func- 
tions are finite and continuous we have 

/(a'+y)=/(*)+f/(*) + ^/»+... + j^/(»K'«')+... (0 

This expansion is called Taylor's Theorem, having been first 
published, in 17 15, by Dr. Brook Taylor in his Methodus 
Incrementorum, 

It may also be written in the form 



or, if II « /(a?), and «i =^/{x + y), 

l/du y^ d^u y* d^u f, , . 

To complete the preceding proof it will be necessary to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to determine whether the series is 
convergent or divergent. We postpone this discussion for 
the present, and shall proceed to illustrate the Theorem by 
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showing that the expansions usually given in elementary 
treatises on Algebra and Trigonometry are particular oases 
of it. 

56. Tlie Binomial Tlieorem. — ^Let tf » (a? + yY\ 
here /(a?) = aj", therefore, by Art. 41, 

f{x) = naf-^ . . ./W (a?) = n (n - i) . . . (n - r + 1)0?^. 
Hence the expansion becomes 

/ \* ^ ** ..-1 H^ - i) --^ . 



I . 2 

n(n- i) . . . (n -r + i) 



I . 2 . . . r 



^^y'- (4) 



If n be a positive integer this consists of a finite number of 
terms; we shall subsequently examine the validity of the 
expansion when applied to the case where n is negative 
or fractional. 

57- The I^ogaritlimic Series. — To expand log (a? +2^). 
Here f{x)^log(x), r(^)=^, /»=-^, 

Accordingly 

X 2ixr 3 ar" 4a?* 
Tlx 'm I this series becomes 

log (I +y)-f-f + ^ -...(-,)- J. .40. (5) 

When taken to the base a, we get, by Art. 29, 

log<.(i+y) = if(f-^ + ^-^ + &o.). (6) 
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58. To expand sin (^ + y). 
Here f{x) = sin a?, f{x) = cos a?, 

/"(a?) « - sin a?, /"'(a?) = - 00s x, &o. 
Henoe 

sin (a? + y) = sin a?( I - -^— + &o. + j — . . . ) 

^ ^' \ 1.2 1.2.3.4 |2n / 

/y y^ y^ _^ y 

+ oofl a? + ' . . . + 



I 1.2.3 I '2.3.4 .5 



£^-->(') 



As tlie preceding series is supposed to hold for all values, 
it must hold when a; = o, in which case it becomes 

y t y^ n^ /Q\ 

sin y = — + &o. (8) 

I I . 2.3 1.2.3.4.5 
Similarly, if a? = -, we get 

cos y « I — ^ + &o. (o) 

I . 2 1 .2.3 .4 ^ ' 

We thus arrive at the well-known expansions* for the sine 
and cosine of an angle, in terms of its circular measure. 

59. Maclaurln's Theorem. — If we make a; = o, is 
Taylor's Expansion, it becomes 

/ (y) -/(o) + ?/(o) + -^/'(o) + . . . ^/w(o) + . . . , (10) 

I 1.2 \n 

where /(o) . . ./('*)(o) represent the values which /(a?) and 
its successive derived functions assume when x - o. 

Substitute a; for y in the preceding series and it becomes 

/(ar)-/(o) + ^/'(o) + -^^/"(o) + . . . +|/(«)(o) +&C. 

* These expansions are due to Newton, and were obtained by him by tbe 
method of reversion of series from the expansion of the arc in terms of its sine. 
This latter series he deduced from its derived function by a process analogous 
to integration (called by Newton the method of quadratures). See Oputeukf 
torn 1. 1 pp. 19, 21. £d. Cast. Compare Art. 64, p. 68. 
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This result may be established otherwise thus ; adopting 
the same limitation as in the case of Taylor's Theorem : — 

Assume f{x) = A-\- Bx ^- Ca? -¥ Dx^ + Ex^ + &o. 
then /' {x) =B + 2Cx + ^Dx" + ^Ex^ + &o. 

f (a?) = 2(7 + 3 . iBx + 4 . zE^ + &o. 
f"(x) = 3 . 2D + 4 . 3 . lEx + &o. 

Hence, making x-om each of these equations, we get 

/(o)=^, r(o)--B, •^^ = C, Q5). = jD,&o. 

whence we obtain the same series as before. 

The preceding expansion is usually called Maolaurin's* 
Theorem ; it was, however, previously given by Stirling, and 
is, as is shown akeady, but a particular case of Taylor's series. 
We proceed to illustrate it by a few examples. 

60. diLponentlal Series. — Let y = a^. 

Here f{x) =a'j hence /(o) =1, 

f{x) = a* log a, „ /(o) =logfl, 

r(^) =«^(log«)% „ /'(o)=loga)^ 

/(«) {x) = a- aog ay, „ /(«) (o) = (log a)- ; 

and the expansion is 

- (x loff a) (x loff ay (x loff «)** « / x 

I 1.2 i.2...n ^' 

If e, the base of the Napierian system of Logarithms, be 
substituted for a^ the preceding expansion becomes 

«^-" I +- + + . . . + + . . . (12) 

I 1.2 1.2...W ^ 



* Maclanrin laid no claim to the theorem which is known hy his name, for, 
after proving it, he adds — "This tibieorem was given by Dr. Taylor, Method, 
Increm." See Maclaurin's FluxionSf vol. ii., Art. 751. 

F 
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llx= \ this gives for e the same value as that adopted in 
Art. 29, viz. : 

III I 

I 1.2 1.2.3 1.2.3.4 

61. Expansion of sin x and 00s x by Maclaurin's 

Theorem. Let/(^) = sin x^ then 

/(o) = o, /(o)-i, r(o) = o, /"(o) - - I, &0., 

and we get 

X a? «• ^ 

sin a? = + &0. . . • . 

I 1.2.3 1.2.3.4.5 

In like manner 

cos a? = I + • — . . . ; 

1.2 1.2.3.4 

the same expansions as already arrived at in Art. 58. 

Since sin (- a?) = - sin a?, we might have inferred at once 
that the expansion for sin x in terms of x can only consist of 
odd powers of a?. Similarly, as cos (- x) = cos a?, the expan- 
sion of cos X can only contain even powers. 

In general, if F{x) = F{- a?), the development of F{x) 
can only consist of even powers of x. If jP(- a?) = - F{x)^ the 
expansion can contain odd powers of x only. 

Thus, the expansions of tan a?, sin'^a;, tan"*a;, &o., can con- 
tain no even powers of x ; those of cos a;, sec a;, &c., no odd 
powers. 

62. Huygens' Approximation to length of Circular 

Arc.* — If A he the chord of any circular arc, and B that of 

8-B--4 
half the arc ; then the length of the arc is equal to , q.p. 

For, let B be the radius of the circle, and L the length of 
the arc : and we have 

A .LB . L 

B = '''''JB' B^'^^JB^ 

* This imx>ortant approximation is dae to Huygens. The demonstration 
giyen above is that of Kewton, and is introduced by him as an application of * 
his expansion for the sine of an angle. Vid. ** £pis. Prior ad Oldemhurgiuia." 
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hence, by (8), 

A.- It ^ + — ^ - &a 

2 . 3 . 4 . -R' 2 . 3 . 4 . 5 . 16 . iJ* 

2.3.4.2? 2. 3. 4. 5. 64. i2* 

consequently, neglecting powers of -^ beyond the fourth, we 
get 

— ^('-7"68^> ^''^ 

Hence, for an arc equal in length to the radius the error in 
adopting Huygens' approximation in less than > *^ part of 

the whole arc ; for an arc of half the length of the radius 
the proportionate error is one-sixteenth less ; and so on. 
in practice the approximation* is used in the form 

Z - 2jB + - (2jB - A). 

This simple mode of finding approximately the length of 
an arc of a circle is much employed in practice. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an even number of 
suitable intervals, and regarding the intervals as approxi- 
mately circular. See Baimn^'s Eules and Tables, Part I., 
Section 4. 

* To show the accuraoy of this approximation, let us apply it to find the 
length of an arc of 30° in a circle whose radius is 100,000 feet. 

Here ^ = 2J2 sin 7** 30', A = 2R sin 15*; 

\)ut, from the Tables, 

ain 7* 30' = .1305268, sin 15* =s .25S8190. 

Hence 3J?+ «5*359-7i« 

The true yalue, assuming w » 3.1415926, is 52359.88 ; whence the error is but 
•17 of a foot, or about 2 inches. 

F 2 
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63. Expansion of tenx'^x. — ^Assume, aooording to Art. 
61, the expansion of tan~^a;to be 

Ax + Ba^ + Or* + Lx'' + &o., 

where Ay B, C, &o., are undetermined coefficients: 

then —^-3 = -4 + aSo?' + $Cix^ + yDic* + &c. ; 

ax 



but 



rf,tan~*iP 



= = i-aj* + aj*-»iF* + &o., 



dx 

when X lies between the limits ± i. 
Comparing coefficients, we have 

^-i, £ = -i C = i, Z)--i,&c. 

3 5 7 

Hence 

tan-^o; = + ... + (- i)" + . . . ; (14) 

135 ^. ' 2n + I » \ -r/ 

when X is less than unity. 

This expansion can be also deduced directly from Mac- 
laurin's Theorem, by aid of the results given in Art. 46. 
This is left as an exercise for the student. 

64. Expansion of sin~^^. — ^Assume, as before, 

sin^^a? = Ax + Bx^ + Gr' + &c. ; 

then 7 TTi =A + sBx^ + sCa^ -r &o. ; 

(i - x^p 

but _i_-(i -aj'H^i + 1-1.2 +ljJa;* + ... 
(i-«)4 ^ ' 2 2.4 



^ '•^••'^^-v ^... 



2.4... 2r 
Hence, comparing coefficients, we get 



Finally, 



-4=1, J!=-.-, (7 = — ^.-, &o. 

23 2.45' 



. , iP I a^ 1.30?* i.3...2r-i ir'^' . ^ 

sm"^^ = -+-. — + . — + .• . + . +..*(i5) 

123 2.4 5 2.4... 2r 2r+i ^ "'^ 
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Since we have assumed that sin'^^ vanishes along with x we 
must in this expansion regard sinr^x as being the circular 
measure of the acute angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of einr% if requisite. 

A direct proof of the preceding result can be deduced 
from Maolaurin's expansion by aid of Art. 51. We leave 
this as an exercise for the student. 

IVom the preceding expansion the value of ir can be 
exhibited in the following series: 

IT I II I . 3 I p 
6 2 2.38 2 .4.532 

For, since sin 30° = -, we have - = sin"^ - ; .*. &c. 

2 6 2 

An approximate* value of ir can be arrived at by the aid 
of this formula ; at the same time it may be observed that 
many other expansions are better adapted for this purpose. 

65. CSnler's Expressions for Sine and Cosine. — In 

the exponential series (12), iix^ - i be substituted for a?, 
we get 

«*^'"* = 1 + + &c. . . . 

1.2 I . 2 • 3 . 4 

- I + &c. . . . 

Li 1-2.3 J 

= cos a? + \/- I mux; by Art. 59. 



Similarly, e~^~^ = cos « - -v/ - i sin a;. 
Hence ef^'^ + er^"^"^ = 2 cos a?, 

^v-i _ g-«v-i ^ 2y/^^ sin X. 

A more complete development of these formulae will be 
iound in treatises on Algebra and Trigonometry. 



(16) 



* The expansion foT msr^Xf and also this method of approximating to ir, were 
given by Newton. 
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66. JTohn Bernoulli's lieries. — If, in Taylor's Ex- 
pansion (i) we make y = - a?, and transfer f{x) to the other 
side of the equation, we get 

f{T) =/(o) + xf{x) - -^rix) + -^ r» - &0. (17) 

This is equivalent to the series known as Bernoulli's,* 
and published by him in Act. Lips.y 1694. 

As an example of this expansion, let /(a?) = c* ; then 

/(o) = i, /»=^i /»=^,&c., 
and we get 

e* = I + a?^ ^ + &o., 

1.2 

Or, dividing by c*, and transposing, 

^ = I - a? + &o., 

which agrees with Art. 60. 

67. i^ymbolic Form of Taylor's Theorem. — The 

expansion 

may be written in the form 

in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 

/(x + y) = ^hcf{x)y (19) 

* In his Hedue. Quad, ad long, eurv,, John Bernoulli introduces this theorem 
again, adding — '* Quam eandum seriem postea Taylonis, interjecto yiginti 
annorum intervallo, in libnim quern edidit, a.d. 17 15, demethodo incrementorum, 
transferre dignatus est. sub alio tantum characterum habitu." The great in- 
justice of this statement need not be insisted on ; for while Taylor's Theorem is 
one of the most important in the entire range of analysis, that of Bernoulli ifl 
comparatiyely of little use ; and is, as shown above, but a simple case of Taylor's 
Expansion. 
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where ^ ^ is supposed to be expanded as in the exponential 

theorem, and f- — £^ written for p- ( ~ ) /(a?), &o. 

jW dsr \Yi \(ixj 



This form of Taylor's Theorem is of extensive application 
in the Calculus of Finite Differences. 

68. Other Forms derived from Taylor's Series. — 

In the expansion (3), Art. 55, substitute h for y, 

., hdu A' (Pu h^ d^u ^ 

then Wi =^ w + - — - + r-r + . . • r- + &o. 

1 dx 1 .2 dor I . 2 . . . « dixf^ 

If now h be diminished indefinitely, it may be represented 
by dxy and the series becomes 

du dx d^u dx^ d^u daf^ 



Ui^U-h -z + -7-, — + . . . + 



dx I dx^ 1 . 2 dixf^ 1 . 2 . . . n 



• • • 



or II, - w = ffl dx +'^^du^ + Q^ dx" + &c., (20) 

I 1.2 1.2.3 '\/ 

in which Wi - ti is the complete increment of w, corresponding 
to the increment dx in x. 

Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the terms after 
the first be neglected (by Art. 38) as being infinitely small in 
comparison with it, we get 

du =f\x) dxj 

the same result as given in Art. 7. 

Another form of the preceding expansion is 

du d^u d^u d^u ^ / v 

tti - ti = — + + + . . . + + &c. (21) 

I 1,2 1.2.3 1.2... W ^ * 

69. Tlieoremi. — If a function ofx become infinite for any 
finite value of x then all its successive derived functions become 
infinite at the same time. 

If the function be algebraic, the only way that it can be- 
come infinite for a finite value of x is by its containing a 

term of the form ■-;:, in which Q vanishes for one or more 
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values of x for which P remains finite. Accordingly, let 

P , . du dx Q dx ; this also becomes infinite when 

" = Q = *^'''^ Q 

Q = o. 

d^u d^u 
Similarly, — ^, -73, &c., each become infinite when Q = o. 



Again, certain transcendental functions, such as e , 
cosec (x - a), &c., become infinite when x = a; but it can be 
easily shown, by differentiation, that their derived functions 
also become infinite at the same time. Similar remarks apply 
in all other cases. 

The student who desires a more general investigation is 
referred to De Morgan's Calculus, page 179. 

70. Remarks on Taylor's Expansion. — In the pre- 
ceding applications of Taylor's Theorem, the series arrived 
at (Art. 56 excepted) each consisted of an infinite number of 
terms ; and it has been assumed in our investigation that the 
sum of these infinite series has, in each case, a, finite limiting 
value, represented by the original function, /(a? + y), or /(«). 
In other words, we have assumed that the remainder of the 
series after n terms, in each case, becomes infinitely small 
when n is taken sufficiently large — or, that the series is con- 
vergent. The meaning of this term will be explained in the 
next Article. 

71. Convergent and Divergent Series. — ^A series, 
f/i, Ui, fia, ... tiny •• • consisting of an indefinite number of 
terms, which succeed each other according to some fixed law, 
is said to be convergent, when the sum of its first n terms 
approaches nearer and nearer to a finite limiting value, accord- 
ing as n is taken greater and greater ; and this limiting value 
is called the sum of the series, from which it can be made to 
differ by an amoimt less than any assigned quantity, on 
taking a sufficient number of terms. It is evident that in the 
case of a convergent series the terms become indefinitely 
small when n is taken indefinitely great. 

If the sum of the first n terms approximates to no finite 
limit the series is said to be divergent. 
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In general, a series consisting of real and positive terms 
is convergent whenever the sum of its first n terms does not 
increase indefinitely with n. For, if this sum do not become 
indefinitely great as n increases, it cannot be greater than a 
certain Jinite value, to which it constantly approaches as n 
is increased indefinitely. 

72. Application to C^eometrical Progression. — 
The preceding statements will be best understood by apply- 
ing them to the case of the ordinary progression 

The sum of the first n terms of this series is in all cases. 

I - X 

(i). Leta;< I ; then the terms become 'smaller and smaller 
as n increases ; and if n be taken sujQSciently great the value 
of ^ can be made as small as we please. 

Hence, the sum of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented 

by , which becomes smaller and smaller as n increases, 

I — a? 

and may be regarded as vanishing ultimately. 

(2). Let x> I. The series is in this case an increasing 

one, and of* becomes infinitely great along with ». Hence 

the sum of n terms, or , as well as the remainder 

i-x X - 1 

after n terms, becomes infinite along with n. Accordingly 

the statement that the limit of the sum of the series 

i+a? + 4?' + ... + a^ + ...fl(3? infinitum 
is holds only when x is less than unity, i. e. when the 

\ '— X 

series is a convergent one. 

In like manner the sum of n terms of the series 

I - a? + a;' - iT^ + &o. 

13 2^ ^ . 

I + a? 
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As before, when x<i, the limit of the sum is ; but 

I + X 

when a? > I, a^ becomes infinitely great along with n, and the 
limit of the sum of an even number of terms is - oo ; while 
that of an odd number is + oo . Hence the series in this case 
has no limit. 

73. Theorem. — Ifj in a series of positive terms repre- 
sented hy 

the ratio -^ he less than a certain limit smaller than unity ^ for 

all values of n beyond a certain number^ the series is convergent^ 
and has a finite limit. 

Suppose A; to be a fraction less than unity, and greater 

than the greatest of the ratios -^ . . . (beyond the numbei 

Un 

n), then we have 

^ Kf • • fifths ^ '* ^w* 






U 



^ tCy • • tl||4f ^ Kf Unm 



n+r-1 



Hence, the limit of the remainder of the series after Un is 
less than the sum of the series 

kun + k^Un + . . . + ts^Un • . od infinitum ; 

therefore, by Art. 72, less than 

kun . , 

r, since A;< i. 

I -k 

Hence, since Un decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small when n is taken sufficiently great ; and 
consequently, the series is convergent, and has a finite limit. 

Agrain, if the ratio -^ be > i, for all values of n beyond 

Un 
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a certain mimber, the series is divergent, and has no finite 
limit. This can be established by a similar process; for, 
assuming k > i^ and less than the least of the fractions 

-^, . . . then by Art. 72 the series 
^» 

Un + kun + k^Un + &c. od infinitum 
has an infinite value ; but each term of the series 

Un + ttn« + ««« + &C. 

is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &o. 
These results hold also if the terms of the series be alter- 
nately positive and negative ; for in this case k becomes 
negative, and the series will be convergent or divergent 
according as - A is < or > i ; as can be readily seen. 

In order to apply the preceding principles to Taylor's 
Theorem it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion ; in 
order to do so, we commence with the following : — 

74. iLemiiia. — ff a contint^us function <fi{x) vanish when 
x-a, and also when x = b, then its derived function <t>\x)^ if 
ako continuous^ must vanish for some value of x between a 
andb. 

Suppose b greater than a; then if ^'(ir) do not vanish 
betmen a and 6, it must be either always positive or always 
negative for all values of x between these limits; and 
consequently, by Art. 6, <p{x) must constantly increase, or 
constantly diminish, as x increases from a to b, which is 
impossible, since <fi{x) vanishes for both limits. Accordingly, 
^'(«) cannot be either always positive or always negative ; 
and hence it must change its sign between the limits, and, 
being a continuous function, it must vanish for some inter- 
mediate value. 

This result admits of being illustrated from geometry. 
For, let y = fp{x) represent a continuous curve ; then, since 
^(«) = o, and 0(6) = o, we have y = o, when a; = a, and also 
when x=b\ therefore the curve cuts the axis of x at distances 
« and 6 from the origin ; and accordingly at some inter- 
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mediate point it must have its tangent parallel to the axis of 
X. Hence, by Art. lo, we must have fp\x) = o for some 
value of X between a and b. 

75. liaKrange's Theorem on the liimiti of Tay- 
lor's iSeries. — Suppose Mn to represent tlie remainder after j 
n terms in Taylor's expansion, then substituting XioT x -\- y I 
in (i), we may write 

1 1 • 2 

I w ~ I ^ ' 

in which /(a?),/' (ar) /** (^) a-re supposed finite and 

continuous for all values of the variable between X and x. 

If we now make x = X, we get i^„ = o ; accordingly it 
contains i -a? as a factor ; hence we may write 

Rn = {X-x)PP, {22) 

where jt? is a positive quantity, and P is a function of X and x. 
Consequently we may write 

f{X) - [fix] -f (-^/» f . . . + ^^0^/^-'^ W 



+ (X - xyp^ - o. (23) 



Now, let z be substituted for x in every term in the pre- 
ceding, m'th the exception of P, and let F {%) represent the 
resulting expression : we shall have 

F{%) =/(X) - j/(3) + (^-Jl /'(«) + ...+ (X-«)''P}, (24) 

in which P has the same value as in {22"), 

Again, the right-hand side in this equation vanishes 
when 2 = Z; .'. F[X) = o. 

Also, from (23), the right-hand side vanishes when a = a?; 
.'. P(a?) = o. 
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Aooordingly, since the function F{z) vanishes when « = X, 
and also when 2 = ar, it follows from Art. 74 that its derived 
function -P'(a) vanishes for flome value of z between the limits 
X and X. 

Proceeding to obtain F^(z) by differentiation from equa- 
tion (24), it can be easily seen that the the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 

Consequently, for some value of z (2' suppose) between x 
and X we must have 

p\n— 1 

Again, if be a positive quantity less than unity it is 
easily seen that we may write 

s' = a? + fl (Z - a?), 

since by assigning a suitable value to 0, a? + (X - x) can be 
made equal to any number intermediate between x and X. 
If we substitute this value for 2' in the foregoing equation it 
becomes 

(I - fl)« l^JL?)!/n (oj + (X - !p) ) = ( I - 0)^* (X - a;)P P 



P 



w - I 



=(i -eysn, by {22). 

Hence we infer that p = ny and 

ij„ = i^f^/w {x + e{x-x)}. (25) 

Making this substitution, equation (22) becomes 

AX) = fix) + (^^ f{.) + ^^V'(^) + . . . 

+ ^^ "'"]""' /("-» (x) + ^A"/(«) [x + e(x-x)). (26) 

The preceding demonstration is taken, with some modifi- 
oations, from Bertrand's " Traits de Oaloul Diff^rentiel "(^73). 



I 
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Again, if A be Bubstituted for X - Xj the series beoomes 
f{x-^h)^/{x)+hf'{x)+&o. 



+ 



/(-I) (a.) + P-/W (a? + OA). (27) 



n- 1"^ ' ' n 



In this expression n may be any positive integer. 
If n » I the result becomes 

f{x + h) =/(a?) + hf {x + 0A). (28) 

When n^ 2j 

f{x + h) ^f{x) + A/ (a.) + J^r (* + 0A). (29) 

The student should observe that has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., d > o and < i. 

It will be a useful exercise on the preceding method for 
the student to investigate the formulae (28) and (29) inde- 
pendently, by aid of the Lemma of Art. 74. 

The preceding investigation may be regarded as furnish- 
ing a complete and rigorous proof of Taylor* s Tlieorem^ and 
formula (27) as representing its most general expression. 

76. d^eometiical Illustratioii. — The equation 

f(X) ^f{x) + {X-x)f [x^e{X^x)] 

admits of a simple geometrical verification; for, let y -f{x) 
represent a curve referred to rectangular axes, and suppose 
{Xf F), {x, y) to be two points Pi, Pa on it : then 

f(T)-f{x) Y-y 
X - X X - a?" 

But = — - is the tangent of the angle which the chord Pi P, , 
X — X 

makes with the axis of x; also, since the curve cuts the 
chord in the points Pi, P2, it is obvious that, when the point on 
the curve and the direction of the tangent alter continuously, 
the tangent to the curve at some point between Pi and Pj must be 
parallel to the chord Pi P2 ; but by Art. 10,/' {xi) is the tri- 
gonometrical tangent of the angle which the tangent at the 
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point {xiy pi) makes with the axis of x. Hence, for some value, 
a?i, between X and x, we must have 

^M.|z£. /m-/W , 

^ ' X-^x X-x 

or, writing Xi in the form a? + (J - a?), 

f{X) =f{x) + ( J - 0?) / {a? + fl (Z - ip)). 

77. Second Form of Remainder. — The remainder 
after n terms in Taylor^s Series may also be written in the form 

^ (^ " ^)""' Ay (•) (^ + 0M. 



For it is evident that Bn may be written in the form 



k»-l 



^X - :kV 



w- I 

+ (X-a:)Pi. 

Substitute 2 for x^ as before, in every term except Fi ; and the 
same reasoning is applicable, word for word, as that employed 
in Art. 75. The value of -P' (z) becomes, however, in this 
case 

^ ' n-i ' 



and, as F^{z) must vanish for some value of & between x and 
X, we must have, representing that value hj x + {X- a?), 



vn-i 



j^^^ iX-xr^{x-9y y^n) {^ ^ Q^X - X)], (30) 



n- I 



where 0, as before, is > o and < i. 

If h be introduced instead of X - x^ the preceding result 
becomes 



W- I 



which is of the required form. 
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Hence, Taylor's Theorem admits of being written in thfi 
form i 

h A» A*^* 

/{x+h) ^/{x) + -f\x) + -^ r{x) + . . . + -^— /C«-0 (x) 



+ 



I . 2 



n- I 



n-i 



(i"e)*-V^"K«+^A)- (32) 



The same remarks are applicable to this form* as were mada 
with respect to (27). 

From these formulae we see that the essential conditionfl 
for the application of Taylor's Theorem to the expansion of 
any function in a series consisting of an infinite number oi 
terms are, that none of its derived functions shall beoomaj 
infinite, and that the quantity 






shall become infinitely small, when n is taken sufficiently 
large ; as otherwise the series does not admit of a finite limit. 

A~ 
78. Idmit of when n l8 Indefinitely great 

I • 2 • • r» 

Let Un, = , then -^ = ; .•. -^ becomes smaller 

1 . 2 . . n Un n + I Un 

and smaller as» increases ; hence, when n is taken sufficiently 
great, the series Wn+i, t^n+2, . . . &c., diminishes rapidly, and 
the terms become ultimately infinitely small. Consequently, 
whenever the n** derived function f^^) (x) continues to be finite for 
all values of n, however greaty the remainder after n terms in 
Taylor's Expansion becomes infinitely small, and the series has 
a finite limit. 



* This second fonn is in some cases more adyantageous than tliat in (27). 
An example of this will be found in Art. 83. 
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79. C^eneral Form of BEaclaurln's Series. — The 

ixpansion (27) becomes, on making x^o^ and substituting 
p afterwards instead of A, 

f{z) ^f{p) + V(o) -^/- /"(o) + . . . + ,^, /(-') (o) 

I I • 2 II — I 



Hence the remainder after n terms is represented by 

vrliere is > o and < 1. 

This remainder becomes infinitely small for any functioii 

f{x) whenever .— /^"^ (6a?) becomes evanescent for infinitely 

great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
ooniniencement of this chapter. 

80. Remainder in tbe Expansion of a^. — Our for- 
mula gives for 22^ in this case 

\n ^ ° 



Now, <if* is finite, being less than a^ ; and it has been proved 

\X losr cl\ ** 
in Art. 78 that ^ — ° becomes infinitely small for large 

values of n. Hence the remainder in this case becomes 
evanescent when n is taken sufficiently large. Accordingly 
the series is a convergent one, and the expansion by Taylor's 
Theorem is always applicable. 

81. Remainder in the Expansion of sin x. — In this 
case 



^ af" . (nir ^ \ 

jBn = r— sm — + {)x\ 

\n \2 ) 



G 
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This value of Rn Tiltimately vanisheB by Art. 78, and the 
series is accordingly convergent. 

The same remarks apply to the expansion of cos x. 
Accordingly, both of these series hold for all values of x. 

82. Remainder in the CSxpansion of log (i + x). — 
The series 

X sf ^ a^ o 
+ + &o., 

1234 

when a? is > i, is no longer convergent ; for the ratio of any 
term to the preceding one tends to the limit - x ; oonse- 
quently the terms form an increasing series, and become 
ultimately infinitely great. Hence the expansion is inappli- 
cable in this case. 

Again, since/** (a?) = f- 1)*^^ ' / " , ~ — -. the remainder 
° ^ \ / V / (i + a?)« 

Rn is denoted by ^ — — ( ^ 1 1; hence, if x he positive and 

less than imity, -^ is a proper fraction, and the value of 

Rn evidently tends to become infinitely small for large values 
of n ; accordingly the series is convergent, and the expansion 
holds in this case. 

83. Binomial Tlieorem for Fractional and mrega* 
tive Indices. — In the expansion 

^ I 1.2 

m(w- i) . . . (w-n+ i)a^ o 

+ — ^ ^^ ^ — + &o. 

1 . 2 . . . n 

if Un denote the n'* term, we have 

Un^i ni-n+ 1 



Un n 



X, 



the value of which, when n increases indefinitely, tends to 
become - x ; the series, accordingly, is convergent if a: < i, 
but is not convergent li a > i. 
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Aooordingly , the Binomial Expandon does not hold when 
.i8|reater than unity. 
Again, as 

/(») (a?) - w (w - i) . . . (w - n + i) (i + xj'^f 

the remainder, by formula (25), is 

m (m — i) . , . (m — n+ 1) ^ , /». ^_. 
1 ,2. . . n 
or 

m (w-i) . . . (w-n + i) a^ 



I . 2 . . . n (i + ^xY^' 

^ Now, suppose a; ^o^iYtt^^ anrf fes« ^Aan unity; then, when 
« ifl very great, the expression 

fw(m- i) . . . (m-w+ i) 
I • 2 • • • ft 

becomes indefinitely small ; also -. ^ . _^ is less than unity; 

hence, the expansion by the Binomial Theorem holds in this 
case. 

Again, suppose x negative and less than unity. We employ 
the form for the remainder given in Art. 77, which becomes 
in this case 

or 



/ v^ w(m~ i) . . . (m-n+ i) (i - d)^^af^ 

1 . 2 . . . (n - i) 






tt-m 



1—6 

Also, since a?< i, 0a? < ; /. i - 6a? > i - ; hence ^ 

I — (/J? 

• 

w a proper fraction ; /. any integral power of it is less than 
^ity ; hence, by the preceding, the remainder, when n is 
^ciently great, tends ultimately to vanish. 

o 2 
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In general {x + y)^ may be written in either of tlie forms 



yr.,..«f, . ^^** 



•m T J. ^ 1 r\r» »ifn 



now, if the index m be fractional or negative, and x> yy or 



y 

X 

series 



- a proper fraction, the Binomial Expansion holds for the 



but does not hold for the series 

/ \m ^f ^y M. ^ Jm^^ mCm-^i) ^- , ^ 
{x+y)*^ = i/^{ I +-| =^ + - ^^fl? + — ^ -y^ar + &o., 

since the former series is convergent and the latter divergent. 

We conclude that in all cases one or other of the expan- 
sions of the Binomial series holds ; but never both, except 
when w is a positive integer, in which case the number of 
terms is finite. 

84. Remainder in the Expansion of tan^^o;. — The 
series 

tan"'aj = + &c., 

135 

is evidently convergent or divergent, according as a? < or > i . 
To find an expression for the remainder when ^< i, we have, 

/ j.n • | n - I . sin ( n — ntan"*a?) 

/(»)(ar) = ( I- ) . tAxr'x = (- i)-^ IJ { . 

\dxJ (I + ar*)5 

Hence we have, in this case, 

af^ sin \n — n tan"* (fix) > 

^* ^ ^^ n(i + 0V)5 

which, when x lies between + i and - i, evidently becomes 
infinitely small as n increases, and accordingly the series holds 
for such values of x. 
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85. Kxpimsloii of anr^x. — Since the fimotion sin^^a^iB 
impossible unless a; be < i, it is easily seen that the series 
given in Art. 64 is always convergent ; for its terms are each 
less than the corresponding terms in the geometrical pro- 
gression 

2? + ar* + ar* + &c. 

Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
expansion of tan"^^ when x < ly as well as to other analogous 
series. 

In every case, the value of iJnj the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first n terms for 
its value. 

86. £xpaii8ion by aid of Differential Equations. — 
In many cases we are enabled to find the relation between 
the coefficients in the expansion of a function of x by aid of 
differential* equations; and thus to find the form of the 
series. 

For example, let y = c*, then 

dx "^ ^' 
Now suppose that we have 

y = Oo + (^i^ + (^ + . . . flf«a^ + . • . , 

then _il - flfj + 20^ + . . . nanixf*"^ + &o. 

ax 

Accordingly we have 

ai + 20^ + ^a^ + • • . - flo + «ia? + «a«' + &o., 



* This method is indicated by Newton, and there can be little doubt that it 
▼aa by aid of it he arrived at the expansion of sin (m sin'^ a?), as well as other 
Beriea.— Vide Ep. posterior ad Oldemburgium, It is worthy of observation that 
^evton's letters to Oldembur^ were written for the purpose of transmission to 
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hence, equating coefficients, we have 

2 2' 3 2.3' 

Moreover, if we make ^ = o, we get (h- 1$ 

.'. «*=!+- + + + &c., 

I 1.2 1.2.3 

the same series as before. 
Again, let 

y = sin (wsin"*ip). 

Here, by Art. 47, we have 

Now, if we suppose y developed in the form 
y = Oo-^ dix-k- a^ + . . . + a^fif^ + &o., 

dy 
then J" "^ ^* "*" ^^^ "*" 3^3^^ + • . . + n^n^"* + &o., 

^ = 20, + 3 . 20^ + . . . + n (n - i) fl»a^' + &o. 
Substituting and equating the coefficients of ^ we get 

'^ " (»4i)(n-H2) *^- ^^^^ 

Again, when a? = o we have y = o ; .*. a© - o. 

Hence we see that the series consists only of odd powers 
of a; ; a result which might have been anticipated from Art 
6i, 

To find fli. When a? = o, cos (m sin^^o?) = i, hence ( ;t- )= 'WJ 

accordingly ai =^ m; 

m^ - I m(m^ - i) 

.*. 08 = Oi = ^ -9 

2.3 1.2.3 

w* - g m (w' - i) (m^ - 0) 

4-5 1.2.3.4.5 
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henoe we get 

em* (mem'^x) = — x ^ ^ 

I 1.2.3 

^ mK-i)K-9) ^,^^^ (35) 

1.2.3.4.5 "^^^^ 

In the preceding, we have assumed that sin'^a? is an acute 
angle, as otherwise both it, and ako sin (m sin"*a;), would admit 
of an indefinite number of values. — See Art. 26. 

87. Expansion of sin mz and oosmz. — If, in (35), she 
substituted for sin'^a?, the formula becomes 



sm ms s m sin z 



sm's 

I 1.2.3 



+ i^ ii ^sin*« - &c.} (36) 

In a similar manner it can be proved that 

fiff sin'2 w* (w* - 4) . 1 o / N 

COS w« = I + — ^ sm*s - &o. (37) 

1.2 1.2.3.4 

If m be an odd integer the expansion for sin mz consists 
of a finite number of terms, while that for cos mz contains an 
infinite number. If m be an even integer the number of 
tenns in the series for cos mz is finite, while that in sin mz is 
infinite. 

The preceding series hold equally when m is a fraction. 

A more complete exposition of these important expansions 
will be found in Bertrand's " Calcul Differentiel.'* 

In general, in the expansion (36), the ratio of any term 

to that which precedes it is -. r-7 r sin'z, which, when 

^ (n + i) (n + 2) 

w is very great, approaches to sin*2. Hence, since sin z is 

less than unity, the series is convergent in all cases. Similar 

observations apply to expansion (37). 

, * ThiB expansion is erroneously attributed to Euler by K. Bertrand ; it was 
originally given by Newton. See preceding note. 



\ 
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The expansion 
^8in-i«^ I + — + + -^ -a^+— ^aj*+ . . . 

I 1.2 1.2.3 1.2.3.4 

can be easily arrived at by a similar process. 
88. Arbogast's Method of DeriTatloiis. 

If « = fl + J- + c + d + &o., 

I 1.2 1.2.3 

to find the coefficients in the expansion of ^ (u) in ascending 
powers of x — 

Let /(a?) = ^ (w), 

B 

and suppose f{x) = A + — x + a? + Ac. 

=/(o)+7/'(o)+-^/'(o)+&o., 
then we have evidently 

Also, writing u\ w", w'", &c. instead of 

du d^u d^u o 
^' d^' ^'^^-^ 

by successive diilerentiation of the equation /(a?) " ^ (t^), we 
obtain 

f{x) =0'(w).t/, 

/» =0'(u).t*"+0"(t.).(tO', 

r'(^) = 0' (w) . t*"' + 30" (w) . u' . «*" + 0'" M (tos 

/i^(a:) = 0' (t*) . wi- + 0" (w) [4w' t*''' + 3 {uy^ + 60» . {uj. u" 

+ 0*^ (tt) . [uJ. 

Now, when a? = o, w, u\ v!\ tt"', . . , obviously become 
a, b, Cy d, . . . respectively. 



A. 
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Accordingly, 

2>= /"' (o) = ^' (a) .d: + 3*" W . be + f'[a) . 6», 

J? = /iv (o) = 0' (a) . « + ^" (flr)'(4W + 3c^) + 6^'" (a) . J'c 

+ ^^^ (a) . 6*. 

From the mode of formation of these terms, they are seen 
to he each deduced from the preceding one hy an analogous 
law to that by which the derived functions are deduced one 
from the other ; and, as /'(a?), /''(a;) . . , are deduced from/(a;) 
hy successive differentiation, so in like manner, -B, C, -D, . , . 
are deduced from ^ (u) by successive derivation ; where, after 
differentiation, a, b, c, &c., are suhstituted for 

du d^u j^ 

**' ^' ^' • • • *^- 

If this process of derivation be denoted by the letter 8, then 

B = S.A, 0=S.B, i) = 8.C, &c. (38) 

From the preceding, we see that in forming the term 
8 . f{a)y we take the derived function ^'(a), and multiply it 
by the next letter b, and similarly in other cases. 

Thiis 8 . 6 = (J, 8 . c " rf, . . . 

8 . 6"» = mb'^^ 8 . d^^m(f^^d . . . 

Also 8 . 0' (a) 6 = ^' (a)c + 0" (a) 6'. 

This gives the same value for C as that found before ; D 
is derived from ia accordance with the same law ; and so 
on. 

The preceding method is due to Arhogast : for its com- 

flete discussion the student is referred to his '^ Calcul des 
)erivations." The Rules there arrived at for forming the 
successive coefficients in the simplest manner are given in 
" Galbraith's Algehra," page 342, 
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As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 



sin ( a + 6 - + c + flf — + &o 

I 1.2 1.2.3 



•> 



Here ^ = sin a, j5 == S • sin a = 6 cos a, 
C = 8. (cosa^^^oosa-i'sma, 
2) =8. C = e;?cosa- ihc sin a - 6' cos a, 

jB = 8.I> = eoosa- (46^ + 3c*) sin a - 6&'c cos a 

+ ft* sin a. 

If the series a^hx^-o + &o. consist of a finite num- 

I .2 

ber of terms the derivative of the last letter is zero — ^thns, if 

d be the last letter, S . d = o^ and d is regarded as a constant 

with respect to the symbol of derivation 8. 

If the expansion of ^ (u) be required when m is of the 

form 

o + /Sir + 70^ + 82?* + &0., 

the result can be attained from the preceding method by 
substituting a, b, c, dy &c. instead of a, /3, i . 2 7, i . 2 . 3 . 8, 
&c., and proceeding as before. 

The student will observe that in the expression for the 
terms 2), £1, &c., the coefficients of the derived functions 
i>{a)y ff! {a)y &c., are completely tnrf^^nflfew^ of the form oiVI[iQ 
function 0, and are expressed in terms of the letters, ft, 0, d^ 
&c. solely ; so that, if calculated once for ally they can be applied 
to the determination of the coefficients in every particular 
case, by finding the different derived functions 0'(fl), ^''(«), 
&c., for that case, and multiplying by the respective coef- 
ficients, determined as stated above. 
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Examples. 

X dit I (h^ 
I. If M ^fiax-^-btAt then - -- ss -■ — -. This fiimishes the condition that 
f ^ ^'' a,dx b dy 

a given function of x and y shouM be a function of ax + by, 

3. Find, by Maclaurin's theorem, the first three terms in the expansion of 

tanjT. 

«• lit* 
Ant, » + — + — 

3 '5 

3. Find the fiist four terms in the expansion of sec x, 

«• 5«* 61 »• 
Ans, 14- — + ^—+ . 

2 24 720 

4. Find, by Maclaurin's theorem, as far as a^, the expansion of log (i + sin x) 
in ascending powers of x. 

Let f(x) = log (i + sin a?), 

^, ... , cos a? I - sina: 

then/ m = : — = = sec « - tan x, 

I + emx cos a; 

f'*(x) = sec a; tan a; - sec^a? = - f'(x) sec a? ; 
/"'(») =-/'W sec ar -/(a;) sec a; tan a; = -/'(a?) /'W, 

.•./(o) = o, /'(o) = l, /"(o) = -i, r'(o) = i, /^^(o) = -2; 

0^ a:3 a:* 

.*. log (i + sin a?) = a? + -r + &c 

° ^ 2 6 12 

5. Find six terms of the development of in ascending powers of a; 

cos X 

2af^ x>^ ^a*^ 
Ans, !+» + «» + — +- +^^— ... 

3 2 10 

6. Apply the method of Art. 86, to find the expansions of sina; and cos a;. 

7. Prove that 

tan-i (a: + A) = tan-i* + h sin «— - (Asin*)^ ^^^ + (A sin*)»?i^ - &c., 

12 3 

where z = cot-^a?. 

aenf(x) =s tan-^aj = — s ; and by Art. 46, — = (- i)» |«- 1 sin^ssinfts; .*. 4tc. 
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8. Hence prove the expansion 

V sin z sin 2f . sin 38 , . 

- = « + cos 2 + C08'« + =- OOS^ + &C. 

2 1 a 3 

Let A = - cot 2 = - a?, &c. 
q. Prove tliat 

IT s sin s sin 2s sin ^z 

- = - + + + — - + &c. 

2 2 12 3 

Let A sin 2 = - I in Example 7 ; then A + x = — : = — tan - ; .*. &c. 

sm« t 

10. Prove the expansion 

IT sin 2 I sin 22 i sin 32 

2 cos 2 2 cos' 2 3 COS'2 

Assume h = — . then 

sin 2 COS 2 

x + h = - tan2 = tan (x - «) ; .•. * - 2 = tan"* {x + A), &o. 

Substituting in Example 7, we get the result required. 
The preceding expansions were first given by Euler. 

11. Prove the equations 

sin 9JP = 9 sin d; - 120 sin'a? + 432 sin'a: - 576 sm^j? + 256 sin'*, 
cos 6x = 32 coB«ar - 48 cos*» +18 cos'a? - I. 

These follow from the formulsd of Article 87 . 

12. If m = 2, Newton's formula, Art. 87, gives 



sin 2X 



fsin'« sin*j? . ) 
sm » ate S ; 
2 2.4 f ' 



verify this result by aid of the elementary equation sin 2« = 2 sin j; cos x. 

13. If ^ (a? + A) + (* - A) = ^ (a?) ^ (A), for all values of x and h, 

a'Yjt) a^^(x) 
prove that ^—rr = ^-tttt = &c. = constant ; 

<l>{x) <t>"(x) 

and also ip'{o) = 0, ^'"(o) « o, ke. 

14. If, in the last, ^-r-r = «' ; prove that <b(x) = e^-\-ir*». 

If . . =-a'; prove that ^ («) = 2 COB (««). 
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15. Apply Arbogast's method to find the first four terms in the expansion 
of 

(a + te + ««* + <««• + &c.)". 

Ana, a» + fia»»-i hx^- I ^ " ^ b'^ + ««« j «»»-• «• 

16. ProTe that the expansion of . x can contain no odd powers of «. 

For if the sign of a; be changed, the function remains unaltered. 

17* Hence, show that the expansion of contains no odd powers of x 

beyond the first 

„ XXXif-^l. 

Here + _ - _ . ; .•. &c. 

**~i 2 2*«— I 

18. If t» = , prove that 

n fd^^uX n{n-i) /iP*<u\ /du\ 

and hence calculate the coefficients of the first five terms in the expansion of «. 
Here e^u = x -^u, and by Art. 48, we have 

(du n(n — 1) cPu d**u\ d**u 

dx 1.2 dx^ dx**f dx^* 

19. If = I - - + — i. «« 1 g4 ^ ««-... 

e*— I 2 1.2 1.2.3.4 1.2...0 



prove that 



^1 = 7, B%^ —, Bi = — , ^4 = —, &c. 
o 30 42 30 



These are called Bernoulli's numbers, and are of importance in connexion 
with the expansion of a large number of functions. 

20. Prove that 
X X Bix^ . - . Btx^ , . . B^^ , , , 

(22 - I) +-- (2* - l) — (2* - I) + . . 



^+1 2 1.2 ' 1.2.3.4^ I. 2. ..6 
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21. Hence, prove that 

«*+ 1 3-4 3«4'5» o 



2 24 240 



22. Prove that 



2'BiXi 2*^2«* 2«-Ps«« . 

d; cot ^ = I 7 — »c. 

1.2 1.2.3.4 1.2...0 

23. Al«o,tan- = Ji«(22-i) + -^ (2*-i) + &o. 

2 3 • 4- 

24. Prove that 

- cot -= I — ^11 -02 T TT- — • • • 

* 2 li ll I- 

e 
This follows immediately hj substituting - for « in Ex. 22. 

25. Given uCu— x) = i; find the four first terms in the expansion of tf in 
terms of x, by Maclaurin's Theorem. 

expand y in powers of x by the method of indeterminate coefficients. 

27. Show that the series 

a? a* a;' «< 

— + —-+— + —+... 

JM jlB atW AlK 

is convergent when a; < i, and divergent when a; > I, for all values of m. 

28. Prove the expansion 

/W I f(a) I d (fjaU 

(* - a)" ^ («) (* - «)«• ^(o) (« - a)"^' At (^(<») I 

1 . 2 . (aj - a)«-2 \rfa/ ( ^(a)) 

29. Find, by Maclaurin's Theorem, the first four terms in the expansion of 
(I + a;)* in ascending powers of x. 

Let /W = (i + «A 
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... /-(,) = _/'(,) (1 - ? , + 3 ^ _ to.) +/(*) g - I , + 4c.) ; 

/"'W =-/"(*) (5 -5* + ^a^ -*«•) + »/'(«) (^-f* + &o.). 
But, by Art. 29, /(o) = »; 

.../'(o) = -l, /"(o) = ^, /"'(o) = - J*. 

Hence (i + «)' = # + -^ «» + &o. 

^ ' 2 24 16 

This result can be verified by direct deyelopment, as follows: 
let « = (i + «)•, 

I X X x^ 

then log « = - log Ci + «) = I — + + . . •; 

« 234 

3 3 2 3 

r /x a^ a^ \ x^/i X x^ y a? (i X X' 1 



= * I-- + ^ • . . . 

L 2 24 16 J 



30. In Art. 76, if /(«) and/'(jr) be not both continuous between the points 
Pi, Pz, show that there is not necessarily a tangent between those points, parallel 
to the chord. 

31. Find the deyelopment of -. : in ascending powers of «, the coef- 

sin X sm 2x 

ficients being expressed in Bemoullian numbers. *' Camb. Math. Trip., 1878." 

X Bin 117 

Since -: : = a; cot » + a; cot 2x. the expansion in question, by (22), 

sm a; sm 2;i; '^ ^ ^ j \ n 



18 



I — (2 + I) - —^ (23 + I)- -^^ (25 + I) - &o 
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CHAPTER IV. 

INDETERMINATE FORMS. 

89. Indeterminate Forms. — ^Algebraic expressions some- 
times become indeterminate for particular values of the 
variable on which they depend ; thus, if the same value a 
when substituted for x malkes both the numerator and the 

denominator of the fraction *^-7-\ vanish, then^^-T-r becomes of 

the form -, and its value is said to be indeterminate, 
o 

Similarly, the fraction becomes indeterminate if /(a;) and 
{x) both become infinite for a particular value of x. We 
proceed to show how its true value is to be found in such 
cases. By its true value we mean the limiting value which the 
fraction assumes when x differs hy an infinitely small amount 
from the particular value which renders the expression indeter- 
minate. 

It wiU be observed that the determination of the diffe- 
rential coefficient of any expression /(a;) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 

determination of •^-^ ^ — Li-L when ^ = o. 

h 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 

Examples. 

/rnM _ 9/tff^ JL {Iff' O 

I. The fraction r-r ; r^ becomes of the fonn - when « = c ; but since 

Oic^ - 2bcx +00^ .0 

it can be written in the shape tt tsi its true value in all cases is 7. 

(a; — c)* 6 
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2. The fraction becomes - when « = o. 

To find its true value, multiply its numerator and denominator by the com* 
plenuntary surd, V^a + s + y^a — j;, and the fraction becomes 

^ " y- 1 or ^ ^ ; 



2» 



the true value of which is v a when a; = o. 

3. Ji ^ ywhenjrso. 

V a + a? — V a-a? 

Multiply by the two complementary surd forms, and the fraction becomes 

2ax {ya -h a? + y^g - a? } 
2x {v^a« + a» + a?^ + V a*-fla;+a?*} 

a ( V a + a; 4 ya — x) 



or 



\/a* + ox -f a?2 + iy/a* — <«; + «» 



the true value of which evidently is v^a when a; = 0. From the preceding 
examples we infer that when an expression of a surd form becomes indeter- 
minate, its true value can usually be determined by multiplying by the com- 
plementary surd form or forms. 



2a? - v/ 5a:2 - <»« , , 

4. when » ■ «. Ana, -. 

X — V 2«* - a' * 

a - v^fl» - a;» , ^ i 

5. r when « sa O. ^IM. — . 

x^ ia 

, a sin - sin a9 , o , 

0. — — becomes - when d = o. 

0(cos 9 - cos aB) o 

To find its true value, substitute their expansions for the sines and cosines, 
and the fraction becomes 

a (e + ...)- [aB + .. .) 

\ I .:». 3 / \ I. a. 3 / 

^. «■' a' e- ! 

B [ + ...+ .. .} 

^1.2 I . a ' 

g- (a* - a) + . . . 



-va--i)-.. 
H 
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Divide by (fi (a^ ~ i), and since all the terms after the first in the new numerator 

and denominator vanish when = o, the true value of the fraction ia — in this 

3 
case. 

7. The fraction 

becomes --when a 00: 

«oa?" + «iic""* + ...-+-«» ^ 

its true value can, however, be easily determined, for it is evidently equal to 
that of 



0mrn> 



X Q^ 



-4o + — ^ + -5- + . . . 






Moreover, when a? = 00, the fractions — , -^ . . . — . . ., aU vanish ; hence, 

X x^ X 

the true value of the given fraction is that of 

Aq ^ 
jpm-n — when a? s= 00. 

ao 

The value of this expression depends on the sign of m — n. 

(i.) If m > n, a^~« = 00 when a; =-00; or the fraction is infinite in this 
case. 

A^ 
(2.) If w = «, the true value is — . 

«o 

(3.) If m < «, then a:"*-'* = o when a? = 00 ; and the true value of the frac- 
tion is zero. 

Accordingly, the proposed expression, when x = 00, is infinite, finite, or zero, 
according as m is greater than, equal to, or less than ft. Compare Art 39. 

8. w = -v/a? + a - yx + 3, when a; = 00. 

Here u = = o when a; s oe. 

V a? + a + */x + b 

9. -v/a;* -^ ax- Xy when a? = 00. Am. -. 

10. tf = a* sin ( — I , when x = 

(l.) If a < I, a* = o when a; = 00, and therefore the true value of tf is zero 
in this case. 

(2.) If a > I, then a* becomes infinite along with x ; but as — is infinitely 

c c 
small at the same time, we have sin — r= _. Hence, the true value 

a* a* 

of tf is in this case. 



2 
00. 
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1 1. « = -v/a* - x^ cot - A is of the form o x 00 when « = a. 



Here u = , 

but, when a — « is infinitely small, 



» la — X ir la — x 
tan- J = - J—; — ; 

^/a^-x* a + x 4fl - 
M = I ? = — = — when X - a. 



• • -- 



V \ a- X 
a '\fl+ « 



2 



a; sin (sm «) — sin'i? 
12. i# = ^ — r » when » a o. 

Substitute the ordinary expansion for sin a;, neglecting powers beyond the sixth, 
and u hecomes 

!sin'« sin'ar) / «• aj*\» 
sm X ■ — + —. — > - («-,— + T- I 
I? |5 ) V |3 |5/ 






« 



ft 



Hence we get, on dividing by xB, the true yalae of the fraotion to be -r when 

15 

(o sinV + iB cos«^)»-v^ v « .1 . • 

13. ^ n _ flu » ^"®^ o = i8. An8. sm'^. 

Similar processes may be applied to other oases ; there 
are, however, many indeterminate f onns in which such pro- 
cesses would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
famishes us with a general method for evaluating indetermi- 
nate forms. 

90. — Method of tlie Differential Caleuliis. — Sup- 

pose —-^ to be a fraction which becomes of the form - when 



X ^ a\ 



i. e. f{a) = o, and (a) = o ; 
H 2 
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substitute a + A for a; and the fraction becomes 

/{a + h) -fid) 
/(ill) ., A 



but when h is infinitely small the numerator and denominator 
in this expression become /'(a) and ^'{a\ respectively; hence, 
in this case, 

/(g-fA) /» 
^(a + A) ^'(a)* 

Accordingly, -ttA represents the limiting or true value of 

the fraction *~~. 

(i.) If/ (a) = o, and ^\a) be not zero, the true value of 

-7-^ 18 zero. 
(2.) If/ (a) be not zero, and ^'(fl) = o, the true value of 

0(a) 
(3.) If /'(fl) = o, and 0'(a) = o, our new fraction "Sy-^ is 

still of the indeterminate form -. Applying the 
preceding process of reasoning to it, it follows that 



its true value is that of 



«"(«)• 



If this fraction be also of the form -, we proceed to the 

next derived fimctions. 

In general, if the first derived functions which do not 

vanish be /<")(«) and 6^^Ua)y then the true value of --pz 

i-.-iLi .. /'"H«) 



IS thai of 



0(")(a)* 



•^ I 
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Examples. 



« sin d; — 

I. » = , when x=-, 

cos « ' 2 



IT 



Here /(»)=« sin a? , 



••• f\x) = « cos « + sinaf, /• f _ J =s i, 



Hence « = - i. when a; s -. 

2 



1. 



w = — , when a? a- «, 



Here /(«) = ew« - ««»«», 

4>(a?) = (« - ay ; 

4)'(ar) = r{x - a)'-*, ^'(a) is o or oe, as r > or < i. 

Hence the true yalue of t« is oo or o, according as r > or < i. 

This result can also he arrived at hy writing tho fraction in the form 

•2 — ; H — = — ; — *"^f where A = « — a ; 

{x-ay h^ ' ' 

hence, expanding «"*^, and making h^o^ we eyidently get the same result as 
before, 

a? - sin a? 



3. 




a:* 


nen a; = o. 


Here 


fix) = I -cos a;, 


/'(o) = o. 




^\x) = 3a?S 




^.'(0) = o. 




/» = sina;, 




/"(0)=0. 




<^"(-r) = Sx, 




^"(o) = o. 




r'{x)^cosx, 




/'-(o) = I. 




^'"(x) = 6, 




^'"(0) = 6. 
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Hence, the true value is 7, as can also be immediately arriyed at by substituting 

6 

x—-^ + &0. instead of sin «. 
o 

o^ — I 
4. when « = a Ans, log a. 

5* — r"T 7~x wnen a; « 0. ,, ■ . ; 77-7. 

It may be observed that each of these examples can be exhibited in the form 
00 - 00 , tJiat is, as the difference of two functions each of which becomes in- 
finite for the particular value of a; in question. 

91. Form o x 00. — The expression /(a?) x ^(a;) becomes 
indetermiiiate for any value of x which makes one of its fac- 
tors zero and the other infinite. The fmiction in this case is 

easily reducible to the form - ; for suppose /(a) = o, and ^ (a) 
= 00, then the expression can be written "^-^j which is of the 

required form. 

Examples. 



1. Find the value of (i - a) tan — when x^u 

I — . ji* 2 

This expression becomes , the true value of which is - when « = i. 

vx If 

cot — 

2 

2. Sec X Ixsimx — 1, when x- -. 

I" 

« sin a; — 

2 

This becomes , a form already discussed. 

cos X 

3. Tan (x^a) , log (« — a), when x = a. Ans, o. 

a' 

4. Cosec'jSa; . log (cos ax), „ « = o. „ - — . 



( 
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fix) 
02. Form ^. As stated before, the fraction -7-7 also 

. . . *(^) 

becomes indeterminate for the value a? = a, if 

f{a) = 00, and ^(a) = 00. 

It can, however, be reduced to the form - by writing it 

in the shape 

I 



M. 



The true value of the latter fraction, by Art. 90, is that of 

fix) 
Now, suppose A represents the limiting value of -)-^. 

1p(X) 

when X- a, then we have 



that is, the true value of the indeterminate form ^ is foimd 



00 



in the same manner as that of the form -. 

o 

In the preceding demonstration, in dividing both sides of 
our equation by -4, we have assumed that A is neither zero 
nor infinity ; so that the proof would fail in either of these 
oases. 

It can, however, be completed as follows : — 

Suppose the real limit of •^-( to be zero, then that of 

' ^^ ^ / \ is k, where k may be any constant ; but as the 
0W 
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latter fraction has a finite limit, its yalne by the preceding 
method is 

f{a) + k<t,'{a) /{a) . 

«'(«) ' f («) ' 

therefore -rr^ = o ; t. e. when A is zero, ^-yA is also zero, and 
0'(a) ' ^(a) 

vice versa. 

Similarly, if the true value of "^-7-^ be infinity when a? = a, 

then ^T-r is really zero ; we have, therefore, ^77-/= o, by what 
f{a) ^ ' / ' f{a) ^ 

has been just established ; >'.' A ; = 00. 

f (n\ 

Accordingly, in all cases the value of -ji-t* determineB 
that of ^^4-T for either of the indeterminate forms - or ^. 



^(a) o 



00 



f'fx) 
* On referring to Art. 69, the student will observe that 'Srr ^ ^^ ^® ^^i™ 

^ wheneyer -jx ~ ^1 1^^^ ^^^^ ^^ process given aboye would not seem to assist 

us towards determining the true value of the fraction in this case ; howeyer, we 
generally find a common factor, or else some simple transformation, by which 

we are enabled to exhibit our expression, after differentiation, in the foim -• 

o 

For example , is of the form -2^— when » =-: here /'(a?) 



l0g(«-j) 



^ and the fraction -^^^ ia stiU of the form ^ 
*' ^' {x) *» 



e seo*a?, ^'(«) s= — — , and the fraction "^t-^ is still of the form ^, but it can 



t 



2 

a; 

2 O 

be transformed into , , which is of the form - : the true value of the latter 

cos'x o 

fraction can be easily shown to be — 00 when a; e -. 

In some instances an expression becomes indeterminate from an infinite value 

of X, The student can easily see, on substituting - for a;, that our rules apply 

equally to this case. 
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93. Indeterminate Expressions of the Form 

{/(a?)}*('). Let u = {f{x)]^^'\^ then log u = (p{x) logf{x). 
TbiB latter product is indeterminate whenever one of its fac- 
tors becomes zero and the other infinite for the same value 
of ^. 

(i.) Let <l>(x) = o, and log {/{x)] = ± 00; the latter re- 
quires either/(ir) = 00, or/(a?) = o. 

Hence, {/{ix)]*^"^ becomes indeterminate when it is of the 
form o", or 00®. 

(2.) Let i>{x) = ±00, and log {/{x)) = o, or/(ir) = i ; this 
gives the indeterminate forms 

I* and !"•. 

Hence, the indeterminate forms of this class are 

o^ 00®, and I*". 



Examples. 

1. (sin d?) *^ « is of the form oo, when « s a 

Here log ti » tan a; log (sin x) = — ^i f , 

cot* 

The tme value of this fraction is that of 

cotd; 

r = - cos a? sin «, or o when a: = o. 

— cosec^d; ' 

Hence tbe yalue of (sin x)^»^ « s ^ ■■ i at the same time. 

2, (sin «)*" », when « = -. 

2 

This is of tlie form i *, but its true yaluo is easily found to be unity. 

_i 

/tana;\ 4.t 



( — -j **, when a? = o. 



Here lo^u^ ^ , 

, . tana? «• . 

but ■ I + — + &c. 

a^ 3 
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- tan « - / «« » \ ^ ^ 
.•. log = log ( 1 + — + &c. J = — + &0. 

Hence, the true value of log m is - when« ao; and, accordingly, the value of n 

3 
18 tfi at the same time. 

4. If ■■ f I +-j 'ywhenjpso. 

Let *=-, then log « = -^-i <-; 



.*. hy Art. 92, the true value of log u when « = 00 is that of -• or is zero. 

Hence, the value of m is i at the same time. 



"=(' + i)'> 



when d; SB 00. 



Let « = -i then log u = -^-^ \ 

the true value of which is a when s is zero. 

Hence, the true value of u is ^ ; as also follows immediately from Art. 29. 



©"■• 



whenjpso. Am, i. 



(-9 



, when«>B«. „ tf"*. 



94. Compound Indeterminate Forms. — If an in- 
determinate form be the product of two or more expressions, 
each of which becomes indeterminate for the same value of x^ 
its true value can be determined by considering the limiting 
value of each of the expressions separately ; also when the 
value of any indeterminate form is known, that of any power 
of it can be determined. These are evident principles : at 
the same time the student will find them of importance in the 
evaluation of indeterminate functions of complex form. We 
wiU illustrate their use by a few elementary applications. 

Examples. 
I. Find the value of 

(T — 2X \ * W 

— : J ,when»«-. 
2 sin 2xJ 2 

The value of a?» is I - ) , and that of (sin a:) *«»« is unity : see p. 105. 
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Again, — : becomes — ; on Bubstitutinff — s for : hence its true 

^ 3 sin 2x 2 sin 2S a 

ilue 18 - wlien s s o. 

a 

W If** 

AccordinglY, the trae yalue of the proposed expression when a; s - is -—-. 
2. — when « = 00. 

his fracdoii can be written in the form / -7 \ • The true yalue of "t-, by the 



ethod of Art. 92, is that of -^ ; but the value of the latter fraction is zero 

n 

hen a; as 00 ; hence the true yalue of the proposed fraction is also zero at the 
une time. 

3. u^x^ (log x)% when x = o, and m and n are po»itiv$. 



tere « = (a?»» log «)"•, 



— ^ iB of the form S- when * « O; 
» 00 » 






8 true yalue is that of » or 






« -2.-1 « 

X » 

m 



[ence, the true yalue of the given expression is zero. 
This form is immediately reducible to the preceding, by assuming r' = rv. 



[ere 



« as — when « e 00, 






ut if i > I, and n > m, J«"^ = 00 when « = 00. CouBequently the value of « is 
f the form o», or is zero in this case. 

Again, if m>n, b^"^ = o when » s= oo, and the true value of u is 00. 
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a * 
If = — - when « = o. 

,m 



Let x = -j and this fraction is immediately reducible to the fonn discussed i| 
the preyious Example. 

^ (i - cos a;)'»{log(i +«;)}"» , . i 

^- -^ —' ^^^"^ * = ^- ^'"- Tn 

7* « = ^ ^ , when a? = a 

a? 



1 



Prom Art. 29, this is of the form - ; to find its true yalue, proceed by 
method of Art. 90, and it becomeii 

<■"''■{ "":■?■':'.," -I- 

Again, substituting for (i + a;)« its limiting yalue e, we get 

( a;-(i4-a;)log(i+ig) ) 

the true yalue of which is readily found to be — when x = o. Compare Ex. 291 

2 

p. 94. 

' |m*-i|(flsina; — sin az) *• , 

8. — ; {-7 r > , when a? s o. 

I sm a; I (a:(cosa;~ cosdup); 

fW* — I 

The true yalue of — : , when a; ^ o, is log m : 

sina? > o » 

, „ , . asin X — siaax . 

and that of -, :, "When a? = a 

aj(cosa;— cosoip) ^ 

has been found in Example 6, Art 89, to be - ; hence the true yalue of the giyea 

3 



expression when x = o, is [ - ] log m. 



Examples, 



lOQ 



Examples. 



(sin nx\^ 
cos ^9 — COS n9 

yr g + a? - v^2a? 
\/a +3a:-2-v/ap 



n+ I 



6. 






^ I - sin jp + cos j( 

7. -: ; -, 

sma? + cos a:— i 



8. 



tana; - simr 
ain'a? ' 



(aa-a;g)> + (a--g)i 
^* {a3-a;8)i 4 («-«)»' 



lO. 



II. 



12 



'3- 



a:) tana; 

log sin a?' 
. — cot (-1, 
a;* + 2 cos a; - 2 



14. 



ia; + 8in2a;-6sm-i 

7 n^' 

(4+ cos a; - 5 cos- I 



when a? = 0. Ans. -77-7. 



XBSO. 



«»!!. 



X ^ a. 



H*- I. 



af sG. 



*=3 0. 



9a O. 



«"». 



«0. 



•;. 



- 0- 



i? = o. 


I 
3 


«= -. 

2 


I. 


«s:0. 


I 

2 


ff na. 


^/ za 

1 + V's 


* = o. 


I. 


ir 
a?= -. 

2 


a log a. 



1 

12' 



8 



(?)■ 



I lo Uxamples. 

ic. : , when « = -. Ans. « 

XBID.2X + X COS * 2 3ir 

dnita — n^Binxa 
tan na - tan a;a ' 



, x^Em.na — fif*«m.xa 
i6. ^ , j? = «. 



fi«"^ (fi cos na-%m.na) eo&hi. 



tan nx —n tan rr 



17. . — ' . 1 x = o. — r» 

I — co^mx n BiTLX - am nx m* 

^ (2 sin a; — sin 2xY 8 

18. ^, —-, jf = o. — * 

(sec a: — cos 2a:)3 125 



19. «^-*, « = I. -. 

or^ (^ - y) {»'W + »'(y)} - ^<ft( ^) + ^<^(y) ^ „ ^"W 

{x - y)» 6 



9 r 


a;log(i + a;) 


i tm 


I — cos* ' 


23. 




<« <• 


^-r« 


23. 


log(i+a;)' 



JT 8s O. 2. 



SsO. 



« s O. 2. 



ira? — I ir w^ 

*^- ~^^ "^ (tf'i^' - I) ;r' *"°' 6- 



log (tan 2a;) 
^^' log (tan ir)' 



« B O. !• 



g*4-log(i-a?)"i I 

20. ^ , X^O, — - 

tana? - a; 2 



.1 V I - m' ^jQg ^ _ ^jQg ^^ w = I. 



2y« , , . tan ■' wo ^ ~ 



cos 3^ 
3 



log(i+a? + a:»)+log(i-a;4-a^) 

is. — ~f » = o. i« 

sec X — cos a; 



29. f J *, « S3 o, aia%.,,an» 



Exampka, 



III 



.. (l^)^ 



3°- I "7") > when«=rao. ^n*. i. 



(I -»■«)•-«+ — 
31.— 



^8 * »-0. 



sin a? — log (e* cos a?) 



32- -^ , . *.o. 



33. «*(l + ^)'-*«»Iog /i 4 ^V 

I — g + log jg 



34. X , 

I - V 2ir - a?' 



35 "'-* 



36. 



I - a; + log «' 
af* — a? 



I -a; + logaf' 

cos a?- log (i + a?) + sin a? - I 



«* - (i + a?) 
„ «• + sin a: - I 



^". 


log(i 


+ ^) • 


39. 


tf*-r« 


— 2a? 


tana;- 


-« ' 


ifn. 


^ /*r3 


* + *a: + fl 



4»- y ^ V 

« — V 2aa? — a;' 



42 



tan-i(a + a?) - tan'i (a - x)^ 



t asoo. 



= 00, 



«aO. 



a^ — 3a? + 2 



110 

T 

2 

8* 



«= I. - I. 



« « I. 00. 



«=i. -2. 



JFs-O. 



« = o a. 



« = O. I. 







x^a. - 1. 



tan (g + a?) - tan {a - a?) j ^. ^2 



cos'a * 



00. 
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45. (sec «)•■«•, « = o. I. 

ten* * 

46. (am jp) , 

47. Find the yalue of 

(g - y) g» 4 ( y - g) jg» -t- (g - ap)y» 
(« - y) (y - a) (a - *) 

when x^y^a. 

Substitute a + A for Xy and a + it for y, and after some easy transformations we 
get the answer, on making A = o, and k^o, 

^ X ■¥ tanaf — tan2« ^ 7 

4S. 7 7 , « » c An$, -z^ 

2X + tan X - tan 3a: 26 

« + sin a? — sin 2« — 7 

49- r7TT:rr--7r:rT:t * " °- 



2 


I« 


» 


n.n-i fffr*^ 


'» 


1 . 2 



50 



23? + tan a; — tan 3a;* 52 



2 . I . 

a? em a: — tan % 

S "^ 

51. 1 ^ 



x^a. 



^x^ - «« V^2a 



Cs: o. 



— I 

jo' 



i 
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OHAPTEE V. 

PARTIAIi DIFFBBBNTIAL COEFFICIENTS AND DIFFERENTIATION 
OF FUNCTIONS OF TWO OR MORE VARIABLES. 

95. Partial Differentlatioii. — In the preceding chap- 
ters we have regarded the functions under consideration as 
depending on one yariabie solely ; thus, such expressions as 

e^, sin bxy otf^^ (Sbc, 

have been treated as functions of x only ; the quantities 
a, 6, m, . • . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments ; then, if we regard x as constant, 
we can, by the methods already established, find the differen- 
tial coefficients of these expressions with regard to the quan- 
tities, a, 6, w, &c., considered as variable. 

In this point of view, ^ is regarcced as a function of a as 
well as of Xf and its differential coefficient with regard to a 

is represented by ^ , or a? ^ L^ Art. 30 ; in the derivation 

of which X is regarded as a conaiant. 

In like manner, sin {ax + by) may be considered as a 
function of the four quantities, c, y, «, J, and we can find its 
differential coefficient with respect to any one of them, the 
others being regarded as constants. Let these derived functions 
be denoted by 

du du du du 

!£ dy' la' db' 

respectively, where u stands for the expression under con- 
sideration, and we have 

~ = a cos (aa? + by)y — = 6 cos (oa? + 6y), 

du / I \ ^^ / 1 \ 

— = a? cos (ewj + by), ^ = y cos (aa: + by). 
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These expressions are called the partial differential ooef- 
fioients of u with respect to x, y, a, h^ respectively. 
More generally^ if 

denotes a function of three variables, Xy y, s, its differential 
coefficient, when x alone is supposed to change, is called the 
partial differential coefficient of the function with respect to x; 
and similarly for the other variables y and s. If the function 
be represented by u, its partial differential coefficients are 
denoted by 

du du du 

dx' Ty' dz' 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 

Examples. 

I. « = (flj^ + *y« J- as*)". 

Here -=- = inax uufl + oyH «5*)""*, 

dx 

du 
du 

< 

X 

t « = Bin-* -. 

y 

du I du —9 



^* V^yi-a:*' ^V y^y^-T? 



du du 

4. « e a;S^ (ary). 

du 

^ = 2a:^ (ary) + icV^' (a?y). 
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96. miKlBreiitlatlon of a Fanctloii of Two Tarl- 
ables. — ^Let u- 1^ {^9y)y ^^d suppose x and y to receive the 
mcrements hj k^ respeotively, and let Hu denote the oorre- 
sponding inorement of Uy then 

Att = (a? + A, y 4 *) - ^ (a?, y) 

« ^ (a? + A, y + i) - ^ (a?, y + A) + ^ (iP, y + A) - (a?, y) 

^ ^ (g + A, y + A) - (a?, y -f A) ^ ^ ^ (a?,y + A;) -^ (a?,y )^ 

A A 

If now h and A be supposed to become infinitelj small, 
by Art. 6 we have 

^ (g? + A, y + A) - (a?, y ->- ^) _ d . ^ (^> y + ^) 

, »(a?, y + A;)-»(ir, y) rf . ^ (a?, y) 

* ^ dy ' 

In the limit, when k is infinitely small, ^ {x^ y •^' k) 
becomes (a;, y), and 

' l^±%iLl*J becomes llii^; 
aa; dx 

hence we get^ neglecting infinitely small quantit*^^ of the second 
ordeTf 

where h and A are infinitely small. 

If dxy dy, be substituted for A and *, the preceding 

becomes 

, du , du , . . 

du - -^ dx •¥ -z- dy. (i) 

dx dy ' 

In this equation du is called the total differential of ti, 
where both a? and y are supposed to vary. 

The student should carefully observe the different mean- 
ings given to the infinitely small quantity du in this equation. 

Thus, in the expression — dx^ du stands for the infinitely 

ax 

I 2 
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small change in u arising from the inerement dxmx^y being 

regarded as constant. Similarly, in — df/f du stands for the 

infinitely small change arising from the increment dyiny^x 
being regarded as constant. If these partial increments be 
represented by dxU^ dyUj the preceding result may be written 
in the form 

du = dxU + (^tf . 

That is, the total increment in a function of two yariables is 
found by adding its partial increments, arising from the 
differentials of each of the variables taken separately. 

'RhrAin>T.iai. 

I. Let X = rcos9, in which r and B axe ooosidered yariables, to find the 
total differential of ». 



Hero 




Henoe 


4s = coBBdr-rmnSdS. 


%. 




Hero 


du 7.x ' du vj 



.% i^ ■= -^dx -it -^dff. 
a' r 

du du di ^ \yi 
dx dzdx y ' 

du du du ^ \yl 

dy dz dy " y* * 

Again, multiplying the former of the two preceding equations by x, and the 
latter by y, and adding, we get 



du du 
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97. DiflTerentlatloii of a Funetioii of Three or 
more "Variables. — Suppose 

tf =• * (a?, y, «), 

and let hj k, I represent infinitely small inorements in x^ y, 8, 
respectively; then 

Ai* = ^ (a? + A, y + *,« + /)- (a?, y, «) 

^ (a? + A, y + *, » + /) - (a?, y + A, « + /) - 

A 

, »(a?,y + A,g+/)-»(a?,y,«+/) ,_ »(a?,y,s+/)-»(a?,y,«) ^ 
+ ;^ A:+ /, 

which becomes in thv limit, &/ the same argument as before, 
when dXy dy^ dz^ are substituted for A, A, /, 

'rfw . du . du , , V 

aw = -7- aa? + -T- »y + -7- »». (2) 

aa: dy dz ^ ' 

Or, the infinitely small increment in t« is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended to 
a function of any number of variables ; hence, in general, if 
tt be a function of n variables, a^i, ai^ay a^ • • • a?M, 

du du du 

98. If 

u -/(f, it), 

where t', Wj are both functiom of x ; then, from Art. 96, it is 
easily seen that 

du dfip^ w) dv df{vy w) dw 
dx dv dx dw dx* 

This result is usually written in the form 

du du dv dudw . . 

dx dvdx dw dx ^ ' 

In general, if 

t* = *(yi, y2, . . .yn), 



ii8 Partial Differentiatum. 

where y^ y^ . . . y^^ aze each fonctioiis of x^ we hsTe 

db^ dyidx dy^dx * * ' dy^ dx' 

AlflOy if yiy yt, &o., y«, be at the same time fanotions of 
another yazLable a, we haye 

du _da dyx du ^ ^ du dy^ 
ds~^ dyidst dytdz dy^ dk * 

and so on. 



I. Lei •-♦(X,r), 

where X = «r + Jy, T-e'r + ^y; 

tnen — = 1- — =. — • 

dm _ ^cZX ^^. 



ds ^ dy dM djf 

dm dm dm 

dm dm dm 

2. More generally, let 
where i « e» + iy + «ii 

r« •'• + *>+«•«, 

Z=e*s + 5"jr + «^i. 

When these sdbetttatianB are made, u becomes a function of s^ jf, s, and we 

hare 

dm dm ^ ,dm ^ ,,du 

;^=*5z+*rfr^* dz* 

du in jd» .,iM 



{ 
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98*. DIflnerentlatloii of a Function of Diffe- 
rences. — If t» be a function of the differences of the vaxi- 
ables, a, /3| 7 : to prove that 

du du du 
da (f/3 drf 

Let 0-/3 = a?, /3 -7- y, 7-0 = 2; then, ti is a function 
of x^yjZ'j and, accordingly, we may write 

u^f^{x, y, «). 

p. du ^ dudx du dy du d% du du 

da dx da dy da dz da dx d% 

o,. ., , du du Jm du du du 
Similarly, ^ = ^ - J, ^=^-^; 

^ du du du 
da dfi dy 

This result admits of obvious extension to a function of 
the differences of any number of variables. 



I. If 



2. If 



dA dA dA 

da'^ dB^ dy'^'^ 





ExAHPin. 






. «. I. ». 


». 


A = 


«. 6, 1, 

<^, «». 7», 






«», ef, V, 


«•• 


dA dA dA dA 
da dfi dy d9 






I. I, I, 


». 


A = 


«. B, y, 
«». /B*. 7». 






«♦, /s*. y, 


8*. 




I, «. I. 


I. 


dA 


«, ^i T. 
«'. i8», 7*. 


«, 




a", 0", y, 


»*, 



, proye that 



, prove that 
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99. Deflnitloii of an Implicit Fnnctioii. — Suppose 
that t/y instead of being given expKcitly as a function of x, is 
detennined by an equation of the form 

/(ar, y) = o, 

then p is said to be an implicit function of x ; for its valae, or 
values, are given implicitly when that of 2; is known. 

100. Differentiation of an Implicit Fnnetioii. — 

Let k denote the increment of y corresponding to the incre- 
ment A in 0?, and denote /(a?, y) by u. 

Then, since the equation /(a?, y) = o is supposed to hold 
for all values of x and the corresponding values of jr, we 
must have 

f{x + A, y + *) = o. 

Hence rfw = o ; and accordingly, by Art. 96, we have, 
when h and k are infinitely small, 

du du ^ ^ 

dx dy * 

du 

hence in the limit i = 3- = - -r- (6) 

h dx du ^ ^ 

dy 

Thi9 result enables us to deter^iine the differential 
coefficient of y with respect to x whenever the form of the 
equation /(a?, y) = o is given. 

In the case of implicit functions we may regard x as 
being a function of y, or y a function of a?, whichever we 
please — ^in the former case y is treated as the independent 
variable, and, in the latter, x : when y is taken as the inde- 
pendent variable, we have 

du 

dx dy I 

dy du dy 

dx dx 

This is the extension of the result given in Art. 20, and 
might have been established in a similar manner. 



Diferentiation of an Implicit Function, 1 2 1 



Examples. 

I. If *8 + y»-3aa:y = <?, tofind ^. 

Here ^ = 3(«'-«y)» ^ = 3(y'-«*); 



See Art. 38. 



dx «p — y** 






« 



- , dy y/«logy-y\ 



loi. If tt = (a?, y), where a; and y are connected by the 
equation f(x^ y) = o, to find the total differential of u with 
respect to x\ y being regxu:ded as a function of x. 

Here, by Art. 98, we get 

du di^ d^ dy 
dx dx dy dx' 
Also 

dx dydx 

Hence, eliminating j-, we get 

dtfi df df d^ 
du ^ dx dy dx dy t^\ 

dx df 

dy 
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This result can also be written in the following deter- 
minant form : 

d^ di^ 

dx^ dy 



du 
dx 



dx^ dy 



^ 
^ 



More generally, let tf >- ^ (r, y^ s), where x^ y, z^ are oon- 
neoted by two equations, 

/i(a?, y. «) - o, /t(tf?,y,»)-o; 

then, as in the preceding case, we have 



and also 



du ^d^ d<lt dy dt^ dz 
(£2; 6^ (/y (£r (& (£p 



4^ 4^^ ^if^ 
d!r c^y cto dz dx 



Hence, we get 



dft , dftdy df^dz 





d<^ d<^ df^ 
dx^ dy* dz 






dA dA dA 






dx* dy* dz 




du _ 


df% df% df2 
dx* dy* dz 


■■ 9 


dx 


dA dA 




• 


dy* dz 

dA dA 
dy* dz 




This result easily admiti 


9 of generalizati 


Lon. 



(8) 



I 
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102. Enler'B Ttaeorem of Homogeneoiu Func- 
lloiis. — ^If 

u » AaPyt + Ba^y^'s- Oaf"' y«" + &o., 
where 

p -*- q =ijp' + / =y + /' = &o. a n, 

to prove that 

du du , . 

XT du 

Here x-j- ^ Apofiy^ •\^Bp' n^ y^ + &c.; 

y — - = Aqufi'^-k- B^ a^ y^ + &c.; 

A «;^+ y ^ « ^(P -+ g)ajP y* + 5(p' + f^o^y^" + &c. 

« nAaPy^ ^ nBofi' y^ + &o. - nu. 

Hence, if u be any homogeneous expression of the ir'^ 
degree in x and y, not involving fractions, we have 

du du 
ax ay 

Again, suppose u to be a homogeneous function of a 

fractional form, represented by — ; where 0i, ^s, are homo- 

^eneons expressions of the n'* and m^^ degrees, respectively, 
m X and y ; then, from the equation 



we have 



and 





'-% 




du _ 




d<^% 


dx 


(0.)' 


~~"> 


du 




#1 


dy~ 


■ ihY 


"■"'^J 
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acoordisgly we get 



4a'-4')-^('^-^t) 



du du 
but, by the preceding, 

, du du mhi qn — m^i ^ 

■ (« - «i) — = (n - m) tt; 

which proves the theoiem for homogeneous expressions of a 
fractional form. 

This result admits of being established in a more general 
manner, as follows : 

It is easily seen that a homogeneous expression of the n*^ 
degree in x and y, since the sum of the indices of x and of y 
in each term is n, is capable of being represented in the 
general form of 

Accordingly, let u - a^0 {-) = «"«'i 

where f>~JA 

Then -;- = naf^^v + «~ ^, 

ax dx 

, du ^dv 

and -7- = iu* ^- : 

df/ dy 

multiply the former equation by a?, and the latter by y, and 
add; then 

du du 



m * 



dx dy 



^f dv dv\ 
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but (bj Ex. 3, Art. 96), 

dv dv 

dx dnf ' 

du du 
nenoe » -7- + y -7- = naf^v = nu, 

dx dy 

iBirhioh proves the theorem in general. 

In the case of three yariables, Xy y^ s, 
suppose u = AxP y^ sf , 

then we have 

^^ J « « - ^^ A « n ^ ^^^ Ann,' 

X— =ApoDP^z^f fj— =Aqx^y^z^^ z -j- ^ Ar aP y^ z' \ 
Qmu CLy az 

du du du . 

*'' ^dx^'^'d^^^dz =^(-P + ? + ^)^^2'" = (i? + fi' + ^)w; 

and the same method of proof can be extended to any homo- 
geneous fimction of three or more variables. 

Hence, if t« be a homogeneous function of the nf^ degree 
in Xj y^ %y we have 

du du du , . 

dx dy dz ^ 

It may be observed thai the preceding result holds also 
if n be 9, fractional or ntfgative number, as can be easily seen. 

This result can also be proved in general, by the same 
method as in the case of two variables, from the considera- 
tion that a homogeneous function of the n*^ degree inx, y, z 
admits of being written in the general form 



«-^^(|.|). 



or in the form 



u = af*<l>{Vf w), where f? = -, and tr = -. 

X X 

Proceeding, as in the former case, the student can show, 
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without diffiouliy, that we shall have 

du du du 
Ux ay a% 

Another proof will be found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
Higher order. 

Examples. 

Verify Euler's Theorem in the following caaes by direct differentiatiaa : — 

ar^ + yS du du ^u 

(a; + y)» ' dx dy 2 

- g'+g^V + ^y* du du 

. , «» - y» du , du 






103. Theorem. — ^If {7'»t<fi- tit + fii. .. + 11119 

where tio is a constant, :uid tii, Hs, . . . ti^, are homogeneous 
functions of a?, y, s^ &o., nf the isc^ 2nd, . . . «^* degrees, 
respectively, then 

dU dU dU , V 

iP-^ + y-^+a-7-+...-tii + 2t«a + 3tii + ... + «i#ii. (11) 

For, by Euler's Theorem, we bsve 

dUr dUr dUr o 

since Ur is homogeneous of the r^^ degree in the variables. 
Cor. If J7 = o, then 
dU dU dU , » / X 

This follows on subtracting 

• nuo + nui + . . . + nUn = O 
from the preceding result. 



J 
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104. Remarks on Baler's Theorem. — In the appli- 
cation of Euler's Theorem the student should be careful to 
see that the functions to which it is applied are really 
homogeneous expressions. For instance, at first sight the 

expression sin^M -r — ^) might appear to be a homogeneous 

function in x and p ; but if the function be expanded, it is 
easily seen that the terms thus obtained are of different 
degrees, and, consequently, Euler's Theorem cannot be 
directly applied to it. However, if the equation be written 

in the form -r — ^ = sin w, we have, by Euler's formula, 

deinu dsmu sin ti 
«— 3 — + y 



or COS 



dx dy 2 ' 

/ du du\ sin u 
\ dx ^ dy) 2 ' 



, du du ^an u i x + y 

nenoe x — \- y — == = — ■ — — 

dx dy 2 2^{a^ + yhy--{x-\-yy 

When, however, the degrees in th-^ numerator and the 
denominator are the same, the f unctioii is of the degree zero, 
and in all such cases w^ h^^ 

du t^ 
dx dy 

For example, sin-* r^ _ ^ \ tan-* ^-i^, ^, &c., may be 

treated as homogeneous expressions, whose degree of homo- 
geneity is zero. The same remark applies to all expressions 

which are reducible to the form .^ (- ) ; as already shown in 
Ex. 3, Art. 96. 

105. If a? = r cos 0, y = r sin 0, 

to prove that xdy - ydx = t^dd, (13) 
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similarlj 
Henoe 



In Ex. I, Art. 96, we found 

{fo B COS ddr - r sin BdO ; 
c^ := sin Odr -i- r cos Odd. 
xdy = r cos 6 sin Odr + r* cos'6c?6, 
ydx = r cos 6 sin Bdr - r* w^QdB ; 
.•. (x^y - ^/Tffo? = f^d0. 

106. If a; and ^ have the same values as in the last, to 
prove that 

{dxy + {dyY = {dry + r» {dOy. (14) 

Square and f^<dL the expressions for dxj dy^ found above, 
and the required result follows immediately. 

The two preceding formulas are of importance in the 
theory of plane curves, and admit of being easily established 
from geometrical considerations. 

107. If u = ao?* + Jy' + C2* + ifyz + igzx + ifMcy^ 

to find the condition among the constants thai the same values of 
Xy y, z should satisfy the three equations 



Here 



du 
dx 


0, 


du 
dy 


'■ 0. 


du 
dz 


du 
dx 


2ax + 2hy 


+ 2gz 


-0, 


du 

dy 


ihx 


"rihy 


+ 2fZ'' 


= 0, 



du . 

-r- = 2gx + 2jy + 2C2 = o. 

dz 

Hence, eliminating a?, y, % between these three equations, 
the required condition is 

ahc - af^ - hg^ - cA* + 2fgh « o; 

or, in the determinant form, 

a h g 

h J / =0. 

9 f c 
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Che preceding detenninant is called tfie discriminant of the 
[uadratic expression, and is an invariant of the function ; it 
dso expresses the condition that the conic represented by 
ihe equation w = o should break up into two right lines. 
[Salmon^ Conic Sections^ Art. 76.) 

The foregoing result can be verified easily from the latter 
joint of view ; for, suppose the quadratic expression, w, to be 
ihe product of two linear factors, X and T\ 

)r w = zr, 

tvhere X= Ix + my -^^ nz^ Y= I'x -\- m'y + rlz ; 

:hen — = X-r- + Y -=- = IX + lY. 

dx ax dx 

du ^dY ^dX ,^ ^ 

-r-=X^- + F-7- = mX \mY. 
dy d/y dy 

dz dz dz 

Here the expressions at the right-hand side become zero for 
the values of a?, y, «, which satisfy the equations X = o, F= o, 

or & + wy + ws = o, Vx + m'y + n'z = o. 

Hence in this case the equations 



du du du 



are also satisfied simultaneously by the same values. 

We shall next proceed to illustrate the principles of 
partial differentiation by applying them to a few elementary 
questions in plane and spherical triangles. In such cases we 
may regard any three* of the parts, «, 6, c, -4, -B, (7, as being 



* The case of the three angles of a plane triangle is excepted, as they are 
C^uiyalent to only two independent data. 

K 
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independent variableSy and each of the others as a fandioii of 
the three so chosen. 

108. Eqaatloii coimectlng tlie Tarimtloiis of tbe 
tliree Sides and one Angle. — ^If two sides, a, by and the 
contained angle, C, in a plane triangle, receive indefinitely 
small increments, to find the corresponding increment in the 
third side <?, we have 

c* = a* + 6' - lab cos C\ 

.'. cdc = {a - b cos C) da -i- (b - a cos 0) db ■¥ ab Bia CdC; 

but a = 6oos(7+ccos-B, t = acosC+ccos-4. 

Hence, dividing by c, and substituting c smB for b sin C, 
we get 

dc = cos Bda + cos A db -{^ a an BdC. (15) 

Otherwise thus, geometrically. 

By equation (2), Art. 97, we have 

dc = -^da-{--jidb-¥-jj=, dC. 
da db dC 

dc 
Now, in the determination of — we must regard b and O as 

constants ; accordingly, let us sup- 
pose the side CB^ or a, to receive a 
small increment, Bff^ or Aa, as in 
the figure. Join AB^^ and draw B^D 
perpendicular to AB, produced if 
necessary; then, by Art. 37, AB^ ^^ 
= AD when BB" is infinitely small, , 
neglecting infinitely small quanti- 
ties of the second order. „ 
Hence ^^« ^• 

Ac = AB' 'AB^AD-^AB'- BD; 

dc ,. ., J. Ac BD ^ 

/. -r- = Imut of = -TTTv = cos B. 

da ^ft JUf 
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dc 
Similarly, — = 00s -4 ; which results agree with those arrived 

at before hy differentiation. 

dc 
Again, to find -jr^. Suppose the angle to receive a 

small increment AC, represented by 
BCB^ in the accompanying figure; 
take CB^ = GB, join J-B', and draw 
BB perpendicular to AB^. 
Then 

t^c^ABT ^AB^ SD (in the Umit) 

= BB cos ASB = BB! sin -45(7(q.p.). Fig. 5. 

Also, in the limit, BB' » B'O sin BCB = a 1^0. 

Hence ^ = limiting value of -—^ = a sin jB ; 

the same result as that arrived at by differentiation. 

In the investigation in Fig. 5 it has been assumed that 
AB - AD is infinitely small in comparison with BD; or that 

AB - AD 

the fraction ^^r — vanishes in the limit. For the proof 

of this the student is referred to Art. 37. 

When the base of a plane triangle is calculated from the 

observed lengths of its sides and the magnitude of its vertical 

angle, the result in (15) shows how the error in the computed 

value of the base can be approximately found in terms of the 

small errors in observation of the sides and of the contained 

angle. 

dC 
109. To find -7-^ when a and are considered 

Constant. — ^In the preceding figure, BAff represents the 
change in the angle A arising from the change A(7 in C?; 
moreover, as the angle A is diminished in this case, we must 
denote BAB^ by - A-4, and we have 

^ ABAA ABAA cAA 

sin AB^B cos B ooaB' 
K 2 
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Also, BB'-aAC; 

.". -ri = -7-7 (in the limit) = =. (16) 

dA AA ^ ' fl COS jB 

This result admits of another easy proof by differentiation. 

For a sin -B = J sin -4 ; 

henoe, when a and b are constants, we have 

a cos B dB = b cos A dA ; 

also, since A + B + = Wy we have 

dA + dB + dC = o. 

Substitute for dB in the former its value deduced jEpom the 
latter equation, and we get 

(a cos J9 + 6 cos A) dA^- a 00s B dO; 

or c dA = - a GOB B dCy as before. 

no. Equation connecting the Tarlatlons of turo 
Sides and tlie opposite Angles. — ^In general, if we take 
the logmthmic differential of the equation 

a sin ^ = 6 sin ^, 

regarding a, by Ay B, as variables, we get 

da dB ^db dA . 

T "^ taaTB " T "^ itaZi* ^'^^ 

III. I^anden's Transformation. — The result in equa- 
tion (16) admits of being transformed into 

dA dC 



aoosB e 
but 

c = v^a' + 6* - 2ab cos C, and a 00s B - v^a' - b* sin'-4; 

hence we get 

dA dO 



v/a* - 6* sin *-4 \/a^ + 6' - 2ab cos C7* 
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If (7 be denoted by 180° - 2^1, the angle at A by ^, and 
- by *, the preceding equation becomes 

dij^ 2d(^i 2d<Pi 



V^i -A;^8in*0 a/i + 2A;cos20i + ^' v^(n A)*- 4A;sin*0i 

2 ^01 



(i + h) \/i - *i' sin'^i ' 
2^/k 



(18) 



where ii .. 

Also, the equation a sin £ = ( sin u^ becomes 

sin (201 - 0) = A sin 0. 

The result just established furnishes a proof of Landen's* 
transformation in Elliptic Functions. 

We shall next investigate some analogous formulae in 
Spherical Trigonometry. 

112. Relation connecting the ITariations of Three 
Sides and One Angle. — Differentiating the well-known 
relation 

coso » cos a cos 5 + sin a sin 5 cos Cj 

regarding a and h as constants, we get 

dc sina sini sin (7 . . ^ 
_- . „ sma sm£. 

dC erne 

dc 
Asfain, the value of — , when b and C are constants, can 
° da ' 

be easily determined geometrically as follows : — 



* This transformation is often attributed to Lagrange ; it had, however, been 
previously arrived atbyLanden. (See Philosophical Transactions^ 177 1 and 
«77SO 
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In the flpherical triangle ABC^ making a oonstruotion 
similar to that of Fig. 4, Art. 108, we have 

da Aa BE 

(in the limit) = cos B. 

Similarly, when a and are coth 

dc ^' 

stantSf -jz = cos A. 
ab 

Hence, finally, ^^- ^' 

dc = cos-Brfa + QO^Adb + sin a miBdO. (19) 

This result can also be obtained by a process of diffe- 
rentiation. This method is left as an exercise for the 
student. 

As, in the corresponding case of plane triangles, we 

have assumed that AB^ = AD in the limit; i.e.y that 

AB^ - AD ... 

-7y- — is infinitely small in comparison with AD in the 

limit ; this assumption may be stated otherwise, thus : — 

If the angle ^ of a right-angled spherical triangle be 

c - b 
very small, then the ratio — j- becomes very small at the 

same time, where c and b have their usual significations. 

This result is easily established, for by Napier's rules we 
have 

. tan b sin 6 cos c 

cos -4 = r =* J—. — ; 

tan c cos 6 sin e 

i-cos-4 sine cos J - cose sin 6 sin(c-6)^ 
I + cos -4 sin c cos 6 + cos c sin b sin (c + 6) * 
or 

sin (c - i) « tan' — sin (c + 6) ; .'. ■ ^ . = sin {c + b) tan—. 

tan — 

2 

But the right-hand side of this equation becomes very small 
along with -4, and consequently c - b becomes at the same 
time very small in comparison with that angle. 
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The formula (19) can also be written in the form 

dc da dh . 

sin a sin i? sin a tan B sin 6 tan A! ^ ' 

The corresponding f ormulse for the differentials of A and B 
are obtained by an interchange of letters. 

Again, from any equation in Spherical Trigonometry 
another can be derived by aid of the polar triangle. 

Thus, by this transformation, formula (19) becomes 

dC = - cos S dA - cos adB + sin A sin b dc, (21) 

These, and the analogous formulse, are of importance in 
Astronomy in determining the errors in a computed angular 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 
making certain observations ; viz., those in which small errors 
in observation produce the least error in the required result. 

113. Remarks on Partial Differentials. — The be- 
ginner must be careful to attach their proper significations to 

the expressions -7-, -77;, &c., in each case. Thus when a and 

da aU 

dc 
are eonstantSy we have ^ = sin a sin B ; but when A and a 

are constants^ we have jp = i — ^l these are quite different 

dc 
quantities represented by the same expression ^. 

The reason is, that in the former case we investigate the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are considered as 
constant ; while in the latter we investigate the similar ratio 
when one side and its opposite angle are constant. 

Similar remarks apply in all cases of partial differentia- 
tion. 

When our formulae are applied to the case of small errors 
in the sides and angles of a triangle, it is usual to designate 
these errors by Aa, A&, A(?, A^, AJ9, A (7; and when these 
expressions are substituted for daj db, &c., in our formulse, 
they give approximate results. 
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For instance (19) becomes in this case 

Ac = A« cos jB + AJ cos -4 + AC7 sin flf sin B ; {22) 

and similarly in other cases. 

It is easily seen that the error arising in the application of 
these formulae to such cases is a small quantity of the second 
order ; that is, it involves the squares and products of the 
small quantities Aa, Aft, A(?, &c. This will also appear more 
fully from the results arrived at in a subsequent chapter. 

1 14. Theorem. — If the base c, and the vertical angle C, 
of a spherical triangle bo constant, formula (19) becomes 

da dh 

+ =k = o. 



cos A cos B 

Now, writing instead of flf, t^ instead of J, and h ioi 

—, — , this equation becomes 
sm c "^ 

sin^ sin-B 



since k 



tiina 



^ BmB\ 
sin bj 



d<ft d\p 

-/i - k' sin^0 '^ yi-k' si^ ^ ^' ^^^^ 

where and ^ are connected by the following* relation : — 

cose = cos oosrp + sin sin \Ij cos (7, 

or cos c = cos cos \p + siafp smxp v^i - Ar* sin* e. 

115. In a Spherical Triangle, to prove that 

da dh dc , . 



cos A cos B cos C 



sm C , 
when -: — is constant, 

smc 



* This mode of establishing the connexion between Elliptic Functioiu by 
aid of Spherical Trigonometry is due to Lagrange. 
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Let sin (7 = A; sin c^ and we get 

,^ A; cose , sin Jl cose . 

rfC = pr dc= -. ^dex 

COB C sin a cos C 

substitute tliis value for dC in {ig)y and it becomes 

J „ ^ - cos c sin A BinB ^ 

dc = ooe Ado -^^ COB JB da -{- jz dc ; 

cos C 



J „ T. y I coscsin-4 sin-B\ , 

or ooB Ado +00BBda = [ i 7= I dc 

cos C 



■(- 



cos -4 cos-B , 

77— dc ; 

qobC 

since sin -4 sin 5 cos c = cos (7 + cos -4 cos S. 

TT da db dc 
Hence 7 + =;, + 7- = o. 

cos A cos ^ cos C7 

Again, since cos-4 = \/i - sin*^ = ^/i -F sin' a, &c., 
the preceding result may be written in the form 

da db dc 

v/i-A'sin'fl ■*■ yT^W^b "^ yi-A:'sin*a " ^' ^^^^ 

where a, i, c, are connected by the equation 

cos c = cos fl cos J + sin fl sin J \/i-A* sin'c. 

116. Theorem of I^egendre. — We get from (24) 

cos JB cos Cda + cos A cos Cdb + cos JJ cos-4efc = o, 

or (oos^-sin^sin Ccosa) da+ {gobB- Bin A sin cos b) db 

+ (cos (7 - sin -4 sin -B cos c) tfc = o ; 

.*. cos Ada + cos Bdb + cos Cdc 

= sin J? sin Otf(sin a) + Bin A sin Cd (sin J) + sin A sin jBrf (sin c) 

-i^[^b Bincd (sin (7) + sin a sin ce/(sin i) + sin a sin bd (sin (;) } 

= k^d (sin a sin 6 sin c) ; 



1 
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= A'rf (sin a sin J sin c) . (26) 

This furnishes a proof of Legendre's formula for the oompa- 
rison of Elliptic Functions of the second species. 

The most important application of these results has place 
when one of the angles, C suppose, is obtuse ; in this case 
cos C is negative, and formula (25) becomes 

da db dc 



V^i - k^ sin* a v^i-A;*sin'6 ^/l^^lF^^e' 
where the relation connecting a, J, c is 



cos c = cos a cos 6 - sin fl sin J ^1 - A* sin'c. 
In like manner, equation (26) becomes, in this case, 

v^i - A;*sin'fl(fo + y^i -A* mi^bdb 

« V^i - A* sin* cde + k^d (sin a sin 5 sin c). 

117. If w = ^(a? + a^, y + (it)y where 2?, y, a, j3, are in- 
dependent of t, and of each other, to prove that 

du du r^du , , 

Let 9f^x + atj ^-y-^^t\ 

then u*^ <li{af, y'), 

- dx' d]f daf d\f ,. 

'■''^ ^ = ^'^ = '' rfF = «'^=^' 

Also, since xf is independent of a?, we have 

du du daf ^ du . rft* du 
dx dx' dx dx'^ dy d%f 

__ du _^du dx' du d^f du ^ du 

dt dx' dt dy' dt dx dy 
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In like manner, if af^ y\ z\ be substituted for x + at^t/ + (3ty 
z -\- ytj in the equation 

u = ip{x + at, y ^-fity 2 + yt)y 

it becomes w = {x\ /, «') ; 

du ^du dx du dx/ du dz' 
dx daf dx dj/ dx dz' dx^ 

, ^ daf d^ ds^ 

^^* ^='^^'^'^ = ^' 

^ ^ _^ rfw . du du du du 

. . du du daf du dt/ du dd 

^ e^^ daf dt dx/ dt dz' dt ' 

, . dal d'/ n, dz' 

TT du du ^du du , ^ 

This result can be easily extended to any number of variables. 
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'• « » - sin-» (f ) + sin- (I) , prove that du = -^ + 7|=^- 

(4/\ <ftf du 

!)• " *^+«'^"**- 

3. Find the conditions that «, a function of «, y, «, should be a function of 
a: + y + ». 

. ({« i7t« <Im 

* dx dy dM 

dp ^ 

4. If /(flo? + 3y) = <?, find ^. ,9 - ^. 

5. If /(m) = ^(f), where u and v are each functions of x and y, prove that 

du dv dv du 
dx dy dx dy 

du du , 
t>. Find the values oix-j- ^y—i when 

ax ay 

, ^ aac^ + by^ 



7. If « = sinflKP + sinJy + tan-^ f- j , prove that 

edy — yd§ 
' du^ a GOB ax dx+b cos by dy + — « . , -. 

y' + »' 

^ , <f fi , </w . du I du ^ log s 

8. If « = loffva;, find -7- and -r-* ^«*« t" ~ "1 » 37. ™ — n %•• 

'^^* dx dy dx xlogy dy y(logy)s 

X 

q. If a = tan-^ -, prove that 

^ y 

(«* + y') <?^ = y^« - ««^y» 

10. If <* = y*», prove that 

du = y*»-i (arsw^y + y« log y^fe + xy log yrf«). 



1 



Exampka. 141 



II. If a + -^a* - y* -ye • , pro^e that 

dy -y 



12. In a spherical triangle, when a, d are constant, prove that 



dA tan^ . dC sin (7 

-, and —- = — r 



dB \XD.B' dB BiuB QoaA 

13. In a plane triangle, if the angles and sides receive small variations, 
prove that 

cLB + ^ cos A^O so; Ofb being constant, 

. 00s CLb + cos B^e -o\ a, A being constant, 

tan ^ Ad = hAC\ a, B being constant. 

14. The base of a spherical triangle is measured, and the two adjacent 
base angles A^ B are found by observation. Suppose that smaU errors dA^ dB 
are committed in the observations of A and B ; show that the corresponding 
error in the computed value of C is 

- cos adB - cos Id A, 

15. If tlie base c and the area of a spherical triangle be given, prove that 

a b 

sin* -dB ■{■ sin* -dA^o, 

2 2 

16. Griven the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular p is connected with the variations of the sides 
by the relation 

sin Cdp s= sin 9' da + sin tdb, 

t and ^ being the segments into which the perpendicular divides the vertical 
angle. 

17. In a plane triangle, if the sides a, b be constant, prove that the variations 
of its base angles are connected by the equation 

dA dB 



V^a* - *» sin»^ \/li^ - a* sin'-B* 

18. Prove the following relation between the small increments in two sides 
and tiie opposite angles of a spherical triangle, 

da dB dA db 
tan a tan B tan A tan b' 

19. In a right-angled spherical triangle, prove that, if ^ be invariable 
Bin 2edh = sin 2bde ; and if c be invariable, tan ada 4- tan bdb = o. 
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20. If a be one of the equal sides of an isosceles spherical triangle, wbose i 
vertical angle is very small, and represented by dw, prove that the quantity by 1 

which either base angle falls short of a right angle is - cos a tUt. 

I 

I 

21. In a spherical triangle, if one angle C be given, as well as the sniii of 
the other angles, prove that 

da db 



sin a sin b 

22. If all the parts of a spherical triangle vary, then will 

00s Ada + cosBdb + cos Ode = kd{k sin a sin 5 sin 0) ; 

sin ^ sin ^ sin (7 

where * a — ;; = -. r- = -; • 

sin a sin ^ sin 

Also + ^^+ — ;^,= tan^tani?tanCrf(M. 

cos -4 C08-B cos 6' \kl 

These theorems can be transformed by aid of the polar triangle? — JPOuUaah 
Fellowship Examination^ 1837. ' 

These are more general than the theorems contained in Arts. 115 and 116, 
and can be deduced by the same method without dMculty. 

23. If 2 = ^ (a;* - y2), prove that 

dz dz 
dx dy 



24. If2=i/^^Vprovethat 



dz dz 
dz dy 



dy , d% 



25. Find -j- and — when a?, y, z are connected by two equations of the 
form 

/(«»y»«)=0, ^(«,y,f)=o. 

df d^^ dfd^ 



. -y __ dx dz dz dx 

dz dy dy dz 

V^^df^d^ 
dz dy dx dx dy 
•• dx" ^d<p^d£^' 
dz dy dy dz 
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M3 



26. Prove that any root of the following equation in y, 

y"» + afy = I, 
satiBfies the, differential equation 



y^ 



27. How can we ascertain whether an expression such as 



admits of being reduced to the foim 



Ant, 



dip 
dJc 



dy 



d^ 

'dy 



dx 



28. If /X + mF+ nZ, VX -^-m'T-^ vlZ, V'X + w'T + n"Z, be substituted 
for X, y, a, in the quadratic expression of Art. 107 ; and if a', V^ <f^ ef, ^,/', be 
the respective coefficients in the new expression, prove that 





<i r d 




aft 




f V d' 


= 0, whenever 


f b d 




• <f y 




e d c 



= 0. 



29. If the transformation be orthogonaly L e. if «» + y' + «* = Z* + 1^ + Z^ 
prove that the preceding determinants are equal to one another. 

30- If tt be a function of |, i|, f, and | = y + -, i| = 2-f-, f=aj+-, 

« a? y 



show that 



du du du du du .du I du du du\ 



dx 



dy dz d^ dri d^ 



di dril 
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CHAPTER VI. 

SUCCESSIVE DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 

1 1 8. Successive Partial Differentiation. — We have in 
the preceding chapter considered the manner of determining 
the partial differential coefficients of the first order in a func- 
tion of any number of variables. 

If t* be a function of a?, y, z, &c., the expression 

f 

du du du J, 

being also functions a?, y, «, &c., admit of being differen- 
tiated in the same manner as the original function ; and the 

du 
partial differential coefficient of ~, when x alone varies, is 

cue 

denoted by 

d fdv\ d*u 

as in the case of a single variable. 

dii 

Similarly, the partial differential coefficient of — , when p 

alone varies, is represented by 

d (du\ d*u 

Ty m ""' w^ 

and, in general, , ^ ^ , denotes that the function u is first 

differentiated n times in succession, supposing x alone to 
vary, and the resulting function afterwards differentiated ni 
times in succession, where y alone is supposed to vary ; and 
similarly in all other cases. 
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We now proceed to show that the values of these partial 
derived functions are independent of the order in which the 
variables are supposed to change. 

119. "Mtuhe a. Fanction of a; and y, to proTe that 

• 

d /du\ __ d fdu\ d^u __ dhi . . 

dy\dx) dx\dyj dydx dxdy 

where x and y are independent of each other. 

dm 
Let w = ^(a?, y), then — represents the limiting value of 

(a; + A, y)-^ {x, y) 

when h is infinitely small. 

This -expression being regarded as a function of y, let y 

, become y -\- k, x remaining constant ; then •j-i'-r] is the 

[ limiting value of 

j < l,{x + h,y -{■ k)'-(t>{x,y + k)-<p{x + h,y)+<p{x , y) 

hk 

when both h and k become infinitely small, or evanescent. 

du 
In like manner — is the limiting value of 

ip{x,y + k ) -(t> {x, y) 
k 

when k is infinitely small ; hence -y-y-r]^^ ^^^ limiting value 

of 

i^(x-\-h, y-^k) - <l){x+h,y) - <t>{x, y + k) -\- ^{x,y) 

hk 

I when both h and k are infinitely small. 

Since this function is the same as the preceding for all 

L 
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finite T&lnes of h and kj it wiQ continne to be so in the limit 
hence we haye 



dx \dy) dy \dxj 



In like manner 



for by the preceding 

d r d'u 



da^dy 
dHi 



d^ 
dyd^' 
d^u 



dx \dxdyj dx 



dxdy dydx ' 
d^u _d d 

dydx dx ' dy 



du 
dx 



-1 £ 
dy' dx 



du 

dx 



fiimilarlj in all other cases. Hence, in general, 

c^u d^^u 
dj^dyi " dy^daf' 

Again, in the case of functions of three or more variables, 
bj similar reasoning it can be proved that 

d^u d^u 
= , &c. 

dzdxdy dxdf/dz 

Hence we infer that the order of differentiation is in all casa 
indifferent, provided the variables are independent of each 
other. 



V^TAyPT.-BS TOR YsBIFICATIOlir. 



'•H«=*g). 



TQzify that 



ePu 



iht 



2. If « = tan-^ 



(;)■ 



di/dx dsdif 



3. If If = sin («f» + h^\ 



•• dfrdx dxd^ 
dht d^ 



n 



dx»dy* dy^d^ 



120. Condition thnt Pdx + Qdy shnll be a total 
BIITerential. — This implies that Pdx -\- Qdy should be the 
exact differential of some function of x and y. Denoting this 
function by «, then 

du^Pdx^ Q dy, 
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uid, by (i). Art. 95, we must have 

^ dx' ^ dff* 

dP d*u dQ_ d*u 

•*• dff^dffdx' dx'^- 

Sence the required condition is 

dP^dQ 

dy dx* ^ ^ 

121. IT u be any Fanction of x and y^ to proTe that 

where x and y are independent variables. 

Here eaoh side, on differentiation, becomes 

122. More generally, to proTO thai 

d ( dv\ d ( dv 



"i) (^^ 



dy\ dxj dx\ 

where u and v are both functions of 2, and is is a function of 
x and y. 

— d ( dv\ dudv d^v 

For -T- u-rr = -T- -r + w 



but 



• • 



dy \ dxj dy dx dydx^ 

du dudz dv dvdz 
dy dz dy* dx dzdx* 

d ( dv\ du dv dz dz d'v 



dy \ dx) dz dz dx dy dydx ' 



and ^ V^T" ) ^^ evidently the same value. 



L 2 



X 
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123. £uler'B Theorem of HomogeneoiiB Pune- 
tloiis. — In Art. 102 it has been shown that 

du du 

where u is a homogeneous function of the »** degpree in 

a? and y. 

Moreover, as — and -7- are homogeneous functions of the 
degree w - i, we have, by the same theorem, 

d (du\ d (du\ du 

d fdu\ d fdu\ , . du 

multiplying the former of these equations by Xy and the 
latter by y, we get, after addition, 

^ d^u d^u , d^u , s( du d\i\ 

= (n-i)nw. (5) 

This result can be readily extended to homogeneous 
functions of any number of independent variables. 

A more complete investigation of Euler's Theorems will 
be found in Chapter VIII. 

124. To find the SnccesslTe Diflnerential Coeffl- 
elents with respeet to ty of the Funetioii 

where x, f/j a, /3, are independent of t, and of each other. 

By Art. 1 1 7 we have in this case, where stands for the 
expression ^(a; + a^, y + (it), 

^^a^ + B^. 
dt dx ^ dp' 
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""^dcB \dtj '^ dy \dtj 

This result can also be written in the form 

in whioh («3~ + i3^) is supposed to be developed in the 
usual manner, and -7^, &o., substituted for f — j ^, &o. 

Affain, to find -j^. 

av 

'df ' dt^dfj" dty'^'^^dy)^ 
f d ^ dVdip ( d ^ dVf rf^ ^dif\ 

By induction from the preceding it can be readily shown 
that 

O'A f d ^dy 

' This expression, when expanded by the Binomial Theorem, 
gives the n** differential coefficient of the function in terms of 
its partial differential coefficients of the n^* order in x and y. 
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EXAXPLBS. 



1. If « - rin («»y), verify the eqnatian ^^ ^^^. 

2. If M B sin (y + m;) + (y - «»)•, prove that 

3. In general, if u =/(y + «i?) + ^ (y — «r), prove that 






4. If « a y«, prove that 






5. If « = ; , find the values of 

ax -{-by -^ez 

tPu d*u d^u 

d^' d^' "^ ^* 

6. If f# = (a:* + y*)*, prove that 

7. If « =s («• + y*)*, prove that 

8. If V^A^ + 35y»a? + 365^^52 + Bsfi^ prove that 

«fc* rfy» ^ dxdy dx dy "'" rfy« dx^ "^ ^^ 



«*,-«y, y* 
^, By 

B, C, D 



and show that the left-hand side of this equation vanishes when F is a perfect 
cube. 

dh* d^u dhi ^ 
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CHAPTER VII. 



Lagrange's theorem. 



125. liasrange'B Tlieorem. — Suppose that we are given 
the equation 

« = a? + y0(2), (i) 

in which x and y are independent variables, and it is required 
to expand any function of z in ascending powers of y, 

Ijet the function be denoted by -P(s), or by w, and, by 
Maclaurin's theorem, we have 

» 

y (du\ y^ fd^u\ y^ fd*^u\ „ , , 

I \dyjQ I . 2 \dy^ Jo 1.2... n\dy^Jo ^ ^ * 

where t^, f^- ) , &c., represent the values of w, -7-, &c., when 
\dyJo ay 

zero is substituted for y after differentiation. 

It is evident that Uq^ F{x). 

To find the other terms, we get by differentiating (i) with 
respect to a?, and also with respect to y, 

d% ff s dz dz . . ,, .dz 

or £(i-y^'(2)) = i, ^{i-y/W) =«(?); 

I 

I dz . .dz 

Also, since u\&^ function of 2, we have 

du du(fa du dudz 
^ dx dz dx^ dy dz dy* 
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henoe we obtain 

du . ^du , . 

Ty = *'^>^- <^^ 

Agaiiiy denoting ^{z) by Z^ we have by Art. 121, since 
Z]& a function of Uy 



or 



(Pu d ( du^ 



Hence also -r^ = t-t- ( Z^ 

dy^ dxdy 




since x and ^ are independent variables ; 
rfirfl^\ fltey \dx) \ dx)^ 



d^u _ (dy [ _ du^ 



To prove that the law here indicated is general, suppose 
XI. A. d^'u f d Y-' ( ^ du\ 

* dy\ dx) dx\ dt/J "dx^ dx/ 

d^ 
we have 



dx^'dy\ dx) da^\ dx)' 



and hence _ = y(z-^). (6) 
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This shows that if the proposed law hold for any integer 
», it holds for the integer n -f i ; but it has been found to hold 
for w = 2 and « = 3 ; accordingly it holds for all integral values 
off}. 

It remams to find the values of -7-, -r-r, &c. when we 

dy dy^ 

make y = o. Since on this hypothesis Z or ^(2) becomes 
^(a?), and -r- becomes —^ or F\x), it is evident from (3), 
(4), (5), (6), that the values of 

du d^u d^u dP^H 
%' ^' ^ " * 1^' 

become at the same time 



....^[{^Hl-J'C^r)]. H^V^-rW 



t* ^^<^— t , ><;.^^ .^ 



r**^, 



::.'/*':- ' ^'-^ 



Consequently formula (2) becomes ^ » ttc '^"^^ " ^'^'^^^ F'c^,)^ 

■'■ ^.2.S-^0 ^H^"^^H"^" (^^ 

This expansion is called Lagrange's Theorem. 

If it be merely required to expand 2, we get, on making 
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126. liaplace's Tbeorem. — More generally, suppose 
^hat we are given 

»-/{^ + y *(«)), (9) 

and that it is required to expand any function F{%) in ascend^ 
ing powers of y. 

Let t^x + y^(z)^ then % '^/{t)^ and we have 

^ = « + y*{/(0}- (10) 

Also F{z) = F{/{t)] ; and the question reduces to the 
expansion of the function F{f{t)] in ascending powers of y 
by aid of (10) ; accordingly, formula (7) becomes in this case 

Fiz) = F {/(<)) = F{/{x)) + 1 0{/(*)} r {/{<t)] + &o. 



I .2 . .. (w + i) daf^ 



This formula is called Laplace's Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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EXAKPLBS. ^ 

1. Expand s, being given the equation 

Here m^a^y^ih, <p(z) = i*, 

and we get^ from formula (8), 

Lagrange has shown that this expansion represents the least root of the pr3- 
poied cubic, and that a similar principle holds in like cases. vi 

2. Given i as a + ^«*, find the expansion of s. 

An$. » - a + flf»i + ana'*-* + xnhn - i) «^»-' + &c. 

1.2 "^ ^^ ' 1.2.3 

3. Given s a jp + y^*, find the expansion of s. 

J[||#. f - « + y^ + y«««« + -2— 3tfa« + ^^ — 4«tf*« + &c. 

1.2 1.2.3 

4. « s a 4 « sin 2, expand (i) s, (2) sin s. 

{l\ Ant, »»« + #8ina+ ^- (sin'a) + ( — J (sin'a) + &c. 

I » 2da^ '1.2 >Z\dal 

^ d 

(2). ,, 8insa8ina + #sinaoofla+ 3- (sin*a cos a) + &c. 

I m 2 da 

5. If s a a + - (s' — i), prove that 

a 

I . 2 . . . n \rfa/ \ 2 / 

6. Hence prove that 

» d la^-i\ x^ fdy /a^-i\^ 



sir 



I . 2 . . . » Vrfa/ \ 2 / 
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CBULPTEB Ym. 

EXTEK8I09 OF TATIjOIi's XHEOKBX TO FUHCTIOKS OF TWO 

OR M OSB TASIABUBS. 

127. ISm^miuAmm m€ f{x + kf y -k^ k). Si^pose « to be a fono- 
tum of two yaziables x and y, represented by the eqiiation 
u s ^fxf y) ; then sabstitiiting z-hhtarx, weget^by Taylor's 
Theorem, 

♦(* + A,y) = f{x,if) + A^ [^{x,y)] + -— — [f(x, y)} + &a 

m 

Again, let y become y + it, and we get 

^(ar + *, y + *) - ^(ar, y + *) + A^ {f (a^ y + k)] 






But 



-tf + A;— + — - +&a 

Also 

j^d ,. du .. d^u hJf dPii o 

and 
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Substituting these values in (i), we get 

1 .2 dm? dxdy i,2dy'^ ' ^ ^ 

128. This expansion can also he arrived at otherwise as 
follows : — Suhstitute x + at and y + ^t for x andy, respeotivelyP 
in the expression ^ (a?, y), then the new function 

^(ic + a^, y + (5i)j 

in which a?, y, a, /3, are constants with respect to t, may be 
regarded as a fmiction of ty and represented by F{t) ; thus 

^(a? + a^, y + j30=i^(0• 
The latter function F{t)j when expanded by Maclaurin's 
Theorem, becomes, by Art. 79, 

F{i) ~F[o) + ^F\o) + j^ F'{o) + . . . 

+ i^i?'(»)(0O, (3) 



where F{o) is the value of F{t) when ^ = o, i. e. i^(o) = (ar, y) 
= u; also -F'(o), i^'(o), &c. are the values of 

' ^ ^* &c 

when ^ = o ; wher(^ ^ stands for <^{x + at,y-\- /3^). 
Moreover, by Art. 1 1 7, we have 

• ^ =a — +j3^ 



* Since it is indifferent whether we first change x into jp + A, and afterwards 
t^hange y into y + A:, or vwe? t;«r«4 ; the expansion given above furnishes an in- 
dependent proof of the results arrived at in Art. 119. 
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hat, vrbea / = o, f{x + a/, y + /3/) becomes u, or F{o)f and -^ 

beoomeBa-7- + B-^ at the aaine tnneL 
ax dy 

Hence -^(^) ' «^ + ^i^- 

AlsOy by the same Article, 

which, when t^o, reduces to 

^(o)=«*^ + ^«^^+^V (4) 

&C &C^ &0. 

These equationB may also be written in the symbolio 
form 

Again, f a — j w = a*" — , &o., since a, /3, are independent 

of X and y : and hence the general term in the expansion of 
F{t) can be at once written down by aid of the Binomial 
Theorem. 



r 
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Finally, we have, on substituting h for aty and k for /3^ 

0(iP+ A, y + A;) =w + A— + *— + -r-^ + hk^-y 

^^ ax ay 1 .2 dor dxdy 



V ^u I f.d , rf\**» , ^. ^,, , , 

^r:7^^--^!^(*^^*5;;j ♦(a^-H0A,y + 0A). (5) 

129. Expansion of (a; + A, y + A;, 2 + ^. — ^A function 
of three variables, x, y, s, admits of being treated in a similar 
manner, and accordingly the expression 

^ (a? + a^, y + j3^, » + yO* 
when w is substituted for 0(a?, y, 2), becomes 

f ( d ^d d\ . 



or 



+ A— + A;-7- + /— w + &c. 

I .2\ ax ay dzj 

du du du A' d^u A' rfw P d^u 
" dx dy dz 1 . 2 dx^ 1 .2 dy^ 1 . 2dz^ 

(lU d^iir diU 

+ hk-r-T + Ih ^-r + kl -r-r- + &o. (6) 

dxdy dzdx dyaz 

The general term in this expansion, and also the re- 
mainder after n terms, can be easily written down. 



i6o Extension of Taylor's Theorem. 

These results admit of obvious generalization for any 
number of variables. 

Also, by mating a?, y, z each cypher in (6), we have 

,(M.O = (.)..»(g);*(|)/<S). 

h' f(Pu\ « 

where ( -r j , ( -7- ) , . . . denote the values which the functions 
\dxJo \di/Jo 

du du , . , 

-T-, -7-, . . . assume on making a; = o, y = o, and 8 = 0. 

cue OAf 

This result may be regarded as the extension of 
Maclaurin's Theorem. 

1 30. Jiymbolic Expression for preceding Results. — 

Since 



id a 

A XI — 

e *" 



\ dx dyj 1 , 2\ dx dy) 



I f.d , dy J, 

\n\ dx dyJ 

equation (5) may be written in the shape 

e*-'**^^0 (a?, y) = 0(a: + A, y + k). (7) 

This is analogous to the form given for Taylor's Theorem 
in Art. 67, and may be deduced from it as follows : — 

We have seen that the operation represented by e^*^ 
when applied to any function is equivalent to changing x 
into X + h throughout in the function. 

£ 

Accordingly, e'^ip{x^y) = ^ (^2? + A, y), since y is indepen- 
dent of X. 
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In like maimer, the operation ^y when applied to any 
function, changes y into y + k; 

.-. ^^ . ^^i^ (a?, y) = ^^^^{x + A, y) = ^(;r + A, y + *), 

or A''**"^ (ir, y) = (a? + A, y + A), 

assuming that the symbols k— and A— are combined ac- 
cording to the same laws* as ordinary algebraic expressions. 
In an analogous manner we obtain the symbolic formula 

/*c+*d/**^(a?, y, «) = ^(a? + A, y + A, « + /). (8) 

131. If in the development (2), dx be substituted for A, 
and dy for A, it becomes 

If the sum of all the terms of the degree n\xs.dx and dy 
be denoted by fl?**0, the preceding result may be written in 
the form 

, , , , d6 d'<l> d'ib 

di(x + (&, y + ay) = 6 + -- + — - + ■^-— + . . . 

^^ ^ ^ 1 1.2 1.2.3 

+ -7-^ + &o. 
r 

Since dx^ dyy are infinitely small quantities of the first 



tPu tPu 
* That this is the case appears immediately from the equations -^j- =j-t » 



&c. 



M 
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otAsx^ each term in the preceding expansion is infinitely small 
in comparison with the preceding one. 

Hence, since d^^ is infinitely small in comparison "with 
d^^ if in&iitelj small quantities of the second and higher 
orders he neglected in comparison with those of the first, in 
accordance with Art. 38, we get 

(^ = ^(a? + &?, y + dy) - ^(a?, y) = ^<&+ ^ dy^ 

which agrees with the result in Art. 97. 

132. Eoler's Tlteorems of Homogeneous Pme- 
ttons. — ^We now proceed to give another proof of Euler's 
Theorems in addition to those contained in Arts. 102 and 1 23. 

If we substitute gx for A and gy for k in the expansion (5), 
it becomes 



0(« '^gx,y^-gy)-*u + g\x-£ + y 




1.2 \ 



d^u d*u ^d*u\ ^ 

where u stands for 0(a?, y). 

But (p{x ^gx,y-¥ gy) = ^{(i + g)x, (i + g)y] ; 

and, if ^(a;, y) be a homogeneous function of the n** degree 
in X and y, it is evident that the result of substituting (i + g)x 
for Xy and (i -^ g)y ior ym it, is equivalent to multiplying it 
by (i + gY* Hence, we have for homogeneous functions, 

^[x -^gx^y^ gy) = (i + g)"" ^{x, y) = (i + g)''u. 



or 






g^ ( dH d*u ^d^u\ ^ 



where u is a homogeneous function of the n^* degree in x 
andy. 
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Sinoe the preceding equation holds for all values of g^ if 
we expand and equate like powers of g^ we obtain 

du du 

&0. &0. &0. 

The foregoing method of demonstration admits of behvc,' 
easQy extended to the case of a homogeneous function of three 
or more variables. 

Thus, substituting gx for h, gy for ky gz for /, in formula 
(6) Art. 129, and proceeding as before, we get 

du du du 

<Pfi d^ d^ d^u d*u 

flte* dj/^ dsi^ dxdy dzdx 

d^u f . 
&0. &0. &c. 

These formulad are due to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in 
other applications of analysis. 

The preceding method of proof is taken from Lagrange's 
Micamque Analytique. 

M 2 
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OHAPTEE IX. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 

133. Definltloii of a Bfaximiini or a BUnlmiiiii. — If any 

function increase continuously as the variable on which it de- 
pends increases up to a certain value, and diminish for higher 
values of the variable, then, in passing from its increasing to its 
decreasing stagCy the function attains what is called a maximum 
value. 

In like manner, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a miniftium stage. 

Many cases of maxima and minima can be best determined 
without the aid of the Differential Calculus ; we shall com- 
mence with a few geometrical and algebraic examples of this 
class. 

134. Creometrieal Kxample. — To find the area of the 
greatest triangle which can be inscribed in a given ellipse. Sup- 
pose the ellipse projected orthogonally into a circle ; then any 
triangle inscribed m the ellipse is projected into a triangle 
inscribed in the circle, and the areas of the triangles are to 
one another in the ratio of the area of the ellipse to that of 
the circle (Salmon's Conies, Art. 368). Hence the triangle in 
the ellipse is a maximum when that in the circle is a maxi- 
mum ; but in the latter case the maximum triangle is evidently 
equilateral, and it is easily seen that its area is to that of the 

circle ad ^/ly to 47r. Hence the area of the greatest triangle 
inscribed in the ellipse is 



where a, ( are the semiaxes. 

Moreover, the centre of the ellipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 



Algebraic Examples of Maxima and Minima, 165 

Examples. 

1. Fnre that the area of the greatest ellipse inscrih^d in a given triangle is 
"T=^ (area of the triangle). 

2. Find the area of the least ellipse circumscrihed to a given triangle. 

3. Place a chord of a given length in an ellipse, so that its distance from the 
centre shall be a maximum. 

The lines joining its extremities to the centre must be conjugate diameters. 

4. Show that the preceding construction is impossible when the length of 

the given chord is > a \/ 2 or Khs/i ; where a and h are the semiaxes of the 
ellipse. Prove in this case that if the distance of the chord from the centre be 
a maximum or a minimum the chord is parallel to an axis of the curve. 

5. A chord of an ellipse passes through a given point, find when the triangle 
formed by joining its extremities to the centre is a maximum. 

6. Prove that the area of the maximum polygon of n sides, inscribed in a 

n in 

given ellipse, is represented by - ah sin — . 

2 ft 

135. Algebraic Examples of Maxima and Minima. 

— Many cases of maxima and minima can be solved by ordi- 
nary algebra. We shall confine our attention to one simple 
class of examples. 

Let /(a") represent the function whose maximum or mini- 
mum yalues are required, and suppose ti "/(a?), and solve 
for ic; then the values of u for which x changes from real to 
imaginary^ are the solutions of the problem. This method is, 
in general, inapplicable when the equation in x is beyond the 
second degree. We shall illustrate the process by a few ex- 
amples : — 

EXIHPLES. 

I. To divide a number into two parts such that their product ehall be t 
maximum. 

Let a denote the number, x one of the parts, then ^r (a — «) ib to be a maxi- 
mum, by hypothesis. 

Here u = «(a ~ a;), or a^ - «« + n = o ; 

solving for x we get 



a la' 



accordingly, the maximum value of « is — , since greater values would msk^ x 
imaginary. 
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s. To find the imiTimnm and minimnm Yulaes of the fraction -- — • 

Her. «. ',„<^+, =?,.... = J. + V^(iZMiiIi«). 

ar + i u 2W 2U 

In this case we infer that the maxiinTiTn and minimnin Talues of m are - and 

2 

— ; and the proposed fraction accordingly lies between the limits - and 

for all real yalues of x. 

These rMults can he also easily established, as follows. We have in all cases 

(a? + y)» = (ap - y)» + 4«y- 

Accordingly, ifg^phe giyen, xp is greatest when a; - y = o, or when x = ^. 
Conyersely, if xy be given, the least yalue ofx + yia when x=:p. 

Hence, denoting xy by a', the minimum yalue of d; + — is la, for positiye 

X 

values of x. 

Again, it Ib eyident that when a function attains a maximum yalue, its in- 
yerse becomes a minimum ; and vice versd, 

XI 

Accordingly, the max. yalue of -^ — -j is — , under the same condition. 

3. Find the greatest yalue of -, . » 

^ '^ {a + x){b'\-x) 

(a + d?) (d + x) ah / — 

Here — is to be a minimum, or — + « is a min. ; •••»=! v oA, 

and the max. yalue in question is , ._ 7^75 • 

Wa + ^hy 

(g-ffl)(g-fg) 

» ^ , , - .. « (« + a - «) (f + 5 — *) 
Let 4? + tf B s, and the fraction becomes -^ • 

In order that this should haye a real min. yalue, (a - 0) (d — 0) must be posi- 
tiye ; i. e. the yalue of t must not lie between those of a and 3, «b« 

5. Find the least yalue of a tan + 6 cot 0. Am, 1^ ah, 

6. Prove that the expression ; will always lie between two fixed 

^ oj* + to + <^ 

finite limits if tf* + 0' > a6 and ^^ < 4 0> ; that there will be two limits between 
which it cannot lie if a* + ^ > od and }^>\^\ and that it will be capable of all 
yalues if a* + ^ < oi. 

136. To find Hie Bfaxtmiiiii and BPnlmmn Tallies 

of 

oaj* + ibxy + cy' 



do^ + iVxy + dtf'* 
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X 

Let u denote the proposed fraction, and substitute s f or - ; 

then we get 

az* + 262 + c . . 

or (a - c^u)s^ + 2 (6 - yu)z + c - c'w = o. 

Solving for s, this gives 

(a-flf't*)2+6-J'w = ±v/(6-6'w)»-(a-fl^w) (c-c'w). (2) 

There are three cases, according as the roots of the equation 

{b'*~a^(r)u*-^(ac' + ca'-2bb')u+b^'ac^o (3) 

are real and unequal, real and equal, or imaginary. 

(i). Let the roots be real and unequal, and denoted by 
a and /3 (of which /3 is the greater) ; then, if J'* - rt't^ > o, we 
shall have 



{a'(/u)z + b^b'u=±^{b'''(^(f) (w-a) (w-jS). 

Here, so long as t« is not greater than a, s is real ; but 
when u> a and < /3, 2 becomes imaginary ; consequently, the 
lesser* root (a) is a maximum value of u. In like manner, it 
can be easily seen that the greater root {(i) is a minimum. 

Accordingly, when the roots of the denominator, </a^ + 2 J'a? 
+ (^ » o, are real and unequal, the fraction admits of all pos- 
sible, positive, or negative vcdues, with the exception of those 
whioh lie between a and /3. 

If either ^ « o, or (^ « o, the radical becomes 



and, as before, the greater root is a minimimi, and the lesser 
a maximum, value of u. 

* In general, in geeking the maximum or minimum yalues of y from tlie 
equation, y « ^(«), if for aU yaluea of y between the limits a and fiy the corre- 
iponding yalnea of ar are imaginary, whUe x is real when y = a, ory = fi; then 
it is eyident that the lesser of the quantities, a, iS, is a maximum, and the greater 
a minimum, value of y. This result also admits of a simple geometrical proof, 
by oonsidezing the ourve whose equation is y = ^(^)* 



1 68 Maxima and Minima of Functions of a Single Variable. 

(2.) When a = )3, the expression under the radical sign is 
positive for all values of w, and consequently u does not admit 
of either a maximum or a minimum value. 

(3.) When the roots a and /3 are imaginary, the expres- 
uion under the radical sign is necessarily positive, and u in 
this case also does not admit of either a maximum or a mini- 
mum value. 

Hence, in the two latter cases, the fraction admits of all 
possible values between + 00 and - 00 . 

In the preceding, the roots of the denominator are sup- 
posed real ; if they be imaginary, i.e. if 6'* - c((f < o, we have 



{a - au)z + J - i't* - ± v/(aV - 6'») {u - a) {(i-u). 

It is easily seen that z is imaginary for all values of u 
except those lying between a and j3. Accordingly, the greater 
root is a maximum, and the lesser a minimum, value of u. 

Hence, in this case, the fraction represented by u lies be- 
tween the limits a and /3 for all real values of x and y. 

137. Cinadratic for determining z, — Again, the value 
of Zf corresponding to a maximum or a minimum value of u, j 
must satisfy the equation ' 

[a - (/u)z + 6 - ft'tt - o. 

Substituting for t* in (i) its value derived from this latter 
equation, we obtain the following quadratic in » : 

{aV - hcTjz^ + z{a(f - ccT) + b(f -- cV = o. (4) 

This equation determines the values of z which correspond 
to the maximum and minimum values of w. It can be easily 
seen that if the roots of equation (3) are real so also are those 
of (4) ; and vice versd. 

The student vrill observe in the preceding investigation 
that when u attains a maximum or a minimum value, the 
corresponding equation in 2, obtained from (2), has equal 
roots. This is, as will be seen more fully in the next Article, 
the essential criterion of a maximum or a minimum value, in 
general. 
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Find the maximiim or minimum values oiuia the follow- 
ing cases : — 

Examples. 

«*+ 2iC+ II J 5 . 

I. u = -T » Ant. f< 8 2, a max., n « 7- a min. 

«c* + 4« + 10 ' 6 

«' - « + I 2 - 2a; 

a. M = -T- « I + 



,X^ -V X — I Z^ + X - I 

I — X ar' + a;— I 

18 a max. or a min. according as is a min. or a max., i. e. 



«*+af— I ° I - X 



as xiatk maximum or a mmimnm. 

I — a? 



.*. dps o, or »= 2 ; the former giyes a maximum, the latter a minimum solution. 

We now proceed to a general investigation of the condi- 
tions for a maximum and minimum, by aid of the principles 
of the Differential Calculus. 

138. Conditioii for a Bfaxlmiiiii or Miiilniaiii. — If 

the increment of a variable, a?, be positive, then the corre- 
sponding increment of any function, f{x), has the same sign 
as that of /'(a:), by Art. 6 ; hence, as x increases, f{x) increases 
or diminishes according as /'(a?) is positive or negative. 

Consequently, when f[x) changes from an increasing to a 
decreasing statCj or vice versd, its derived function f\x) must 
change its sign. Let a be a value of x corresponding to a 
maximum or a minimum value of /(a?) ; then, in the case of 
a maximum we must have for small values of A, 

f{a) >f{a + A), and/(fl) >/(» - A) ; 

and, for a minimum, 

fifl) <f{a+h), and/(a) <f{a-h). 

Accordingly, in either case the expressions 

f(a-¥h)-f{a), and/(a-A)-/(a), 

We both the same sign. 
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Again, by fonnulsB* (29), Art. 75, we have 
fifl + h) -f{a) = hf{a) + ^r{a + OA), 

/(a - h) -f{a) = - */(«) + -^/'(a - «.*). 

Now, when h is very small, and flfi) finite, the second 
term in the right-hand side in each of these equations is very 
small in comparison with the first, and hence /(a + h) -fia) 
and /(a - A) - /(a) cannot have the same sign unless 

Hence, the values ofx which render f{x) a maximum or a 
minimum are in general roots of the derived equation f{^ = o. 

This result can also be arrived at from geometrical 
considerationB ; for, let ^ » /(a?) be the equation of a curve, 
then, at a point from which the ordinate y attains a maximum 
or a minimum value, the tangent to the curve is evidently 
parallel to the axis of x ; and, consequently /"(a?) = o, by 
Art. 10. 

Moreover, if a? be eliminated between the equations 
f[x) = u 9sAf(x) = o, the roots of the resulting equation in 
u are, in general, the maximum and Tnirn'mnTn values oif{x). 

This is the extension of the principle arrived at in 
Art. 134. 

Again, since /'(a) = o, we have 



/(fl + A)-/(a) = -^/'(a + eA), 

A • 2 

> • 

A • 2 



(5) 



* In the iiiTestigation of maxima and minima giyen aboye, Lagrange's form 
of Taylor's Theorem has been employed. For students who are unacquainted 
with this form of the Theorem, it may be observed that the conditions for a 
maximum or minimum can be readily established from the form of Taylor'i 
Series giyen in Art. 54, yiz., 

/(» + *) -/(«) - */(«) + .-^/"(a) + — ^ /"(«) + ftc. ; 

1.2 I • 2 • 3 

for whQn A is yery small and the coefficients /(a), /^ (a), &o. finite, it is evident 
that the sign of uie series at the right-hand side depends on that of its first 
term, and hence all the results arrived at in the above and the subsequent 
Articles can be readily established. 
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Bnt the expressions at the left-hand side in these equations 
are both positive for small values of h when /"(a) is positive ; 
and negative, when f\a) is negative ; therefore f{a) is a 
maximum or a minimum according as f\a) is negative or 
positive. ' 

If, however, /"(«) vanish along with /"(a), we have, by 
Art. 75, 

Hence it follows that in this case, f{a) is neither a 
maximum nor a minimum unless f"(a) also vanish; but if 
/"'(a) = o, then/(fl) is a maximum when /^^(a) is negative, 
and a Tninimiim when /*^ (a) is positive. 

In general, let/t")(fl) be the first derived fimotion that 
does not vanish ; then, if nbe odd, /(a) is neither a maximum 
nor a minimum; if w be even, /(a) is a maximum or a mini- 
mum according as/^**) [a) is negative or positive. 

The student who is acquainted with the elements of the 
theory of plane curves will find no difficulty in giving the 
geometric^ interpretation of the results arrived at in this 
and the subsequent Articles. 

Examples. 

!• u^aanx + bcMsh 

Here the maiiimiTn and minimtun yalues are giyen by the equation 

du a 

■J- s: a eoB X — b anx = o, or tan x = -r. 
dx b 

Hence, the max. yalue of u is \/a* -1- *», and the min. is - v/a' + 3*. This is 
also evident independently, since u may be written in the form 

\/a* + ** sin (» + a), 
where tan a « -. 

3. « ss jp - sin «• 

r ,, . du d^m dhi 

In this case ^- « i - cos », --r = sin «, V5 ■ cot « 
dx dx^ d^ 
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Acoordinglj, if — = o, we hare — = o, and — = i. 

Consequently, the function x — ^xax does not admit of eitiier a maximuTn or a 
minimum yidne. 

This result can also be easily seen from geometrical considerations. 

3. M s a COS %\h cos 2x, a and h being both positive. 

Here —- s - a sina; ~ 26 sin 2«, 

dx 

■— T = — « 008 jr - 4* cos 2«. 
dx* 

The maximum and minimum yalues are giren by the equation a sin 4; + ih 

sin 2j; = o : 

— a 
,'. we have, (i), sin a? = o ; or (2), cos x = — r-, 

4* 

The simplest solution of (i) is d? =0, in which case 

consequentiy this gives a maximum solution. 

Again, let x — icy and we have u^b - a, — r = — 46 ; consequentiy this 

dx 

gives a maximum or a minimum solution, according as is < or > 4^. 

dhi 

If a =s 4*, we get when « = », — - = o. 

die* 



On proceeding to the next differentiation we have 
dHt 



dHt 

3-3 » a (sin 9+2011 2x)f B o when x^w* 



d*u 
•^&>^» Tl ^ ^ (^^ a; + 4 cos 2;p) » 3a. Consequentiy the solution is a 
dxi* 

minimum in this case. 

Again, the solution (2) is impossible imleBB be less than 46, In this case, 

d^u 
L e. when < 46, we easily find -j-^ positive, and accordingly this gives a znin. 



<fo» 



value of u, viz. — rr — J. 



4. Find the value of x for which sec jp ~ a; is a maximum or a minimum. 

-v/5-1 



A us, 8in« sr 
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139. Application to Rational Algebraic Expres- 
sions. — Suppose /{x) a rational function containing no 
fractional power of ar, and let the real roots of f{x) = o, 
arranged in order of magnitude, be a, j3, 7, &c. ; no two of 
which are supposed equal. 

Then /{x) = (a? - a) (a? - jS) (a? - 7) . . . 

and /'(a)-(a-ia)(a-y) . . . 

But by hypothesis, a - )3, a - 7, &c. are all positive ; hence 
f\a) is also positive, and consequently a corresponds to a 
miniTTnim value of /(ar). 

Again, Z'O) = (/3 - a) (/3 - 7)- 

here j3 — a is negative, and the remaining factors are positive ; 
hence /''(J3) is negative, and/(/3) a maximimi. 
Similarly, /(7J is a minimum, &c. 

140. Jllaxima and Minima ITalues occur alter- 
nately. — We have seen that this principle holds in the case 
just considered. 

A general proof can easily be given as follows : — Suppose 
/{x) a maximum when a? = a, and also when a? = 6, where b is 
the greater ; then when a; = a + A, the function is decreasing, 
and- when a; = 6 - A, it is increasing (where A is a small incre- 
ment) ; but in passing from a decreasing to an increasing 
state it must pass through a TniTiimum value ; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 

141. Case of Equal Roote. — ^Again, if the equation 
/{x) =s o has two roots each equal to a, it must be of the form 

/(<r)-(*-«)»^(«). 

In this case /"(a) = o,/"'(a) = ixp (a), and accordingly, 
from Art. 138, a corresponds to neither a maximum nor a 
minJTTiTiTn value of the function /(a?). 

In general, ii/\x) have n roots equal to a, then 

Here, when n is even, /(a) is neither a maximum nor a 
minimum solution : and when n is odd, /(a) is a maximum or 
a minimum according as \p(a) is negative or positive. 
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142. Case wbere f\x) = 00. The investigation in 
Art. 138 shows that a funotion in general changes its sign in 
passing through zero. 

In like manner it can be shown that a funotion changes 
its sign, in general, ia passing through an infinite value; i.e. if 
^(a) = 00, <p(a - h) and 0(a + A) have in genexol opposite sig^s, 
for small values of h. 

For, if u and - represent any funotion and its reciprocal, 
they have necessarily the same sign ; because if u be positive, 
- is positive, and if negative, negative. 

Suppose Uiy u%f Uiy three successive values of ti, and 
1, 1, 1, the corresponding reciprocals. 

Ui Ui Uz j: o JT 

Then, if tfg » o, by Art. 138, Ui and u^ have in general 

opposite signs. 

Hence, if — « 00 , — and — have also opposite signs ; and 

U% U\ u^ 

we infer that the values of x which satisfy the equation /(^r) 
= 00 may furnish maxima and minima values of /(a?), 

143. We now return to the equation 

in which n is supposed to have any real value, positive, nega- 
tive, integral, or fractional. 

In this case, when x = ayf^(x) is zero or infinity according 
as n is positive or negative. 

To determine whether the corresponding value of /(a?) is 
a real maximum or minimum, we shall investigate whether 
/'(a?) changes its sign or not as x passes through a. 

When x^a + hf /{a-^ h) = h'^\lf{a + h), 

x=^a-hy f{a'h)^{-h)''xKa-h): 



>9 



pnow, when h is infinitely small, \p{a-\-h) and \p(a-h) become 
each ultimately equal to \p{a) : and therefore /'(a + h) and 
f\a - h) have the same or opposite signs according as ( - i)* 
is positive or negative. 
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(1). If n be an even iw^g^er, positive or negative, /'(a?) does 
not change sign in passing through a, and aooordingly a cor- 
responds to neither a maximum nor a minimum solution. 

(2). If n be an odd integer y positive or negative, f\a + h) 
and /'(a - h) have opposite signs, and a corresponds to a real 
maximum or minimum. 

ir 

(3).. If n be a fraction of the form ± — , then ( - i) 

P 



±^ 



= 1^-1, and a corresponds to neither a maximum nor a 
minimum. 






(4). If n be of the form ±^^^^, then ( - i) ' = (-i) '; 

this is imaginary Up be even, but has a real value ( - i) when 
p is odd. In the former case, /'(a - h) becomes imaginary ; in 
the latter, /'(a + A) and /'(a -A) have opposite signs, and /(a) 
is a real maximum or minimum. 

Thus in all cases of real maximum and minimum values 
the index n must be the quotient of two odd numbers. 



Examples. 

I* f(x) «=«?' + 2bx + c. 

h 
Here f(x) = 2(0* + 3) ■= o ; hence » =■ — , 

^^ 

f'(x) = 2a. 

And — — — 18 a maximum or a minimum yalue of a^ + ihz 4* tf, according 
a 

ua\z negatiye or podtiye. 

a. f(x) = 34^ - 15*' + 36* + 10. 

Heie /'(*) = 6(«» - 5* + 6) = €(x - 2) (» - 3). 

(i.) Let « « a ; then/"(«) is negatiye ; hence /(i) or 38 is a maximum 

(2.) Let ;r = 3 ; then/ "(«) is positiye; hence / (3) or 37 is a minimum. 
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It is evident that neither of these yalues is an ahsolute TtiR-rimiiTw or mini- 
mum ; for when a? = 00 , f(x) = 00 , and when j? = - 00 , f(x) = — 00 ; accord' 
ingly, the proposed function admits of all possihle yalues, positiye or negative. 

Again, neither + 00 nor — 00 is a proper maximum or minimum value, because 
for large values of x, f(x) constantly increases in one case^ and constantly dumi- 
nishes in the other. 

It is easily seen that as x increases from — oe to + a, f(x) increases from — «o 
to 38 ; zsx increases from 2 to 3,f(x) diminishes from 38 to 37 ; and as x in- 
creases from 3tooc,/(2;) increases from 37 to 00. When considered geome- 
trically, the preceding investigation shows that in the curve represented by the 
equation 

y Bs ijS _ I5iP* + 36* + 10, 

the tangent is parallel to the axis of x at the points a; s 2, y = 38 ; and x = 3, 
^ = 37 ; and that the ordinate is a maximum in the former, and a TninimnTn in 
the latter case, &c. 

3. f{x) = a + b{x- e)^. Am, xmc. Neither a max. nor a min. 

4. f[x) = J + «(« - a)* + d(x - a)t. 
Substitute a + A for x^ and the equation becomes 

/(a + A) = * + cAt + «?At; 

also /(a - A) = A + cAi + dh^\ 

but when h is very small h^ is very small in comparison with At, and accordingly b 
is a minimum or a maximum value off{x) according as e is positive or negative. 

5. f{x) = Sir!« + 122:* - 15a;* - ^osfi + isa^ + 6ox + 17. 

Ans, x = ± I gives neither a max. nor a min. ; x =— 2 gives a miti . 

^ (»-i)(*-6) 



a?— 10 



Let a;— io=s2, and the fraction becomes 

(» + 9)(«+4) 36 

^ ^^ ^, or a + 1 3 + ^. 

g z 

The mayjmum and minimum values are given by the equation I ~ ~ s= o; 

.*. z = ±6, and hence a? « 16 or 4 ; the former gives a minimum, the latter 
a maximum value of the fraction. 

Hence fix) = ^.^ " '^* 



'^<*)=(JT-T)»<^ + ^5- 



If a? = i»/(af) is neither a maximum nor a minimum; if a; b . Stfi^) ^ * 
maximum. 



-Mr » Tij-. J, oaf •\- zhxy + ct^ 177 

Max. and Mm. of ~ 7-; • 

aaj» + 2hxy-\- cy^ 

Again, the reciprocal funotiozi ^ ^ Ib eyidently a max. when ^ b - i ; 

for if -we substitute for «, ^ i + A, and - i — A, sucoessively, the resulting 
values are both negative ; and consequently the proposed function is a minimum 
in this case. 

This funushes an example of a solution corresponding to f{^) = oe. See 
Art. 142. 

144. We shall now return to the fraction 

as? + ihxy + cy* 
d^ + iVxy + cy* 

the maximum and Tninimum values of which have been already 
considered in Art. 136. 

Write as before the equation in the form 

«'(a - (^w) + 2«(6 - J'w) + (c - c'^ii) = o, 
where « = - 

y 

Differentiate with respect to «, and, as -^ = o f or a maxi- 

mum or a minimum, we have 

%(a - du) + (J - l!\ji) = o. 

Multiply this latter equation by a, and subtract from the 
former, when we get 

z(& - Vu) + (<? - c'li) = o. 

Hence, eliminating % between these equations, we obtain 

or u\d<i - V) - «(at?' + ca' - ibV) + (ac - y) = o ; (3) 

the same equation (3) as before. 
The quadratic for 2, 

%\aV - ha") + %{a(! - C(/) + Jc' - c^ = o, (4) 

is obtained by eliminating u from the two preceding linear 
equations. 
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This equation can also be written in a determinaat form, 
as follows : — 



I -« r 

a he 
d V f{ 



= o. 



It may be observed that the coefficients in (3) are in- 
variants of the quadratic expressions in the numerator and 
denominator of the proposed fraction, as is evident from the 
principle that its maximum and minimum values cannot be 
altered by linear transformations. 

This result can also be proved as follows : — 



Let 



u 






where X, T denote any functions of x and y ; then in seeking 
the maximum and minimimi values of u we may substitute 



z for ^ when it becomes 



u = 



a%^ + 2hz + e 
d%^ + iVz + (P 



and we obviously get the mme maximum and minimum values 
for Uy whether we regard it as determined from the original 
fraction or from the equivalent fraction in z. 

Again, let X, Y be linear functions of x and y, i. e. 

X = /ic + my^ T= fx ■{■ niy^ 
then u becomes of the form 

Ax'' + iB x y + C/ 

2v + iSxy + oy 

where -4, jB, C, -4', -C, (?', denote the coefficients in the trans- 
formed expressions ; hence, since the quadratics which deter- 
mine the maximum and minimum values of w must have the 
same roots in both cases, we have 

AC-B' = \{ac - J»), ^C"+ CA' - iBBT = \{a(f +c<^ -ibh'), 

A'C - JB'^ = A(aY - V% Q.E.D. 
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It can be seen withont difficulty that 

X - (&n' - mO*. 

We shall illustrate the use of the equations (3) and (4) bj 
applying them to the following question, which occurs in the 
determination of the principal radii of curvature at any point 
Ml a curved surface. 

145. To find the Maxliiia and IHIninia Talues of 

r cos'a + 28 cos a COS j3 + ^ cos'/3, 

where cos a and cos /3 are connected by the equation 

(1 +i>') oos'a + 2pq cos a cos /3 + (i + q*) oos'/3 = i, 

&nd p^ q^ Ty 8, t are independent of a and /3. 

Denoting the proposed expression by u, and substituting 

• cos a , 

* *^' B> "w© got 

oos/3 ® 

u 



(l +p*)z^ + 2J95'S + (l + J*)' 



The maximum and minimum values of this fraction, by 
the preceding Article, are given by the quadratic 

w'{j+i?* + S*)-w{(i+tf')r- 2pq8+ (i+^')^)+r^-«* = o; (6) 
while the corresponding values of z or ^ are given by 

a*((i +i?')s -pqr] +«{(i +p')^- (i + f)r] 

-^{pqt-{i-^q')s]^o* (7) 

The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and, conBequently, the 
'Values of the fraction lie between the roots of the quadratic 
(6), in accordance with Art. 136. 



♦ Lacroix, Dif. Cal, pp. 575, 576. 
N 2 
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146. To find the IHaxiiniiiii and TWlntwaiiwa Hndiiifl 
Yector of the Ellipse 

ax* + 2bxy + cy* - i. 

(i). Suppose the axes rectangular ; then 

r'ssa^ + y'istobea maximum or a Tm'niTnTiin ^ 

Let - = s, and we get 

^ »' + I 



az* + 2bz + e 



Hence the quadratic which determines the maximum and 
minimum distances from the centre is 

f^{ac - 6') - ^^(a + c) + I = o. 

The other quadratic, viz. 

fia^ - (a - (?) a?y - Jy* = o, 

gives the directions of the axes of the curve. 

(2.) If the axes of co-ordinates be inclined at an angle oi, 
then 

f' = a? + y* + 2xy cos a> 

«' + 22 cos cu + I 

«»' + ibz + c ' 
and the quadratic becomes in this case 

r^{ac -V) -r^ia ■\- c - ih cos w) + sin'oi « o, 

the coefficients in which are the invariants of the quadratic 
expressions forming the numerator and denominator in the 
expression for r*. 

The equation which determines the directions of the axes 
rf the conic can also be easily written down in this case. 









Jfcmmum and Minimum Section of a Bight Cone. i8i 



147. To Inyestlgate the HEaxImiiiiii and liintninni 
Taluea of 



cCq? + 36Vy + zdxy^ + (fy** 



X 



Substituting 2 for -, and denoting the fraotion bj u, we have 

y 



u- 



az^ + 3^* + 3c» + rf 



fl'g' + 36V + 3(J'« + dT 

Proceeding, as in Art. 144, we find that the values of u ands 
are given by aid of the two quadratics 

as' + 2J« + (J = (aV + iVz + if)uy 

J«' + 2C8 + rf= (6V + 2c'z + d')tt. 

Eliminating u between these equations, we get the following 
biquadratic in z : — 

%^{aJ) - bcT) + 2s^{a(f -(?(/)+ «'{«^' - t/t/ + 3(60' - cJO) 

+ 2z{bd' - db') + K - c'd) = o. (8) 

Eliminating 2 between the same equations, we obtain a 
biquadratic in t<, whose roots are the maxima and minima 
values of the proposed fraotion. Again, as in Art. 144, it 
can easily be shown that the coefficients in the equation in u 
are invariants of the cubics in the numerator and denominator 
of the fraction. 

148. To cat the Maximaiii and minliiiaiii Ellipse 
from a Right Cone which stands on a given circular 
ba«e. — ^Let AD represent the axis of 
the cone, and suppose BP to be the 
axis major of the required section; 
its centre; a, 6, its semi-axes. Through 
and P draw Zilf and PB parallel to 
EG. Then BP = 2a, b' ^ LO . OM 
(Euclid, Book iii., Pr. 35) ; but LO 

^^, OM^ — i .'. V^^.BC . PB. 

4 



2 2 

Hence BP* . PB is to be a maximum 
or a minimum. 




FJ?- 7- 



1 82 Maxima and Minima of Functions of a Single Variable* 

l^i lBAD - a, PBC=0, BO = e. 
Then BP = BO-r 



sin BPC cos (0 - a)' 

BiaFBB oos(fl-a)' 
COS (© + a) . 

••• w = — ~75 — ( IS a maximum or a TmnimnTn. 
cos' (O-a) 

TT rfw sm20-2sin2o . ^ 

Hence -r^ rrh x — = o i •*• sm20 = 2 sm2a. 

dO cos* (0 - a) 

The solution becomes impossible when 2 sin 2a > i ; i.e. i 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less thai 
15°. FoTy if 01 be the least value of 9 derived from tb 

equation sin 20 « 2 sui 2a ; then the value 0i evidentlj 

2 

gives a second solution. 

Again, by differentiation, we get 

d^U 2 00820 , , . /I . X 

ifm = — TTTi V (when sm2a = 2 sm2a)« 

dS^ cos* (0 - a) ^ ' 

This is positive or negative according as cos 20 is positdve oi 
negative. Hence the greater value of corresponds to a 
maximum section, and the lesser to a minimum. 

In the limiting case, when a = 15°, the two solutioni 
coincide. However, it is easily shown that the corresponding 
section gives neither a maximum nor a minimum solution d 
the problem. For, we have in this case = 45° ; which value 

gives ;ifli " o« On proceeding to the next differentiation, w6| 
find, when - 45®, 

d^u -4 64 

^ " cos* (45° - a) - " "9"' 

Hence the solution is neither a maximum nor a minimum. 
When a > 1 5°, both solutions are impossible. 
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149. The prinoiple, that when a function is a maximmn 
or a Tni-ni-mnm its reciprocal is at the same time a minimum 
or a maximum^ is of frequent use in finding such solutions. 

There are other considerations by which the determina- 
tion of maxima and minima values is often facilitated. 

Thus, whenever u is a maximum or a minimum, so also 

du 
is log (tt), unless u vanishes along with — . 

Again, any constant may be added or subtracted, i.e. if 
/(a?) be a maximum, so also is/(a?) ± c. 

Also, if any function, t#, be a maximum, so will be any 
poBitiYe power of m, in general. 

150. Again, if « = /(t*), then dz -/'{u)du, and conse- 
quently 2 is a maximum or a minimum; either (i) when 
du = o, i.e. when u is a maximum or a minimum ; or (2) when 
fiu) - o. 

In many questions the values of u are restricted, by the 
conditions of the problem,* to lie between given limits; 
accordingly, in such cases, any root of /'(u) = o does not 
furnish a real maximum or minimum solution unless it lies 
between the given limiting values of u. 

We shall illustrate this by one or two geometrical 
examples. 

(i). In an ellipse^ to find when the rectangle under a pair of 
conjugate diameters is a maximum or a minimum. Let r beany 
semi-diameter of the ellipse, then the square of the conjugate 
semi-diameter is represented by a' + ft* - r*, and we have 

t# = r* (a* + ft* - r*) a maximum or a minimunu 

Here — = 2(a' + ft' - 21/^) r. 

dr 

Accordingly the maximum and minimum values are, 
(i) those for which r is a maximum or a minimum ; i.e. r^a^ 
or r^' b; and, (2) those given by the equation 

r(a* •¥ 6'- 2r*) = o; 



* See Cambridge Mathsmatieal Journal^ yol. iii. p. 337. 
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or 



r^Of and 






The Bolntion r « o is inadmissible, sinoe rnrast lie between 
the limits a and b : the other solution oorresponds to the 
eqnioonjngate diameters. It is easily seen that the solution 
in (2) is the maTimnm, and that in (i) the Tnininunn yalue 
of the rectangle in question. 

151. As another example, we shall consider the following 
problem* : — 

Given in a plane triangle two eides (a, b) to find the 
maximum and minimum valuee of 



I A 

- . cos— , 
e 2 



where A and e have the usual significations. 

Squaring the expression in question, and substituting x 
for e^ we easily find for the quantity whose maximum and 
TOiTiiTmiTn values are required ike following expression : 



I 2b g* - y 



neglecting a constant multiplier. 

Accoi^iingly, the solutions of the problem are — (i) the 

muTinrnTn and Tninimum values of x^ i.e. a + 6 and a— b. 

du 
(2) the solutions of the equation -7-, i.e. of 



I 46 3(a'-y) ^ 



or 



aj* + 46a? - 3(a' - S') = o ; 
whence we get x = ^^30^^^ - 2 J, 

heglectiDg the negative root, which is inadmissible. 

Again, if 6 > a, ^/J^^^i^ - 26 is negative, and acoord- 
ingly in this case the solution given by (2) is inadmissible. 



* This problem occurs in Astronomy, in finding when a phmet appears 
brightest, the orbits bein^ supposed circular. 
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If a > 6, it remains to see whether ^30* + V - 26 lies 
between the limits a + b and a - i. It is easily seen that 

*/z<^ + ^' - 2 J is > a - 6 : the remaining condition requires 



or a + 36 > v/3«' + 6% 

or a' + 6a6 + 96* > 3a' + 6*, 

i.e. 46* + 3a6- a' > o, 

or (46 - a) (6 + a) > o ; 

or, finally, J > -. 

4 

We see aooordingly that thia gives no real solution unless 
the lesser of the given sides exceeds one-fourth of the 
greater. 

When this condition is fulfilled, it is easily seen that the 
corresponding solution is a maximum, and that the solutions 
corresponding to a? = a + J, and a? = a - J, are both minima 
solutions. 

152. Maxtma and mnlma ITalnes of an Implicit 
Function. — Suppose it bo required to find the maxima or 
niinima values of y from the equation 

f{x, y) = o. 

Differentiating, we get 

du du dy 

where u represents /(a;, y). But the maxima and minima 

d'u 
values of y must satisfy the equation -~- = o : accordingly the 
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maximum and mininmm values are got by combining* the 

du 
equations j- = Oj a^d w = o. 

153. Maxtnimn and Miniiniun in ease of a Fune- 
tion of two dependent ¥ariables. — To determine the 
maximum or minimum values of a function of two variablefl, 
X and y^ which are connected by a relation of the form 

fix, y) - o. 

Lei the proposed function, ^ {x, y) be represented by u ; 
then, by Art. loi, we have 

d^df d(ft df 
du dx dy dy dx 
dx df 

dy 

But the maxima and minima values of u satisfy the 

equation -f = o, hence the values of x and y derived from 

the equations /(a?, y) = o, and 

di^df d^df 
dx dy dydx 

furnish the solutions required. To determine whether the 

solution so determined is a maximum or a minimum, it 

d^u 
is necessary to investigate the sign of -7-j. We add an 

example for illustration. 

154. Oiven the four sides of a quadrilateral^ to find when its 
area is a maximum. 

Let a, by c, d be the lengths of the sides, ^ the angle 
between a and 5, yp that between c and d. Then oi sin ^ 
+ cddnxpiB a, maximum ; also 

a" + 6* - zab cos ^ « (?• + eP - zed cos \p 

being each equal to the square of the diagonal. 



* This result i« evident alao from geometrical considerations. 
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Henoe ab oo&ip-¥ edooB \p^ » o 

for a maximuin or a TninininTn ; also, 

oi sin » (^ sin i/^-r- ; 

•*. tan ^ + tan 1^ =■ o, or <^ + i/> = i8o*. 

Hence the quadrilateral is insoribable in a circle. 

That the solution arrived at is a maximum is evident 
from geometrical considerations ; it can also be proved to be 
so bj aid of the preceding principles. 

For, substitute —r-. — ? instead of -— , and we get 
' cd sia\p df ° 

du a( sin (0 + i/>) 
di^ sin yff 

Tx (Tti aJcos(0 + ii)/ d\L\ , • . , 

Henoe -7-1 " ^-^ — ^ i + 1^ I + a t©rni which 

00' sin ;p \ d6j 

d^u 
vanishes when + 1^ » 180°; and the value of -7—, becomes 

in thii^ case 



ab f cA\ 
" sin <^ \ cd/ 



which being negative, the solution is a maximum* 
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I. PiDf«dMt«Me*i->coMe«aa 



^.-..4 




; s » 2y a mm. 



3. If«ad*benich thai /(«)>=/(»), aliov tiut/(x)lias, in ««»*]> 
i iiimnm or a minimum Tthie iiar some Tilne of 9 betveea « azid h. 






4. Find the Tiliw of « vhidh makes 



(6o--*) 
maTimmn. Asm. % s 30*. 

jl /(*) ">• ^W 1^ ^ maximiim. ehov immedietdy fhet "^^ie aminimimi. 



6. Find the ralue of ooe « when ^ is a nuudmmn. 

Am. eoe«=iZJ!/ii. 

o 

7. Find vhen — u a mazimimi. » * » -j-- 

1/4 + 5«* * 

S. Apply the method of Ex. 5 to the expieBnon ^ _ ^ ^ ^ « 

9. What are the yaluea of j; irhieh make the expression 

2«»- 2i«* + 36*- 20 

amazimnm or a mimmTmiP and (2) what are the maximtim and minimnm 
valuea of the expression? -4im. «=i,amax. ; jp = 6,amiiL 

*o. «-*-•(«-«)•. ^^^' * = j;^7^» » maximuc 

11. Given the angle (7 of a triangle ; prove that eve? A + sin'J? is a maximum, 
and cosM + cos'-B a minimum, when A- B. 

12. Find the least value of a«** + Ir^. ^dm, a\/«* 
^ (a - «)(* - a?) 
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14. Show that 6 + (« - 0)', when « a 0, is a minimum or a maximum 
icoording as is positive or negatiye. 

15. « S3 jT 008 X. Am. 4; B cot d;. 

16. Prove that fl»* is a maximum when » = $. 

M -~ Ml 

17. Tan'Mjp . tan«(a - «) is a maximum when tan (a — tx) >= tan a P 

n + m 

18. Ftore that ; is a minimum when x = 0, 

19. Given the vertical angle of a triangle and its area, find when its base is 
a minimum. 

2a Given one angle ^ of a right-angled spherical triangle, find when the 
difference betweeen the sides which contain it is a maximum. 

de 
Here tan e oos A s tan b ; and since — & is a maximum, 37 a i. 

do 

Hence we find tan b = y^cos A» 

This question admits of another easy solution ; for, as in Art i is, we have 

sin (c - 3) ^ ^A 

— ^ ~ = tan' — ; 

an{o + b) 2 

consequenUy sin (0 — b) becomes a maximum along with sin {e + ^), since A is 
constant ; and hence e — biaa maximum when c-\-b^ 90**. 

This problem occurs in Astronomy, in finding when the part of the equation 
of time which arises from the obliquity of the ecliptic is a maximum. 

21. Prove that the problem, to describe a circle with its centre on the 
circumference of a given circle, so that the length of the arc intercepted within 
the given circle shall be a maximum, is reducible to the solution of the equation 
• = cot e. 

22. A perpendicular is let fall from the centre on a tangent to an ellipse, 
find when the intercept between the point of contact and the foot of the perpen- 
dicular is a maximum. Prove that p = ^/abf and intercept = a - i. 

23. A semicircle is described on the axis-major of an ellipse ; draw a line from 
<KQe extremity of the axis so that the portion intercepted between the circle and 
the ellipse shall be a maximum. 

34. Draw two conjugate diameters of an ellipse, so that the sum of the 
perpendiculars from their extremities on the axis-major shall be a maximum. 

25. Through a point on the produced diameter AB of a semicircle draw a 
>^ant ORS^, so that the quadrilateral ABRB^ inscribed in the semicircle shall 
be a maximum. 

Prove that, in this case, the projection of RBf on AB is equal in length to 
the radius of the circle. 

26. If sin « Ar sin ^, and if^ + ^ s «, where a and k are constants, prove 
that cos 4^' cos is a maximum when tan*^ = tan ^ tan ^'. 
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of the a w UkiiBto miiiaqpntia^fcy^Mefliodaf Alt. 146. 
(I) forndaqgiikraiM. 



v/«»-*» 



(2) forol 



V^«*-*« 



28. A triangle inscribed in a gnren ctrde bas its laae paraiDid to a gfren line, 
and ita Tertex lU a giren point ; find an ezpnaian for tiie cosine of ite 
an^ iribea tlie area is a maadmnm. 



29. Find when tibe Inse of a trian^ is a mininnnn, being giren. the tbt- 
tical ang^ and the ratio of one aide to the difierenee bc^een the other and a 
fixed line. 

to. Of an apberieal triangliHi of equal ana, that of the least perimeter is 
eqnOateral? 

31. Let tt^ + s* — ^ATM s o; detenmne whether the Tslne x = o gives u a 
mazinnmi or minimnm. Ant. Neither. 

32. Show that the maximum and minimnm TBloes of the cnbic expression 

iufl + Zh3^ + 34» + rf 

are the xoots of the qnadiatic 

fl«««-2(?z + A = o; 

where G = aH-yihe-\-2lfi, and A = a*<P + 4ii^ + 4<a' - 3«*<j^ - 6a6«/. 

33. Through a fixed point within a given angle draw a line so that the 
triangle formed shall be a minimimi. 

l%e line is bisected in the given point. 

34. Prove in general that the chord drawn through a given point so as to 
cut off the miniminn area from a given curve is bisected at that point. 

35. If the portion, AB, of the tangent to a given curve intercepted by two 
fixed lines OA^ OB, be a minimum, prove that FA = NB, where F is the point 
of contact of the tangent, and N the foot of the perpendicular let fall on the 
tangent from 0. 

36. The portion of the tangent to an ellipse intercepted between the axes is 
a minimum : find its length. Am. a-\-b. 

37. Prove that the maximum and niinimum values of the expression, Art. 147, 
are roots of the biquadratic 

(a - ««')» (i - «^)2 + 4 (« - «a') (c - w )» + 4 (rf - fkf) (* - wJ')» 

-3(*-«^?(<?-<^?~6Ctf-«a')(*-«A')(c-i«j')(rf.t«r)=o. 



( '9' ) 



CHAPTER X. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OB MORE IN- 
DEPENDENT VARIABLES. 

155. maxima and Mininia for Two Taiiables. — In 

accordance with the principles established in the preceding 
chapter, if d> (ar, y) be a maximum for the particular values 
Xo and 1/09 of the independent variables x and y, then for all 
small positive or negative values of h and A, 6 {xq, 1/0) must 
be greater than {xq + A, yo + A) ; and for a minimum it must 
be less. 

Again, since x and p are independent, w** inay suppose 
either of them to vary, the other remaining constant; 
accordingly, as in Art. 138, it is necessary for a maximum 
or minimum value that 

du . du 

omitting the case where either of these functions becomes 
infinite. 

156. liagrange's Condition. — We now proceed to 
consider whether the values found by this process correspond 
to real maxima or minima, or not. 

Suppose Xq, i/o to be values of x and p which satisfy the 
equations 

du , du 

•— = o« and — = o. 
dx ' dy ' 

and let A. B. C be the values which -^-r, -tt-) t-s assume 

dar dxdy dy* 

when ajo and y© are substituted for x and y ; then we shall 
have 

0(a^+ A, yo + k) - 0(iro, y^ = {Ah!^ + iBhk + C¥) + &o. (2) 

1.2 
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But when h and k are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity At? + 2Bhk + C¥\ accordingly the sign of 
0(iCo + A, yo + A) - 0(iPo, yo) depends on that of 

Ak^ . 2Bkk . Cl^, i.e. of ^^'^-Bky-nAC-B') ^ 

A 

Now, in order that this expression should be either always 
positive or always negative for all small values of h and A;, 
it is necessary that AO - B^ should not be negative ; as, if 
it be negative, the numerator in the preceding expression 
would be positive when A;=o, and negative when Ah-\-Bk^o. 
Hence, the condition for a real maximum or minimum is 
that AC diould not be less than 5*, or 

(PudhA _ / d^u V, 
da^dy^ ^^^\dxdy)' 

and, when this condition is satisfied, the solution is a maxi- 
mum or a minimum value of the function according as the 
sign of A is negative or positive. 

li B^he> AC the solution is neither a maximum nor a 
minimum. 

The necessity of the preceding condition was first estab- 
lished by Lagrange ;* by whom also the corresponding con- 
ditions in the case of a function of any number of variables 
were first discussed. 

Again, if ^ = o, 5 = o, (7 = o, then for a real maximum 
or minimum it is necessary that all the terms of the third 
degree in h and k in expansion (2) should vanish at the same 
time, whHe the quantity of the fourth degree in h and k 
should preserve the same sign for all values of these quan- 
tities. See Art. 138. 

The spirit of the method, as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
squares of whose distances from n given points situated in 
the same plane shall be a minimum. 

» Theorie det Fmctiont, Deuxi^me Parti e. Ch. onzi^me. 
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' Liet the oo-ordinates of the given points referred to 
rectangular axes be 

(«i, Ji), (««, *2), {(hf Js) . . . («», in), respectively; 
(Xf y) those of the point required ; then we have 

u = (a? - Oi)' + (y - Ji)» + (a? - a,)* + (y - 6a)* + . . . 

+ (a? - fln)' + (y - M' 
a minimum ; 

.•. — = «-«! + « -Of ♦• .•+«?- an «n«-(ai+flt+...+a„)«o; 
•^=y-Ji4-y- J2f.*«+y-Ji»=ny-(Ji + 6,+...+Jn)=o. 

_-. Oi 4- Ot + . . . + ei« 61 + Jj + • . . + J» 

xienoe or » , y = 



w ■' n * 



and the point required is the centre of mean position of the 
n given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
dition, for we have 

A — p - ^'^ r'- — - 

da? * " dicdy * dy* 

In this case AC - E^ \a positive, and A also positive; 
and accordingly the result is a minimum. 

158. To find the Haximmii or Minimiiiii Talue 
of the expression 

or* + 6y' + 2hxy + 2gx + 2fy + e. 

Denoting the expression by Uy we have 

I du 

-^ = a;r + Ay + ^ = o, 

idu . . ^ 
--r - hx -k-oy +/= o. 
2dy ^ '' 

o 
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Multiplying the first equation by x^ the second by y^ and 
subtracting their sum from the given expression, we get 

u^gx+fy -¥e\ 

whenoCy eliminating x and y between the three equations, 
we obtain 

a h g 

u{ab-h')» h h f . (3) 

g f e 

m 

This result may also be written in the form 

dA , 
de ' 

where A denotes the discriminant of the proposed expression. 

. . df«w d^u ^ d^u . 

Agam, ^»2a, --.J, — = 2*, 

Hence, iiab -hf be positive, the foregoing value of t« is a 
maximum or a minimum according as the sign of a is negative 
or positive. 

If h^ > ab^ the solution is neither a maximum nor a 
minimum. 

The geometrical interpretation of the preceding result ifl 
evident ; viz., if the co-ordinates of the centre be substituted 
for X and y in the equation of a conic, t* = o, the resulting 
value of 1* is either a maximum or a minimum if the curve 
be an ellipse, but is neither a maximum nor a minimum for 
a hyperbola ; as is also evident from other considerations. 

159. To find tbe Maxima and Hinima ITalues 
ot the Fraetlon 

^ aa^ + by^ -\- ihxy + 2gx -\- 2jy -he 
fl^a?'+ 6V+ 2h'xy+ i^x-^ify^^d* 

Let the numerator and denominator be represented by 
^1 and ^%\ then, denoting the fraction by w, we get 

61 = u^. (a) 
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Differentiate with respect to x and y separately, then 

d^i du d^% d^i du dip% 

dx dx^* dx* dy dy^^ dy ' 

but for a maximum or a minimum we must have 

du du 

dx ^ dy * 

hence, the required solutions are given by the equations 

ax + hy + g = u(olx + Ky + /), 

hx -:- ly +/ = uiflx + Vy +/'). 

Multiplying the former by a?, the latter by y, and subtracting 
the sum from the equation (a), we get 

ffX -\-fy + c « w(/a? ^rfy + c'). 

These equations may be written 

(a - dij^x + (A - A'w)y + ^ - fl'^w - o, 
(A - 1iu)x + (6 - Vu)y +/ -/t* = o, 
(5^ - (fii)x + {f-fu)y + c-c'u =0. 

Eliminating a; and y, we get the determinant 

a-du h-Ku g - ^u 

h-Ku h-Vu f-fu =0. (4) 

g -^^ f-f^ c -(fu 

The roots of this cubic equation in t« are the maxima and 
minima required. 

This cubic is the same as that which gives the three 
systems of right lines •that pass through the points of 
intersection of the conies ^1 = o, ^3 = o.* 



* Salmon's Conio Sections j Art. 370. 
02 
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The oubio is written by Dr. Salmon in the form 

av 4 V + et« + A = o, (i 

where A, A' denote the discriminants of the expressions ^1 an 
^3, and 9, 9' are their two other invariants. 

On the proof of the property that the coefficients are ix 
variants compare Art. 144. 

The cubic reduces to a quadratic if either the numerate 
or the denominator be resolvable into linear factors ; for i 
this case either A » o, or A' » o. 

If both the numerator and denominator be resolvable int 
f actors, the cubic reduces to the linear equation 

9't* + 9 = o, 

and has but one solution, as is evident also geometrically. 

J 60. To find the BEaxima or Hlidiiia Talues o 
a?' + y* + «', where 

OP* + 6y" + «• + 2hx}/ + igxz + ^y «= i. 

Let u » d^ + y* -I- s* ; substitute af and t/ for - and ~, an< 

we have 

af* + i/*+ I 
n a ^ 

ax^ + bj/* + c + 2hciff/ + 2gx' + 2/^ 

Accordingly the cubic of formula (4) becomes in this oa« 

a-vr^ h g 
h b'tr' f 

g f c-ir^ 

This is the well-known cubic* for determining the axes ol 
a surface of the second degree in terms of the coeffidents in 
its equation : when expanded it becomes 

IT* - (a + 6 + c)tr* + (flJ + Jci- (KJ -/' -f- A")w"* 

+ {af* + bg^ + cA' - abc - 2/gh) = o. 

— 1 

* Bee Salmon's Qewnetry of Three Dimensumt, 3rd ed., Art. 8a. 



o. (6 
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161. Application of Iiagrange's Condition. — In 

Applying this condition to the general case of Art. 159, we 
inrite the equation in the form 

from which we get, on making -7- = o, and -7- = o. 

^ ^ ax ay 

<P<pi _ ef*02 cPu 

dxdy dxdy ^^ dxdy^ 

df "^ "^*'^' 
Hence 

Accordingly, the sign of ^(7- jB* is the same as that of 
the quadratic expression 

{ab - A*) - K + Jtf" - 2AA') u + (fl'J' - A'*)!**, (7) 

where ti is a root of the cubic (4) or (5). 

If As represent the determinant in (4), the preceding 

quadratic expression may be written in the form -—. 

Again, t^i, thf fh representing the roots of the cubic (4) ; 
O) ^, those of the quadratic (7) ; if Ui be a real maximum or 
nainimum value of w, we must have {th - a){ui - fi){</b'- A'') 
a positive quantitjr. 

Accordingly, if a^b^ - A'* be positive, Ui must not lie be- 
tween the values a and )3. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and /3, 
they coirespond to real maxiina or minima, but any root 
which lies between a ajid /3 gives no maximum or mminiun]. 

In the particular case discussed in Art. 160 the roots of 
the cubic (6) are all real, and those of the quadratic 

a - fr\ h 

= o are interposed between the roots of the 
h, h - ir^ 

cubic. (See Salmon's Higher Algebra^ Art. 44). Accord- 
ingly, in this case the two extreme roots furnish real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees with what might have been anticipated 
from the properties of the Ellipsoid ; viz., the axes a and c 
are real maximum and minimum distances from the centre to 
the surface, while the mean axis b is neither. 

It woidd be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

162. Maxima or Mtiiiiiia of Fanctloiis of tbree 
Tarlables. — ^Next, let u » ^(ar, y^ s), and suppose ^o» Vth ^ 
to be values of x, y, s, which render u a maximum or a mini- 
mum ; then, if 2;, y, s be independent of each other, by the 
same reasoning as before, it is obvious that ^o» ^0 9 So niust 
satisfy the three equations 



du du __ du 



omitting the case of infinite values. 
Accordingly we must have 

h* K^ P 

^(«o+ A, yo + *, I0 + /) - *(«b, yo,«o) --4—- +jB— - + 0-— 

1*2 1.2 I.* 

+ jFS/+ Ghl -\- Ehk ■¥ &o. 
where Aj j5, C, jP, (?, jET, are the values that 

d^u d^u d^u d*u d^u d^u 
dx** dy^^ dz^* dydz^ dxdz* dxdy 

respectively assume when ^, y^^ So are substituted for x^ y, 1 
in them. 
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N0W9 in this, as in the oase of two independent variables, 
it is necessary for a real maximum or minimum value that 
the preceding quadratic function should be either always 
positive or edways negative for all small real values of A, k^ 
and /. 

Substituting al for A, and ^l for k^ and suppressing the 
positive factor l'\ the expression becomes 

Aa^ + jB/S' + (7 + 2J)3 + 2G^a + lEafi, (8) 



or 



[a' + 2a ^^^j-^n +J/3» + 2jp + g. 



Completing the square in the first term, and multiplying by 
A^ we get 

Ua + -Hj3 + ©)»+ {AB-JBP)fi' + liAF-- OE)(i + (-4(7- GP). 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is neces- 
sary that the quadratic 

{AB - Jr')/3" + 2{AF - OE)li + AO-CP 

should be positive for all values of /3 : hence we must have 

A£ - H^ > o, (9) 

and [AJB - H'){AG - (?) > {AF- GH)\ 

or A{ABC + 2FGH ^ AF' - BCP - CH') > o, (10) 

Le. A and A must have the same sign, A denoting the c^is- 
eriminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that Xof ffof <o shoidd correspond to a real maximum or mini- 
mum value of the function u. 

When these conditions are fulfilled, if the sign of A be 
positive, the function in (8) is also positive, and the solution 
IS a minimum ; if ^ be negative, the solution is a maximum. 

163. IHaxiina and Minima for any number of 
Variables. — The preceding theory admits of easy extension 
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to functions of any number of independent variables. Thu 
values which give maxima and minima in that case are go4 
by equating to zero the partial derived functions for eaoli 
variable separately, and the quadratic function in the ex> 
pansion must preserve the same sigu for all values ; i.e. ii 
must be equivalent to a number of squares, multiplied by 
constant coefficients, having each the same sign. 

The number of independent conditions to be fulfilled in th.€ 
case of n independent variables is simply n - i , and not 2** — i , 
as stated by some writers on the Differential Calculus. A. 
simple and general investigation of these conditions will be 
given in a note at the end of the Book. 

164. To investigate the Haxlmuin or BUninaiUB 
¥alue of the fixpresslon 

flir* + Jy* + (J2* + 2Aajy + zgzx + 2/i/% + 2px + 2jfy + 2r» + d. 

Let u denote the function in question, then for its maxi- 
mum or minimum value we have 



2{ax -^hy -¥ g% +jp) - o, 



du 
dx 

^ = 2(to + Jy+^ + j)-o, 



du 
dz 



= 2(gra?+/y + e» + r)-o; 



hence, adopting the method of Art. 158, we get 

u^px + qy-^rs-^-dm 

Eliminating a?, ^, z between these four equations, we obtain 

a h g p 



h b f q 
9 f <^ r 
p q r d 



= u 



a h g 

h b f 

g f 



Agam, smce — = 2a, — = 26, &c., 
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Bie result is neither a maximum nor a minimum unless 



h b 



is positive, and 



a h 


9 


h b 


f 


9 f 


e 



has the same sign as a. 



The student who is acquainted with the theory of surfaces 
of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

165. To find a point sncli that the sum of tiie 
•qoares of its distances froni n given points shall be 
a Minimam. — ^Let (a, J, c), (</, J', c'), &c., be the co-ordi- 
nates of the given points referred to rectangular axes ; a^ y^ %, 
the co-ordinates of the required point ; then 

(a?-a)*+(y-J)*+(«-c)« 

is equal to the square of the distance between the points 
(a, 6, c), and (a?, y, »). 
Hence 

u = (a- - a)» + (y - by + («-(?)» + (aj-nTy + (y - JO' + (» "^r 
+ &o. = S(a? - ay + S(y - by + S(» - c)% 

where the summation is extended to each of the n points. 
For the maxiTnum or minimum value, we have 

•T- = 2S(« - a) = 2nx - 2Sa « o, 
dx ^ ^ 

-=- = 2S(y - J) « 2ny - 2SJ » o, 

•T- = 2S'« - c) = 2n« - 2S(J = o; 

2a 22) 2c 

« w n 

i.e. ^ yo» So are the co-ordinates of the centre of mean posi- 
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tion of the giyen points. This is an extension of the resa 
established in Art. 157. 

. . d^u d^u cPu d*u o 

Again _ = 2n,-«2n,^ = 2n,— -o,&o. 

The expressions (10) and (11) are both positive in this case 
and hence the solution is a Tni T iimum. 

It may be observed with reference to examples of maximi 
and minima, that in most cases the circumstances of the prob 
lem indicate whether the solution is a maximum, a minimum 
or neither, and accordingly enable us to dispense with th< 
labour of investigating Lagrange's conditions. 
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Examples. 
Find the Tnaximiim and minimum yalues, if any such ezift, of 

ax+ by + c e ± \ /a ' + d« -I- g' 

»* + y' + I 1 



„ ± v^a* + 6« + 



\/«» + y« + r 

(a). :p = o, y s o, a maximum. 
(/3). XMsym ^-, a minimum* 

(y). « rs - y =s J. Jl-s, a minimum. 

« s y = s a o, neither a maximum nor a minimum. 



5. If « ss M^yS . jT*^ ~ afiy^^ proTB that s a -, y s - makes u a maximum. 

6. Prore that the ralue of the minimum found in Art. 16 c is the -th part of 

ft 

the sum of the squares of the mutual distances between the n points, taken two 
and two. 

7. Find the maximum yalue of 



S. Find the yalues of x and y for which the expression 

(«i« + 3iy + eiY + («a» + % + <Ja)» + . . . + (<?»« + iny + «*)' 

blames a minimwin- 
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OHAPTEE XI. 

METHOD OP UNDETERMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLIJIT 
FUNCTIONS. 

1 66. IHetliod of Undetermined Mnltipllers. — In many 
cases of maxima and minima the variables which enter into 
the function are not independent of one another, but are con- 
nected by certain equations of condition. 

The most convenient process to adopt in such cases is 
what is styled the method of undetermined* multipKers. We 
shall illustrate this process by considering the case of a func- 
tion of four variables which are connected by two equations 
of condition. 

Thus, let u « ij>{xij Xz, Xz, Xijy 

where Xi^ x%^ ^s, x^ are connected by the equations 

-Pl(«l, OHj Xzy iPi) = O, Fi{Xif Xty XtyXi)'^0. (i) 

The condition for a maximum or a mininium value of u 
evidently requires the equation 

•^ dxi ■{■ -J- dx% ■\- -p- dxz '\- -y- dxi '^ o. 
aX\ ax% axz aXi 

Moreover, the differentials are also connected by the rela'^ 
tions 

dFi dFi dFi , dFi , 

-3— e&i + -^- dxf\--r- dxz + -J— dXi « O^ 

dXi 0X2 dXi aXi 

dFr ^ dF2 ^ dFz ^ dFt ^ 

-J- dxi+-y- dx%+T- dxs'\- -3— dXi « o. 

dxi dx2 dxz dXi 

Multiplying the first of the two latter equations by the arbitrary 



* This moUiod is also due to Lagrange. See Mee, Anal., tome x., p. 74. 
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quantity Ai, the other by X2, and adding their sum to the pre- 
ceding equation, we get 

\aa?i aa?i dxij \dx% dx% dx%J 

fdi^ ^ dFi , dF^ ^ fd(b . dFi . dFA ^ 
\a(2^ oa^ dxtj \dx^ dxi dxij 

As Xiy As are completely at our disposal, we may suppose 
them determined so as to make the coefficients of (hi and dx2 
vanish. Then we shall have 

Again, since we may regard o^s, ^4 as independent variablesy 
and 2^1, d^a as dependent on them in consequence of the equa- 
tions (i), it follows that the coefficients of dx^ and dxi in the 
last equation must be separately zero, for a maximum or a 
minimnTn ; consequently, we must have 

d<p . dFi ^ dFt 
dxz ' ^ diCz ' (&s * 

d6 . dFi . dFi 
ckPi aXi aXi 

These, along with equations (i) and 

d<b ^ dFi ^ dF% 
axi cuci axi 

d6 ^ dFi ^ dFi 
^+ Ai;t- + Aa — =0, 
dx% dXi dXi 

ftre theoretically sufficient to determine the six unknown 
quantities, Xi^ a^, Xzy ^4, Ai, Aa ; and thus to furnish a solution 
of the problem in general. 

This method is especially applicable when the functions 
^1, Fzy &c., are homogeneous ; for if we multiply the preceding 
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differential equations by Xiy x^^ x^, Xi, respeotively, and ad( 
we oan often find the result with facility by aid of Euler'« 
Theorem of Art. 103. 

There is no difficulty in extending the method of undeter^ 
mined multipliers to a function of n variables^ x^ a?2, ^y . • J 
Xny the variables being connected by m equations of condition.| 

-F, = o, JPa = o, Ji = o, . . . -P«» = o, 

m being less than n ; for if we differentiate as before, an( 
multiply the differentials of the equations of condition by th< 
arbitrary multipliers, Ai, Xi, . . . \m respectively; by the sam< 
method of reasoning as that given above, we ^all have the n 
following equations, 

d<p ^ dFi ^ dFm 

dxi dxi dxi 

dip dFi . dFn, _ 

1Z ^ ^^ IZ" + • • • + ^» "j" o> 
Qac% ax% 0X2 



dip dFi ^ dFm _ 

— 1 Ai -z — + • • • + Am —J — O. 

dXn dXn dXn 



These, combined with the m equations of condition, are 
theoretically sufficient for the determination of the m -¥ n 
unknown quantities 

a?!, d^, . • • Xny Ai, Aj, • • • Aim* 



EZAVPLBS. 

I. To find the triangle of maximum area inscribed in a given circle. 
Let S, denote the radius of the oirde, A^ £, C, the angles of an inscribed 
triangle, u its area ; then 

u = —T = ai23 sin ^ sin ^ sin 0. 

Also, 2£ + 5+ (7= 180°; .•. rf-4 + <iB+rf(7«o; 

and, taking logarithmic differentials, we get 

cot AdA + cot BdB + cot CdO- o, 
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^oonsequently 

tan A = tan B — tan C\ hence At*B^ (7s 60*; 

therefore the triangle is eqnilateraL 

Find a point such that the sum of the squares of the perpendioulars 
from it to the sides of a given triangle shall oe a minimum. 

X, y, B denote the perpendiculars : a^h^c the sides of the triangle ; then 

tf»«'+y' + c'i8t0hea wiinimnm ; 

99 -¥ hy -\' es ^ double the area of a triangle » 2A (suppose) ; 
• *. xdx + ydy -i- «b = o, adx + hdy + ^ a o , 

Is =s xa, y s x5, 2 = \0 : multiplying these equations by 0, h, c, zespectiTeiy* 
adding, we obtain 



lAa lAb 2Ae 



* !» + «» + «»• ^"a* +*» + «»• '"«» + 4« + ««' 



determine the position of the point. The minimum sum is obyiously 

4A« 
a» + *« + <^' 

3. Similarly, to find a point such that the sum of the squares of its distances 
^m four giyen planes flball be a minimum. Suppose A^ £, C, Dto represent 
the areas of the faces of the tetrahedron formed by the four planes ; x, y, s, w, 
the perpendiculars on these fiEtres respeotiyely ; then, as in the preceding 
example, we have 

F+ £y+Cz + Du) s three times the Tolume of the tetrahedron a 3 F (suppose), 
« = d;S -f y' + s* + irs, a minimum; 
.*. xdx + ydy + nit + wdw = o, 
Adx + Bdy + C7!e& + Ddw = 0; 
heoee x=a\A,y^\B,tss\C,io=i\D; 

and proceeding as before, we get f#= ^a ^ j« ^ g2 + j a* 

4. To proye that of all rectangular parallelepipeds of the same yolume the cube 
has the least surface. 

Let X, y, » represent the lengths of the edges of the parallelepiped ; then, if 
A denote ^e giyen yolume, we have 

xy% — A, and d;y + jbs + ys a minimum $ 
.*. ytdx + xady + xydz = o, 

(y + «) <to + (« + «) liy + (« + y) <&« o ; 
hence ys » X (y + 2), d» = X (j; + 2), a^ = A. (« + y> : 

from which it appears immediately that » = y^9. 
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167. To find the Maximam and lliniioani' 
Walnes of 

or* + Jy* + c«" + 2hxy + 2gzx + 2/pZj 

where the yariables ore oonneoted by the equations 

Lx + Mp + iVi = o, and a?* + ^ + »• = i. 

In this case we get the following equations : 

ax-vhy -^ gz-\- \iL + Xaa? = o, 

hx-k-by -vjk + XiJf + X^y = o, 

gx+Jy •\-ez-\- XiJV + Xa» = o. 

Multiply the first by x^ the second by y, the third by s, and 
add; then 

u + Xt - o, or Xt ■ - I*. 



Hence 



{a- u) X + hy + gz -{• \iL « o, 
hx + (b-u) y +Jz + XiJf = o, 
fl^« +^ + (c - tt) « + XiiV = o, 



Za? + My + i\r» 



o: 



eliminating x^ y, 2 and Xi, we get the determinant equation 



A, J - tt, /> -3f 

X, -¥, iv; o 



o. 



(*) 



The roots of this quadratic determine the maximum and 
minimum values of u. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on a surface whose equa- 
tion is given in rectangular co-ordinates. 



Application to Surfaces. 
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Again, the term independent of u in this determinant is 
3Tidently 

Ai Qf L 



a. 



A, 


4 


/, 


M 


9, 


/, 


e, 


N 


L, 


M, 


N, 






and the coefficient of u^ is i' + If * + N*. Accordingly, the 
product of the roots of the quadratic (2) is equal to the frac- 
tion whose numerator is the latter determinant, and denomi- 
nator i* + Jf + iV*. From this can be immediately deduced 
an expression for the measure 0/ curvature* at any point on a 
Burface. 



• Salmon'a Geometry of Three Dimefuiont, Art. 295, 
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EXAMPLSe. 

I. Find the minimufn value of ^ 
where »\, rt, . , , Xn are subject to the condition 

« 
1. Find the maximum value of 

where the Tariables are subject to the condition 



j^ 



aj + aj. ..+aj' 



-• mm- 



3. If tan - tan - = m, find when fIt P - ♦» sin d> is a maximum. 
•'22 ^ 

4. Find the maximum value of (4; + i) (y + 1) (c + i) where a* ^v c* = ^. 



-4««. ^ 



27 log a . log ^ . log « 

5. Find the volume of the greatest rectangular parallelepiped inscribed iu 
the ellipsoid whose equation is 

a?2 y« «• ^ Zabc 

6. Find the maximum or the minimum values of «, being given that 

u = aV + *V + <^^'i «* + y' + n^ = I, and & + wy -I- n« = o. 
Proceeding by the method of Art. 1 67, we get 

a*af + A« + /li/ Si o, b'^y + Ay + /urn = o, «*« 4- a« + ^ = o. 
Again, multiplying by x^ y, e, respectively, and adding, we get A. s . u. 

.*. (« - a') a; = /u/, (« - i«) y = ^cm, (» - c*) « = /un. 
Hence, the required values of u are the roots of the quadratic 

I* m* «» 

• + Tj ^ :; «■ **• 
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7. Giren -= + t; + -3 ■ i, and to + my + «• = o, find when »• + y* + «• ia ■ 
maximum or minimum. Proceeding, as in the last example, we get the quadratic 

a«/« *«m« c^ffi • 
+ 7S + :: = o. 



» - «• I* - *' « - 

This question can be at onoe reduced to the last by substituting in our equations 
9*, iff, and at^ instead of «, y, s. 

S. Of all triangular pyramids haying a giyen triangle for base, and a giyen 
nltitttde aboye that base, find that whose smiace is least. 

Afu. Value of minimum surface is \/r* + i?', where a, 5, c repre- 
sent the sides of the triangular base ; r, the radius of its inscribed circle ; and p, 
the giyen altitude. 

So. Biyide the quadrant of a circle into three parts, such that the sum of the 
roducts of the sines of eyery two shall be a mftTimnni or a minimum ; and 
etermine which it is. 

10. Of all polygons of a giyen number of sides circumscribed to a circle, the 
regular polygon is of minimum area? For, let 0i, 02, . . . ^n be the external 
angles of the polygon, then the area can be easily seen to be in general 

r» ^tan^ + tan^ + ... + taii^V 

▼beie ^ + ^ • • • + ^ = 2v« 

Hence, for a minimum, ^i » ^ = ^ *=,..= ^^ 

11. Of all polygons of a ^yen number of sides circumscribed to any closed 
oval curye which has no smgular points, that which has the minimum area 
touches the curye at the middle point of each of the sides. 

12. Giyen the ratio sin ^ : sin if^, and the angle 0, find when the ratio 
^ (^ + 0) : sin (i// + 9) is a maximum or a minimum. Am, ^ + 4^ =" ^* 

13. Required the dimensions of an open cylindrical yesselof giyen capacity, 
BO tfaftt the smallest possible quantity of material shall be employed in its con- 
struction, the thickness of the base and sides being giyen. 

Am. Its altitude must be equid to the radius of its base. 

14. Show how to determine the maximum and TniniTmim yalues of ap'+y^+s' 
mbjeot to the conditions 

(«» + y' + «»)« = a^x^ + ««y* + A«, 

to -)- my + ne = o. 
P 2 



n 
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OHAPTEE Xn. 



TANGENTS AND NORMALS TO CUEVES. 



i68. Equation of the Tangent. — If {xj y), {xi, y^y be fJie 
co-ordinates of any two points, P, Q, taken on a curve, and 
if (X, T) be any point on the y 
line which joins P and Q ; then 
the equation of the line PQ is 



Y-y^{X-x) 



Xi ^ X 




Fig. 8. 



in which X and T^ represent the ^ 
current co-ordinates. 

If now the point Q be taken infinitely near to P, the line 
PQ becomes the tangent at the point P, and, as in Art. lo, 
we have for its equation 



r-,.(x-.)|. 



(0 



where X, Y are the co-ordinates of any point on the line, 
and Xy y those of its point of contact. 

For example, to find the equation of the tangent to the 
curve 

af^y^ = a****". 
Taking the logarithmic differentials of both sides, we get 

n mc^ . . ^y _ ^y 

X y dx" * " dx" ma? 
and the equation of the tangent becomes 

nX mY 

— + = «» + «. 

X y 
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If we make X- o, and F= o, separately, we get y 

md a? for the lengths of the intercepts made hy the 

tangent on the axes of x and y, respectively. This result 
farnishes an easy geometrical method of drawing the tangent 
at any point on a curve of this class. 

If m » I, n » I9 the preceding equation represents a 
hyperbola ; ilm^ 2y and n = ~ i, it represents a parabola. 

169. If the equation of the curve be of the form 
f(Xf y) = o, and if /(a?, y) be denoted by «, we have from 
Art. 100, 

du 

dx du* 
dy 

and hence the equation of the tangent becomes 

The points on the curve at which the tangents are 

parallel to the axis of x must satisfy the equation -- = o ; 

dx 

they are accordingly given by the intersection of the curve, 

du 

<* * o, with the curve whose equation is — = o. The y co- 

ordinates at such points are evidently in general either 
maxima or minima. 

Similar remarks apply to the points at which the tangents 
we parallel to the axis of y. 

^ To find the tangents parallel to the line y = wa? + «. The 
points of contact must evidently satisfy 

du du 
'-r-\-ni-r =0. 
dx dy 

The points of iutersectiou of the curve represented by 
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this equation with the given ourve are the points of oontaGt 
of the Bystem of parallel tangents in question. 

The results in this and the preceding Article eyidently 
apply to oblique as well as to rectangular axes. 



Examples. 



I. To find the equation of the tangent to the ellipie 

du 2x du 2y 



and the required equation is 



J(X-*) + ^(r-y) = o, 



xX yY 9? ^ 

or ~T + •71" °* "« *• t; *" I. 

a' 0^ a' IT 

2. Find the equation of the tangent at any point on the ourye 

"r; + T^ " I. JJM, — — + , ■ as I, 

3. If two curves, whose equations are denoted by u «= o, f/ = o, interseot is 
a point (jT, y\ and if » be their angle of intersection, prove that 

dvi dt/ dt/ du 

dudtf dudtf 
dx dx dy dy 

4. Hence, if the curves intersect at right angleSi we must have 

du dt/ du dvf 
dx dx dydy 

5. Apply this to find the condition that the curves 

should intersect at ri^ht angles. ^ft#. <»> - ^s «» a'> -^ ^'^ 



Equation of Normal. 
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170. Equation of Itforinal. — Since the normal at any 
point on a ourve is perpendionlar to the tangent, its equation, 
when tlie oo-ordinate axes are rectangular, is 



or 






(3) 



The points at which normalB are parallel to the line 
y » mx + n are given by aid of the equation of the curve u^o 
along with the equation 

du df$ 
— « m— . 
dy a# 



Examples. 
I. Find the equation of the normal at any point {s^ y) on the eUipee 

A »A 



9* y" 

— ' -I- ~ s I 



Ant, ! 

X y 



a«-«». 



3. Find the equation of the noimal at any point on the curve 

y^ = ax». Ant. nTy -^ mXx St n^ i^ m^, 

171. ftfabtanf^eiit and Sabiiorinal. — ^In the accom- 
panying figure, let PT repre- y 
sent the tangent at the point P, 
PiV the normal; OJf, PJIf the 
co-ordinates at P; then the 
lines TM and MN are called 
the subtangent and subnormal o' 
corresponding to the point P. Fig. 9. 

To find the expressions for their lengths, let ^ » Z PTM^ 




then 



FM 
TM 



dy 






MN . dy T^„ dy 



PM 



(&' 
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The lengths of PT and PN are sometinies called the 
lengths of the tangent and the normal at P: it is easilj 
seen that 



■4^(1)' 



'J^' 



PiV^=vJi + 1^1. PT 

dy 

dx 



Examples. 

1. To find the length of the subnormal in the ellipse 

Here J'Si — S?*' 

the negative sign signifies that 1£N is measured from M in the negative 
direction along the axis of Xy i.e. the point N lies between M and the centre ; 
as is also evident from the shape of the curve. 

2. Prove that the subtangent in the logarithmic curve, y s a', is of constant 
length. 

3. Prove that the subnormal in the parabola, y^ = imd?, is equal to m. 

4. Find the length of the part of the normal to the catenary 






intercepted by the axis of z. Am.—. 

5. Find at what point the subtangent to the curve whose equation is 

ajy* = tfS (a - x) 

is a maximum. Ans. « a -, y s a. 

2 

172. Perpendicular on Tangent. — Let p be the length 
of the perpendicular from the origin on the tangent at anj 
point on the curve 

F{x, y) = e. 
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iihen the equation of the tangent may be written 

X 008 (u + T' sin a> »^i 

where in is the angle whioh the perpendicular makes with 
the axis of x. 

Denoting F{xj y) by ti, and comparing this form of the 
equation with that in (2), and representing the common value 
Df the fraction by \ 

du du du du 
, dx dy dx dy ^ 

00s (u sin ci> p 

du du 
and «--!±I!^ 






(4) 



Cor. If F{x^ y) be a homogeneous expression of the n'* 
degree in x andy, then by Euler's formula, Art. 102, we have 

du du 

and the expression for the length of the perpendicular 
becomes in this case 

nc 



173. In the curve 



of* tJ^ 
^ prove that 

w ffi m 

f^^ =* (a cos <i>)"^* + (6 sin w)*^'. (5) 
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By Ex. 2, Art. 169, the equation of the tangent is 

comparing this with the form 

X 00s 01+ Fsinctfap, 
00s cu aj**"* sinw y^' 



H 



we get 



or 



p a^* p 6* * 



/a cos wX'*"*^ i» /6 sin w\**"*^ y 



Hence, substituting in the equation of the curve, we obtainj 
the result required. 

174. liocns of Foot of Perpendicnlar for the sam^ 
Curre. — Let X, Fbe the co-ordinates of the point in ques-i 

X . T 

tion, and we have, evidently, cos w « — , sin w = — : substi-j 

tuting these values for cos w and sin o) in (5), it becomes 



fl»->i 



(X»+ r»)-^^=(flX)«-*4 (6F) 

since j9' = X* + F*. 

175. Another Form of the Eqaatloii to a Tan* 
gent. — If the equation of a curve of the n** degree be 
written in the form 

0(aj, y) = t*„ + w„.i + t#«^ + . . . f 11, + 1*1 + 1*0 = o, 

where Un denotes the homogeneous part of the n^* degree in 
the equation, w«.i that of the (n - i)**, Ac; then, by Oor. 
Art. 103, we have 
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Benoe the equation of the tangent in Art. 169 becomes 

X^ + F ^ + i*«-i + 2Unr^ + . . . + nwo = o ; (6) 

ax ay 

lui equation of the (n - i)^* degree in x and y. 

176. mruiiiber of Tangenti fironi an ISxtemal 
IPolnt. — To find the number of tangents which can be 
drawn to a curve of the n** degree from a point (a, /3), we sub- 
ititute a for X, and )3 for Fin (6), and it becomes 

o^ + ^-^ + Un^i + 2U^ -f • . . + «Wo = o. (7) 

This represents a curve of the (n - i)'* degree in x and y, 
and the points of its intersection with the given curve are the 
points of contact of all the tangents which can be drawn 
from the point (a, /3) to the curve. Moreover, as two curves 
^of the degrees n and n - i intersect in general in n (n - i) 
points, real or imaginary (Salmon's Conic Sections f Art. 238), 
pit follows that there can in general be n(n - i) real or 
imaginary tangents drawn from an external point to a curve 
of the n'* degree. 

If the curve be of the second degree, equation (7) be- 
comes 

«3^+/3:r + «*! + 2Mo»o, 
ax ^ ay 

an equation of the first degree, which evidently represents 
the polar of (a, j3) with respect to the conic. 
In the curve of the third degree 

equation (7) becomes 

j dx ^ ay 

which represents a conic that passes through the points of 
contact of the tangents to the curve from the point (a, j3). 

This conic is called the polar conic of the point. For the 
origin it becomes 

«» + 2«i + 3i#g = o. 



*■ 
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177. UTamber of UTormaii whieh pass throu^li m 
Given Point. — If a normal pass through the point (a, /3)| i 
we must have from (3), 

(«-a.)^=(^-y)^. 

This represents a curve of the «** degree, which intersects the 
given curve in general in n' points, real or imaginary, the 
normals at which all pass through the point (a, /3). 
For example, the points on the ellipse 

^ ■*■ P "" '• 

at which the normals pass through a given point (a, /3), 
are determined by the intersection of tibe ellipse with the 
hyperbola 

xy{a^ - V) = a^ay - b^fix. 

For the modification in the results of this and flie pre« 
ceding article arising from the existence of singular pointe on 
the curve, the student is referred to Salmon's Higher Plane 
GurveSj Arts. 66, 67, iii. 

178. Differential of the Are of a Plane CiirTe. 
Direction of the Tangent. — ^If the length of the arc of a 
curve, measured from a fixed point A on it, be denoted by «, 
then an infinitely small portion of it is represented by ds. 
Again, if <(/ represent the angle QPL (fig. 8), we have 

cos = -p^, and sm0 = -^^i 

but in the limit, PL = dx^ QL = di/^ and PQ « ds* and also 
<j/ becomes PTX, or (fig. 9). 



* In Art. 37 it has been proved that the difference between the length of an 

infinitely small aro and its chord is an infinitely small quantity of the aecond 

arc PQ - FQ 
order in comparison with the length of the chord; i.e. — is infinitely 

small of the second order, and therefore this fraction vanishes in the limit 
Hence tTy) ~ '» ultimately. 



Hence 



inferential of the Arc of a Curve. 



dx . dy 

cos A = 3-, sin = -r- ; 
^ efe' ^ da 
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(8) 



loaring and adding, we get 

am- '■ 

Hence, also, we have 

d^ ^dd? ^ dy^. 



(9) 



nd therefore 



tk 



J 






(10) 



On aoconnt of the importance of these results, we shall 
:ive another proof, as follows : — 

Let, as before, FR be the tangent to the curve at the 
toint P, 

OM^x, PM=y, 

K:ZV=Pi=Aa?, QL^^Ay. 

lPrX=0, arcPQ= A«, 

.^hen, if the curvature of 
be elementary portion PQ 
f the curve be continuous, 
^e have evidently the line 

PQ<axoFQ<PIt+QR; 6 r M n 

Fig. 10. 

►r x/ax* + Ay* < A8< Ax sec (ft + Ay - Ax tan ^ ; 




.*. Ji-tf--^) <--^ <secd» + --^--tan0. 
N \AxJ Ax ^ Ax ^ 



Again, in the limit -^ = -f = tan 0, and Ji +( — 

Ax dx ^' \ \AXj 
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becomes ji + f -^) or sec^ j accordingly each of the pre*' 

ceding expressions converges to the same limiting yalue, and 

ds I /di/\* 
we have -r- = ^/i +1 -r^ I ; which establishes the required' 
dx V \dxj ' ^ 

result. 

179. Polar Co-ordinates. — The position of anj point 
in a plane is determined when its distance from a fixed point 
called a pole^ and the angle which that distance makes with a 
fixed line, are known ; these are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0. 
The fixed line is called the prime vector^ and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the forms, 

r =/(»), or J'Cr, e) - o, 

according as r is given explicitly or implicitly in terms of fl. 
Also, if 9 be positive when measured above the prime vector, 
it must be regarded as negative when measured below it. 

180. Angle between Tangent and Radius Teetor. 

Let be the pole, P and Q two near 
points on the curve, PifcT a perpendicular 
on OQ, OP = r, POX = I?, and 1// the 
angle between the tangent and radius 
vector. Then 

tan OQP = J^, sin OQP = ^^ 



QM' 



PQ' 



cos OQP = 



QM 
QP' 



but in the limit when 




Q and P coincide, the angle OQP 
becomes equal to \p, and* 

QM dr PM rdO , ,^ 

, at the same tmie; 



Fig. II. 



PQ 



or 



d» 
dr 



PQ 



ooayp^-T-, nm\p = 



ds 

rdO 
ds' 



tani/i = 



rM 
dr' 



(") 



* These restilts can be easily established from Art. 37. 



Uso, 



Polar Subtangmt and Subnormal. 

(•f)\(±)'... 

\d8 J \d8j 
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(12) 



Hence, also, we can determine an expression for the 
liiferential of an arc in polar co-ordinates; for, since 



PQ» 



I + 



PJP 



ire get, on proceeding to the limit, 

d8 \ 7d¥ 



or 



dr^ 4 



I + 



I + —r-^dr. 



dr 



,1 



(13) 



These results are of importance in the general theory of 
curves. 

181. Application to tbe ItfOgarithmlc Spiral. — 

The curve whose equation is r = a* is called the logarithmic 
spiral. In this curve we have 

, . rdd I 

tan u/ •: — 7- = Tj • 

ar log a 

Accordingly, the angle between the radius vector and the 
tangent is constant. On account of this property the curve 
is also called the equiangular spiral, 

182. Polar Subtangent and Subnormal. — Through 
the origin let 8T be drawn perpendi- g 
cular to OP, meeting the tangent in T, 
and the normal in S. The lines OT and 
08 are called the polar subtangent and 
subnormal, for the point P. To find 
their values, we have 

0T« OP teji OPT =rta.n^p^-^. 

(tr 

OS^OPim. OPS - r cot V- = ^- "^■ 



Also, if 



r 



dff 



du 
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Again, if ON^io dzawn peipendicxdar to FT, we liavo 

PJV- OP 008^ -r J. (I 

183. Expression for Perpendienlar •■ Tanceat.- 

As before, let^ « ON, then 

. , t»d(i 
p^remtp--^; 






or 



I , /duY , . 



The equations in polar co-ordinates of the tangent and 
the normal at any point on a curve can be found without 
difficulty : they have, however, been omitted here, as they 
are of little or no practical advantage. 



Examples. 

I. To find the length of the perpendicular from a focus on the tangent to an 
ellipse. 

The focal equation of the curve is 

afi-tf*) i~tfco8 

r = — ^ -. orii= 



hence 



I -ecoafl a(i -««) 

du € sin 9 ^ 

5S ^ a(i -"7) • 



I I -I- g» - 2g cos g _ I /aa \ 

2. Provef that the polar suhnonnal is constant, in the curve r9^a%\ and th« 
Dolar suhtangent, in the cutva rA &= a. 
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184. SBYerse Cvtycs. — ^If on any radius yector OP, 
drawn from a fixed origin 0, a point P^ be taken such that 
the rectangle OP . OP is oonstant, the point P" is called the 
inyerse of the point P ; and if P describe any curve, P' 
describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained inunediatelj 

from that of the original curve by 

Jk' . 
substituting — instead of r in its 

equation ; where ^ is equal to the 
oonstant OP . OP". 

Again, let P, Q be two points, 
and P", Of the inverse points ; then 
since OP . OP" = OQ . OQf, the 
four points P, Q9 Off P'> li© on a 
circle, and hence the triangles 
OQP and OP'Qf are equiangular ; ^- '3- 

. JPQ ^OP OP. O Q ^ OP. OQ 
''' rOf OQf'OQ.OQf A» • ^'^^ 

Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curve and of its 
inverse by ds and dsy the preceding result becomes 

A=^tfe'. (18) 

185. Blreetioii of the Tangent to an Inirerse 
Carre. — Let the points P, Q belong to one curve, and P', Qf 
to its inverse ; then when P and Q coincide, the lines PQ^ 
PQ become the tangents at the inverse points P and P' : 
again, since the angle iSPP = the angle /SQ'Q, it follows that 
the tangents at P and P form an isosceles triangle with the 
hne PP". 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
two curves intersect at any angle^ their inverse curves intersect at 
the same angle. 

Q 
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1 86. £qaation to the Inirerse of a Glren Carre. — 

Suppose the curve referred to rectangular axes drawn through 
the pole 0, and that x and y are the co-ordinates of a point P 
on the curve, X and Y those of the inverse point P' ; then 

^^2L^ Q-P' 0^ ^ ^' .-111- ^ . 

^ "~ Qp^ " OP^^ ~ i* + Y^ ' similarly ^ " ^% ^ jr2 > 
hence the equation of the inverse is got by substituting 

and ^ 



iT* + y* a?* + y" 

mstead of x and y in the equation of the original curve 

Again, let the equation of the original curve, as in Art. 
174, be 

When -; r and . - are substituted for a? and y, f/» 

a;* + 2^* a?* + y* 

becomes evidently 7-; T^::^^ 

Accordingly, the equation of the inverse curve is 
^"Wn + A'^^-'^Wn.i {x" + y*) + F~-*i/^2 (a;* + y»)» + . . . " 

+ Wo(a;* + y^Y = o- (^9) 

For instance, the equation of any right line is of the form 

t*i + t*o = o ; 
hence that of its inverse with respect to the origin is 

Fwi + Wq (a;* + y^) = o. 

This represents a circle passing through the pole, as is 
well known, except when % - o\ i.e. when the line passes 
through the pole 0, 

Again, the equation of the inverse of the circle 

a?^ + y' 4 «/i -t- Uf^ = o, 

with respect to the origin, is 

(Aj* + ¥ux + u^{x' + f)) {a? + y^) « o, 

which represents another circle, along with the two imaginary 
right lines a?* + y* = o. 
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Again, the general equation of a conio is of the form 

th + Ui ■*■ Uo- o; , 

henoe that of its inverse with respect to the origin is 

k*U2 + Jc^Ui {q^ + y') + Wo («* + y^y '^ o, 

which represents a curve of the fourth degree of the class 
called " bicircular quartics." 

If the origin be on the conic the absolute term t/o vanishes, 
and the inverse is the curve of the third degree represented 
by 

This curve is called a " circular cubic." 

If the focus be the origin of inversion, the inverse is a 
curve called the Lima§on of Pascal. The form of this curve 
will be given in a subsequent Chapter. 

187. Pedal Curves. — If from any point as origin a per- 
pendicular be drawn to the tangent to a given curve, the locus 
of the foot of the perpendicular is called the jo^fl?«^ of the curve 
with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedal 
of the original, and so on. With respect to its pedal, the 
original curve is styled the first negative pedal, &c. 

188. Tangent at any Point to the Pedal of a 
ClTen Curve.— Let ON, ON' 
be the perpendiculars from the 
origin on the tangents drawn 
at two points P and Q on the 
given curve, and T the intersec- 
tion of these tangents ; join NN'\ B; 
then since the angles ONT and 

; ON'T are right angles, the qua- 
drilateral ONN'T is inscribable 
in a circle, 

.-. lON'N^lOTN. 

In the limit when P and Q coincide, L OTN = L OPN, 
and NN' becomes the tangent to the locus of N; hence the 

Q 2 
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latter tangent makes the same angle with ON that the 
tangent at P makes with OP. This property enables ufi 
to draw the tangent at any point N on the pedal loons in 
question. 

Again, if j9^ represent the perpendicular on the tangent at 
N to the first pedal, from similar triangles we evidently have 

Hence, if the equation of a curve be given in the form 

r -f(p)j that of its first pedal is of the form ^ ~f{p)i in 

■* 
which p and p' are respectively analogous to r and p in the 

original curve. In like manner the equation of the next 

pedal can be determined, and so on. 

189. Reelproeal Polars. — If on the perpendicular OiV 
a point P' be taken, such that OP^. ON is constant (i* sup- 
pose), the point P' is evidently the pole of the line PN with 
respect to the circle of radius k and centre ; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. We shall denote these curves by the letters A 
and J5, respectively. Again, by elementary geometry, the 
point ^f intersection of any two lines is the pole of the line 
joining the poles of the lines.* Now, if the lines betaken as 
two infinitely near tangents to the curve -4, the line joining 
their poles becomes a tangent to B ; accordingly, the tangent 
to the curve B has its pole on the curve A. Hence A is the 
locus of the poles of the tangents to B. 

In consequence of this reciprocal relation, the curves A and 
B are called reciprocal polars of each other with respect to the 
circle whose radius is k. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar to any curve 
is the inverse to its pedal with respect to the origin. 

We have seen in Art. 1 76. that the greatest number of tan- 
gents from a point to a curve of the w'* degree is n (» - i) ; 

• Town6end*3 Modem Oeometrt/j vol. i., p. 219. 
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hence the greatest number of points in whicli its reciprocal 
polar can be out by a line is n{n - i), or the degree of the 
reciprocal polar is n{n- i). For the modification in this 
residt, arising from singular points in the original curve, as 
well as for the complete discussion of reciprocal polars, the 
student is referred to Salmon's Higher Plane Curves. 

As an example of reciprocal polars we shall take the curve 
considered in Art. 173. 

If r denote the radius vector of the reciprocal polar cor- 
responding to the perpendicular j9 in the proposed curve, we 
have 

/) = —. 

r 

Substituting this value for j? in equation (5), we get 



(^ 



m m m 

— J = (a cos w) -«- {0 sin w) , 



or *«^i = (flwf)"^^ + (8y)~-S 

which is the equation of the reciprocal polar of the curve re- 
presented by the equation 

a** ft"* 
In the particular case of the ellipse, 

a^^V ^' 
the reciprocal polar has for its equation 

A* = aV + yy». 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section [U) of all the tangents to a given curve 
Ay we shall get a new curve B ; and it can be easily seen, ae 
Wore, that the poles of the tangents to^ are situated on the 
curve A, Hence the curves are said to be reciprocal polan 
with respect to the oonio U. 

It may be added, that if two curves have a common poijo^ . 



^ 
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I 

their reciprocal polars have a common tangent; and if the 
curves touch, their reciprocal polars also touch. 

Por illustrations of the great importance of this" principle 
of duality," aad of reciprocal polars as a method of investi-, 
gation, the student is referred to Salmon's Conies, ch. xv. 

We next proceed to illustrate the preceding by discusfiing 
a few elementary properties of the curves which are comprised 
under the equation r^ = a^ cos mO. 

190. Pedal and Reciprocal Polar of r^ = a"^cos m6,\ 
We shall commence by jfinding the 
angle between the radius vector and 
the perpendicular on the tangent. 

In the accompanying figure we 

have tan PON^ cot OPN j^. 

rad 

Pig. 15. 

But m log r = w log a + log (cos mO) ; 

hence -^-^ = - tan mO, 

raO 

and accordingly, /. PON - mO. (20) 

Again, p = OJV= r cos^O = —^^ 

a 

or r"*"^* = fl"*jp. (21) 

The equation of the pedaly with respect to 0, can be im- 
mediately found. 

For, let lAON = w, and we have 

to ^ (w + i)fl. 

m 




Also, from (21), ("j ^^ • 
Hence, the equation of the pedal is 



^ Vm + I ' 
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Consequently, the equation of the pedal is got by substi- 

tutinff instead of wj in the equation of the curve. 

° m + I ^ 

By a like substitution the equation of the second pedal is 

easily seen to be 



and that of the n** pedal 



m 


m 


cos 


m9 
zm + 




pedal 
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COS 


mB 

mn + 


I 



(23) 

Again, from Art. 1 84, it is plain that the inverse to the 
curve r^ = fl"» cos w0, with respect to a circle of radius a, is 
the curve r^ cos mB = a"*. 

Again, the reciprocal polar of the proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 

JUL fViO -^ 

r^** cos = a^*K (24) 

a 

It may be observed that this equation is got by substitut- 

ing for m in the original equation. 

m + I 

Accordingly we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all curves whose equa- 
tions are of the same form as that of the proposed. 

In a subsequent chapter the student will find an additional 
discussion of this class of curves, along with illustrations of 
their shape for a few particular values of m. 

Examples. 
t. The equation of a parabola referred to its f ooiu as pole ia 

r (i + COS 0) =a la, 
to find the relation between r and p. 

Here H cos - = a\, and consequently p* « •r, 

z 

a well-known elementary property of the curve. 
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3. The equation f* cos 20 s a' represents an equilateral hyperbola; prore 
that pr = a». 

3. The equation f^ = a' cos ^^ represents a Lemniscate of Bernoulli ; find 
the equation connecting p and r in tnis case. Ans, f^ = a^p. 

4. Find the equation connecting the rddius rector and the perpendicular on 
the tangent in the Cardioid whose equation is 

r = d((i + cos B), Am. r* = lop*. 

It is evident that the Cardioid is the inverse of a parabola with respect to 
its focus ; and the Lemniscate that of an equilateral hyperbola with respect to 
its centre. Accordingly, we can easily draw the tangents at any point on either 
of these otures by aid of the Theorem of Art. 185. 

5. Show, by the method of Art. 188, that the pedal of the parabola, p' = at, 
with respect to its focus, is the right line p^a. 

6. Show that the pedal of the equilateral hyperbola ^=a^ is a Lemniscate. 

7. Find the pedal of the circle r* = i«p. Ana. A Cardioid, r* = 2ap\ 

191. Expression for PN» — To find the value of tiie 
intercept between the point of 
contact P and the foot N of 
the perpendicular from the 
origin on the tangent at P. 

Let JO = ON.w^L NOA, 
PN=t; thenLNTN'^LNON" 
= Ac.i,also 8N' = TS sin STIT; 

•'• TS = -r—^rfPTTrff l^^t in tte 
sin N Off 

limit, when PQ is infinitely small, - — ^j^tttw becfomes ^, 

•^ smJvOiv dw 

and T8 becomes PN or t : 




• • 



Also OF* ^ ON* + PIP ; 



••■"■"^il)'- (*» 



192. To proTO thai 



(fcii di$ii' 
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On reference to the last figure we have 

y- = limit of , -y- = limit of ; 

PT+ TQ - QN' + PN^ TN- TN'; 
ice -J = limit of = limit of — = ON=p\ 

dfo do) 

This resnlt, which is due to Legendre, is of importance in 

ie Integral Calculus, in connexion with the rectification of 

res. 

df) 
If ;^ be substituted for ty the preceding formula becomes 

ds d^p , -. 

(U0 ^ dw^ ^ ' 



• • 



d(a 



This shape of the result is of use in connexion with curva- 
tare, as will be seen in a subsequent chapter. 

193. Direction of Hkormal in ITectorial Co-ordi- 
nates. — ^In some cases the equation of a curye can be 
Eressed in terms of the distances from two or inore fixed 
its or foci. Such distances are called vectorial co-ordi- 
M. For instance, if n, r% denote the distances fix)m two 
fixed points, the equation ri + rs » const, represents an ellipse, 
and ri - ra = const,^ a hyperbola. 
Again, the equation 

ri + wr, = const. 

represents a curve called a Cartesian* oval 
Also, the equation 

nrj = const, 

represents an oval of Cassini, and so on. 

The direction of the normal at any point of a curve, in 
such cases, can be readily obtained by a geometrical con- 
Btruotion. 



* A discusflioii ot ttio principal properties of Carteeiaii otoIs will be f ouad 
in Chapter 
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For, let 

F{riy Ti) = const. 
be the equation of the curve, where 

FlP =S Tly FJP « /?, 

ttien we have *'•* 

dFdri dFdr^ ^ 
dti ds dr%ds 

Now, if PTbe the tangent at P, then, by Art. 1 80, we have 
— = COB 1//1, -^ = COS )^2, where ypi = L TPFi^ ^1^^ L TjPP,. 

TT dF , dF , ■ 

Hence — cos ^1 + j- cos rf 2 = o. (29) 

Again, from any point R on the normal draw RL and 
-B Jf respectively parallel to F^P and jRP, and we have 

Pi :LR = sin jRPJf : sin RPL = cost/^, : - cos yfjx 

dF dF 

Accordingly, if we measure on PPi and PF2 lengths 

dF dF 
PL and PJIf, which are in the proportion of — to -7—, then 

ur\ ar^ 

the diagonal of the parallelogram thus formed is the normal 

required. 

This result admits of the following generalization : 
Let the equation of the curve* be represented by 

P(n, ^2, ^3, . • . r,^ = const.y 



* The theorem giyen above is taken from l^oinsot's Elements de Statique^ 
Neuri^me Edition, p. 435. The principle on which it was founded was, how- 
eyer, given by Leibnitz (Journal den Sai>an»y 1693], and was deduced from 
mechanical considerations. The term resultant is borrowed from Mechanics, 
and is obtained by the same construction as that for the resultant of a number 
of forces acting at the same point. Thus, to find the resultant of a number of 
lines Pa, P^, Fe^ Fd, . . . issuing from a point P, we draw through a a right 
line aB, equal and parallel to P3, and in the same direction ; through B, a right 
line BOf equal and parallel to Fe, and so on, whatever be the number of linef ; 
then the line FB, which closes the polygon, is the resultant in question. 
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where ri, r,, . . . r^ denote the distances from n fixed points. 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure oil 
lengths proportional to 

dF dF dF dF ,. , 

then the direction of the normal is the resultant of the lines 
thus determined. 

For, as before, we have 

dFdri dFdr^ dF drn _ 

dri ds dr2 ds * * * drn ds 

TT dF . dF . dF . , , 

Menoe -j— cos \/^i + ^r- cos u^ + . . . ^r- cos ipn = o. (30) 

dri dr% ar^ 

XT dF ^ dF , dF , 

JN OW, -J- cos lf/1, — COS lf/2> . • • T— COS ^„, 

o/Ty ar% drn 

are evidently proportional to the projections on the tangent 
of the segments measured off in our construction. Moreover, 
in any polygon, the projection of one side on any right line 
is manifestly equal to the sum of the projections of all the 
other sides on the same line, taken with their proper signs. 
Consequently, from (30), the projection of the resultant on 
the tangent is zero ; and, accordingly, the resultant is normal 
to the curve, which establishes the theorem. 

^ It can be shown without difficulty that the normal^at any 
point of a surface whose equation is given in terms of the 
distances from fixed points can be determined by the same 
construction. 

Examples. 

I. A Cartesian oral is the locus of a point, P, sacli that its distances, PJ7, 
Pitf', from the circumferences of two given circles are to each other in a constant 
latio ; prove geometricaUy that the tangents to the oyal at P, and to the circles 
»t M and Jf' , meet in the same point. 

a. The equation of an ellipse ol Cassini is r/ = ab, where r and / are the 
distances of any point P on the cia-vo, from two fixed points, A and B. li 
be the middle point o£AB, and PJVthe normal at P, prove that L AFO= L BFN, 

3* In the curve represented by the equation ri' + rj' a a*, prove that the 
normal dividet the distance between the fooi in the ratio of ri to n* 
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194. In like manner, if the equation of a onrve be given 
in terms of the angles 0i, 02, . . . 0^, which the vectors drawn 
to fixed points make respectively with a fixed right line, the 
direction of the tangent at any point is obtained by an analo- 
gous construction. 

For, let the equation be represented by 

F{Oij 02, . . . On) = const. 
Then, by differentiation, we have 

dFdOi dFdOi ^^^ 

ddi ds dO% ds * * ' dOn ds 

Hence, as before, from Art. 180, we get 

I dF . , 1 dF . , I dF . , , , 

n50/"^^^-^;;^^"^^*^---V.^/^^» = ^- (^') 

Accordingly, if we measure on the lines drawn to the fixed 
points segments proportional to 

i^dF i_dF i^dF 

7ide,' ridd2'"'7nder: 

and construct the resultant line as before, then this line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. Cnrres Symnietrleal with respect to a Une, 
and Centres of CnrTes. — ^It may be observed here, that 
if the equation of a curve be unaltered when t/ is changed 
into - y, then to every value of x correspond equal and oppo- 
site values of y; and, when the co-ordinate axes are rect- 
angular, the curve is symmetrical with respect to the axis of a?. 

In like manner, a curve is symmetrical with respect to 
the axis of y, if its equation remains unaltered when the sign 
of X is changed. 

Again, if, when we change x and y into - x and - y, re- 
spectively, the equation of a curve remains unaltered, then 
every right line drawn through the origin and terminated by 
the curve is divided into equal parts at the origin. This 
takes place for a curve of an even degree when tiie Bum of 
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indioes of x and y in eaoh term is even ; and for a curve 
an odd degree when the like sum is odd. Suoh a point is 
led the centre* of the curve. For instance, in conies, when 

equation is of the ioim 

aa^ + ihxy + bt/^ - c, 

Ike origin is a centre. Also, if the equation of a cubiof be 
feducible to the form 

lb + «*i - o, 

Ihe origin is a centre, and every line drawn through it is bi- 
peoted at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds for all curves of an 
odd degree. 

It diould be observed that curves of higher degrees than 
tbe second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we substi- 
tute X + a for Xy and !F + /3 f or ^, in its equation, and equate 
to ^ro the coefficients of X\ XYond F', as well as the abso- 
lute term, in the new equation : as we have but two arbitrary 
oonatants (a and /3) to satisfy four equations, there will be 
two equations of condition among its constants in order that 
the cubic should have a centre. The number of conditions is 
obviously greater for curves of higher degrees. 



* For a general meaning of the word *' centre," as applied to ciiryes of 
higher degrees, see GhasWs Apereu Mistoriquef p. 233, note. 

t This name has been given to curyes of the third degree by Dr. Salmon, 
ia his Higher Plane Curves, and has been generally adopted by subsequent 
writers on the subject. 
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EXAMPLBS. i 

1. Find the lengths of the subtangent tuid Bubnozmal at any point of the 
curve 

nae 

2. Find the subtangent to the curve 

fix 
«n 

3. Find the equation of the tangent to the ounre 

9 y 

4. Show that the points of contact of tangents from a point (a, i9) to the 
curve 

are situated on the hyperbola (m \f^,xy-= n^ + may. 

^. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 

6. Find th^ equation of the tangent at any point to the hypocycloid, a^ -}- f^ 
= oi ; and prove that the portion of the tangent intercepted between the axes ia 
of constant length. 

7. In the curve ic» + y* = a", find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also the intercept made by 
the axes on the tangent. 

Ans. p = ■ ■ ; intercept = r r. 

8. If the co-ordinates of every point on a curve satisfy the equations 

jp = c sin iO(i + cos 20), y = cos 29 (i — cos 20), 
prove that the tangent at any point makes the angle B with the axis of x, 

9. The co-ordinates of any point in the cydoid satisfy the equations 

d?sa(0 -Bin0), y =3 a(i - 00s 9) : , 

prove that the angle which the tangent at the point makes with the axis of y 
. e 

IS-. 

2 
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dx ax 2 

10. Proye that the loous of the foot of the perpendicular from the pole 00 
tangent to an equiangular spiral I8 the same curye turned through an angle 

11. Proye that the reciprocal polar, with respect to the origin, of an equi- 
ular spiral is another spiral equal to the original one. 

12. An equiangular spiral touches two giyen lines at two giyen points ; proye 
t the locus of its pole is a circle. 

13. Find the equation of the reciprocal polar of the curre 

H cos - s= oi, 
3 

h respect to a circle with radius a. An», The Cardioid ri s a& cos -. 

14. Find the equation of the inyerae of a conic, the focus being the pole of 
ersion. 

15. Apply Art. 184, to proye that the equation of the inverse of an ellipse 
th respect to any origin is of the form 

lere t\ and ^2 are the foci, and /», />i, ^ represent the distances of any point 
the curve from the points 0, /i and /j, respectively ; f\ and f% being the 
bts inverse to the foci, ^1 and 1%, 

16. The equation of a Cartesian oval is Of the form 

lere r and r* are the distances of any point on the curve from two fixed points, 
& a, X; are constants. Prove that Ihe equation of its inverse, with respect to 
y origin, is of the form 

api + )8o2 -t- 7J» = o, 

bere pi, 02, p3 are the distances of any point on the curve from three fixed 
'ints, and a, iS, 7 are constants. 

17. In general prove that the inverse of the curve 

opi + i3p2 + 7p3 = o, 

"^th TOBpect to any origin, is another curve whose equation is of similar form. 
*8' If the radius vector, OP, drawn from the origin to any point Pon a 



iven 1 



240 Examples. 

carve be produced to Pi, until PPi be a ooostant leng^ ; proye that the noin 
at Pi to the locus of Pi, the normal at P to the original ourre, and the perpc 
dioular at the origin to the line OF, all pass throu^ the same point. 

This follows immediately from the yalue of the pohur subnormal given 
Art. 182. 

19. If a constant length measured from the curve be taken on the noimal 
along a given curve, prove that these lines are also normals to the new cuni 

which is the locus of their extremities. | 

i 

ao. In the ellipse ^t -jr^ ifiis^aan^ 
prove that 

-r- =s a\/i - d* sin*A. 

21. If <lt be the element of the arc of the imrerse of an eUipae with respel 
to its centre, prove that 



a ^ i - ^Bin«^ ^^ _^ g'-y 

I + fi sin'^ 



i» I + fi sm'd» ^^ A* 



32. If « be the angle which the normal at any point on the eDipM 
— + ^ s I makes with the axis-major, prove that 

^ i» dm 

d$= - 



a f I — «*sin*»)i' 



23. Express the differential of an elliptic arc in terms of the semi-axis major, 
fi, of the confocal hyperbola which passes through the point. 



-^•\J^.^ 



a V - |i« 
24. In the curve r* « a*» cos md, prove that 



, m-l 

da — ^ 

-r- ■■ a sec "» m$. 
d0 

2$. If F(x, ^) = o be the equation to any plane curve, and ^ the angle 1)e- 
tween the perpendicular from the origin on the tangent and the radius vector to 
the point of contact, prove that 

dF dF 

dx dy 
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CHAPTER Xin. 

ASYMPTOTES. 

[96. Intersection of a CurTe and a Right Une*— 

Before entering on the subject of this chapter it will be ne- 
sessary to consider briefly the general question of the inter- 
section of a right line with a curve of the n^* degree. 

Let the equation of the right line be y = /na? + v, and sub- 
stitute ijjx + V instead of y in the equation of the curve ; then 
the roots of the resulting equation in x represent the abscissae 
of the points of section of the line and curve. 

Moreover, as this equation is always of the n'* degree, it 
follows that every right line meets a curve of the rf^ degree in n 
pointSy real or imaginary^ and cannot meet it in more. 

^ If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 175, viz. : 

then, since t<i» is a homogeneous function of the w'* degree in 
« and y, it can be written in the form x^fo{-\\ similarly 

«-i-«"-v/-\ Wn-a = a^^Va f -\ &c. 
\xj \xj 

And accordingly, the equation of the curve may be written, 



Substituting /le + - for - in this, it becomes 



X X 
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Or, expanding by Taylor's Theorem, 

« 

+ &0. = o. (2) 

The roots of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above :^ 

1°. Every right line must intersect a curve of an odd de- 
gree in at least one real point ; for every equation of an odd 
degree has one real root. 

2°. A tangent to a curve of the w'* degree cannot meet it 
in more than n - 2 points besides its points of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other real point besides its point of contact. 

4°. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

197. Definition of an Asymptote. — An asymptote is 
a tangent to a curve in the limiting position when its point 
of contact is situated at an infinite distance. 

I*'. No asymptote to a curve of the w'* degree can meet it 
in more than n - 2 points distinct from that at infinity. 

2°. Each asymptote to a curve of the third degree inter- 
sects the curve in one point besides that at infinity. 

198. Method of finding the Asymptotes to aCurre 
of the n^* Degree. — If one of the points of section of the 
line y = yLX'\- V with the curve be at an infinite distance, one 
root of equation (2) must be infinite, and accordingly we 
have in that* case 

/oW - o. (3) 

Again, if two of the roots be infinite, we have in addition 

v/o'(iu) +/i(iu) = o. (4) 

* This can be easily established by aid of the reciprocal equation ; for if we 

substitute - for x in equation (2), the resulting equation in z will haye one root 
z 

zero wnen its absolute term vanishes, i.e., when/o(/i) = o; it has two roots 

zero when we have in addition yfo'ifi) +/i(/i) = o ; and so on. 



Method of finding Asymptotes in Cartesian Co-ordinates. 243 

Accordingly, when the values of jtt and v are determined 
80 as to satisfy tiie two preceding equations, the correspond- 
ing line 

y - fix -k- V 

meets the curve in two points in infinity, and consequently is 
an asymptote. (Salmon's Conic Sections^ Art. 154.) 

Hence, if /ui be a root of the equation /o(/i) = o, the line 

y = Mi^ - 777— V v5, 

is in general an asymptote to the curve. 

If /i(/Li) = o and/o(/u) = o have a common root {ni suppose), 
the corresponding asymptote in general passes through the 
origin, and is represented by the equation 

y = fiix* 

In this case «» and Wn-i evidently have a common factor. 

The exceptional case when foijuL) vanishes at the same 
time will be considered in a subsequent Article. 

To each root of /o(ai) = o corresponds an asymptote, and 
accordingly,* every curve of the n** degree has in general n 
asymptotes^ real or imaginary, 

From the preceding it follows that every line parallel 
to an asymptote meets the curve in one point at infinity. 
This also is immediately apparent from the geometrical 
property that a system of parallel? lines may be considered 
as meeting in the same point at infinity-a principle intro- 
duced by Desargues in the beginning of the seventeenth 
century, and which must be regarded as one of the first 
important steps in the progress of modem geometry. 

OoR. No line parallel to an asymptote can meet a curve 
of the w** degree in more than {n- i) points besides that 
at infinity. 

Since every equation of an odd degree has one real 
root, it follows that a curve of an odd degree has one real 

* Since /oOu) is of the n*^ degree in /t, unless its highest coefficient yanishes, < 
in which case, ae Ti'e shall see, there is an additional asymptote parallel to the axis 

R 2 
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asymptote, at least, and has Eiccordingly an infinite branch 
or branches. Hence, no curve of an odd degree can be a closed 
curve. 

For instance, no curve of the third degree can be a finite 
or closed curve. ♦ 

The equation /o(/i) = o, when multiplied by a^^ becomes 
tt„ = o ; consequently the n right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of /o(/x) = o either vanishes or is 
infinite; i.e., where the asymptotes are parallel to either 
co-ordinate axis. This case will be treated of separately in a 
subsequent Article. 

If all the roots of foifi) = o be imaginary the curve 
has no real asymptote, and consists of one or more closed 
branches. 

Examples. 

To find the asymptotes to the following onnres :— 

1. y' = ax* + a?. 

Substituting fix •\- v for y, and equating to zero the coefficients of «* and o^, 
separately, in the resulting equation, we obtain 

. ^s — I ss Oy and 3/*'^ = a ; 

hence the curve has but one real asymptote, viz., 

a 

y = a: + -. 

3 

2. y* — a:* + lax^y = h^ofl. 

Here the equations for determining the asymptotes are 

^4 - I = o, and 4/A^j/ + 2a/i ™ o j 
accordingly, the two real asymptotes are 

a a 

y zax — » and y + a; + - = o. 



«• + Zx^y - iPy' - Sy* + «' - 2a?y + 3y« + 45; + 5 = o. 

a? 3 I 

T+ 7 = 0, y = * + -, . . 

3 4 4 a 



* 3 I 1 

Ana, y + -+- = o, y = »+-, y + afas£. 



Asymptotes Parallel to Co-ordinate Axes. 245 

199. Ca«e in whleli Un^o represents the n Asymp- 
totes* — ^If the equation of the curve contain no terms of 
the (n - i)** degree, that is, if it be of the form 

Un + Ui^ + Un^ + &C. • • • + tli + tlo " O, 

the equations for determining the asymptotes become 

/oOu) = o, and i/o'Oi) = o. 

The latter equation gives v = o, unless /o'(/li) vanishes along 
with/o(/x), i.e., \mless/o(iw) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n right lines represented by the equation Un- o are the 
n asymptotes, unless two of these lines are coincident. 

This exceptional case will be considered in Art. 203. 

The simplest example of the preceding is that of the 
hyperbola 

or* + ihicy + by^ = c, 

in which the terms of the second degree represent the asymp- 
totes (Salmon's Conic Sections^ Art. 195). 

Find the real asymptotes to the curyeB 

1. «y* — g/^ = a^(x + y) + ^. Am, a? « o, y = o, » - y = o. 

2. y* - a^ = a^x. ^ y — x = o, 

3. x^^ y^si a^xy + 4*y*, „ » + y = o, « - y = o. 

200. Asymptotes parallel to the Co-ordinate 
A.xe8. — Suppose the equation of the curve arranged accord- 
ing to powers of a?, thus 

Oo^ + {o>^y + i) ^'^ + &o. = o ; 

then, if Oo = o and fliy + 6 = o, or y = , two of the roots 

of the equation in x become infinite ; and consequently the 
line fliy + 6 = o is an asymptote. 
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In other words, wheneyer the highest power oi w h 
wanting in the equation of a OTirvey the coefficient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis oi x. 

If Oo » o, and 6 » o, the axis of 2; is itself an asymptote. 

If a^ and af*^^ be both wanting, the coefficient of aj*"' re- 
presents a pair of asymptotes, real or imaginary, parallel to 
the axis of x ; and so on. 

In like manner, the asymptotes parallel to the axis of f/ 
can be determined. 

Examples. 

Find the real asymptotes in the following cnnree : — 

1. y'» - tfy* e «• + ««• + ft*. Ant. « = a, yss^ + a, ^4.1^-1.0 = 0. 

2. y(afi - 3^ + 2ft*) = «• - 30** + a". « = ft, a: = ift, y + 3a = « + 3ft. 

3. iP»yi = a»(afa + y»). « = ± a, y = -j. a. 

4. «3ytBa9(aB3 -yt). y + a = o, y-«=aa 

5. y*a-y«« = «*. «■«. 

201. Parabolic Branches. — Suppose the equation 
/J(/i) = o has equal roots, then/o'(/ii) vanishes along with/o(/i), 
and the corresponding value of v found from (5) becomes in- 
finite, unless /i(/ti) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola, whose equation is of the form 

{ax + fit/Y = ^ -f my + n, 

furnishes the simplest example of this case, having the 
line at infinity for an asymptote. (Salmon's Conic SectionSy 
Art. 254.) 

Branches of this latter class belonging to a curve are 
called parabolic, while branches having a finite asymptote are 
called hyperbolic. 

202. From the preceding investigation it appears that 
the asymptotes to a curve of the n^^ degree depend, in 
general, only on the terms of the w'* and the (» - i)'* degrees 
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in its equation. Oonsequentlyy all curves which have the 
same terms of the two highest degrees have generally the sam 
ctst/mptotes. 

There are, however, exceptions to this rule, one of whidi 
-will be considered in the next Article. 

203. Parallel Asymptotes* — We shall now consider 
tlie case where /o(fi) « o has a pair of equal roots, each repre- 
sented by /ii, and where /i(//i) = o, at the same time. 

In this case the coefficients of af^ and af^"^ in (2) both 
vajiish independently of v, when )u » /ii ; we accordingly 
infer that all lines parallel to the line y = niX meet the curve 
in two points at infinity, and consequently are, in a certain 
sense, asymptotes. There are, however, two lines which are 
more properly called by that name ; for, substituting /ii for /n 
in (2), the two first terms vanish, as already stated, and the 
coeflScient of af*^^ becomes 



v' 



fo'ifJLl) + Vfl{lll) +/2(^l). 



I . 2 
Sence, if vi and V2 be the roots of the quadratic 



V* 



j^^/o"W + v/i'W+/a(Mi) = o), (6) 

the lines y = /uia? + vi, and y ^ fiix + v^ 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the corre- 
sponding asymptotes are also imaginary. 

Again, if the term e««_i be wanting in the equation, and 
ii/oifj) = o have equal roots, the corresponding asymptotes 
are given by the quadratic 



/o"(iUi) +/2(iUl) = O. 
1 . ^ 

In order that these asymptotes should be real, it is 
necessary that/2(/ii) and fo'iiJi) should have opposite signs. 

There is no difficulty in extending the preceding investi- 
gation to the case where fo{fx) = o has three or more equal 
roots. 
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I. (* + y)' («* + y* + xy) = a*y» + a'(4? - y). 

Here /o(m) = (i + m)'(i + /* + /*'), /iW = o, /iW = -«V; 

.-. Ml = - l| /o"(mi) = 2, /2(mi) = - «*; 
accordingly yi = a, vs = - «! 

And the corresponding asymptotes are 

y + « - a = o, and y + a; + a » o. 
The other asymptotes are evidently imaginary. 

1. X* {x + y)2 + 2ai/^{x + y) + Salary + aV = o. 

Kere /,(/*) = (i + /*)», /iM = 2fl/u»(i + A*), /2(a*) = 8«V , 

.-. /*1 = - I, /o"(m) = 2, /I'Oil) = 3«, /2(/il) = - 8«»i 

.'ifxl the corresponding asymptotes are 

y + a? - 2a = o, and y + « + 4a = o. 

204. If the equation to a curve of the n** degree be of 
the form 

Xl/ + ax-\- (5)(pi + 02 = o, 

where the highest terms containing x and y in 0i are of the 
degree w - i , and those in 03 are of the degree n - 2 at most, 
the line 

y + aa? + /3 = o 

is an asymptote to the curve. 

For, on substituting - aa? - j3 instead of y in the equation, 
it is evident that the coefficients of a^ and of*"^ both vanish ; 
hence, by Art. 198, the line 3/ + aa; + j3 = o is an asymptote. 

Conversely, it can be readily seen that if y + aa: + /3 be an 
asymptote to a curve of the n^^ degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the n** degree 
be of the form 

(y + aiX + |3i)(y + a^a? + fii) . . . (// + OnX + /3„) + 02 = o, (7) 
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where 03 contains no term higher than the degree n- 2^ the 
lines 

y + aia? + /3i = o, y + aao? + jSs = o, . . . y + a»a? -I- jSn « o 

are the n asymptotes of the curve. 

This follows at once as in the case considered at the com- 
mencement of this Article. 

For example, the asymptotes to the curve 

ay {x + y -\- a^{x + y -¥ a^ + hiX + 62^ = 
are evidently the four lines 

a? = o, y = o, a? + y -h ai = o, a? + y + ^2 = o 

If the curve be of the third degree, 02 is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may be written in the form 

(y + oia? + /3i)(y+ a^+ ^^{y + 03^? + jSs) + /!» + /wy + n = o. (8) 

Hence we infer that the three points in which the asymp- 
totes to a cubic meet the curve lie in the same right line^ viz., 

Ix ■{■ my + n - o. 

The student will find a short discussion of a cubic with 
three real asymptotes in Chapter xviii. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from the corresponding asymptote 
diminishes indefinitely as its distance from the origin increases 
indefinitely. 

If y + aa? + ]3 = o be the equation of an asymptote, then, 
as in the preceding Article, the equation of the curve may be 
written in the form 

(y + aa? + /3) 01 = 02, 
wnere 0^ is at least one degree lower than 0i in a? and y. 
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Henoe y + cup + /3 = - , 

01 

and the perpendioulax distanoe of any point (a?oy ffo) on thf 
curve from me line y + aa? + /3 = bis 



yo + cu«i) + 



I +a* \9i> 






where the Bufi^ denotes that Xo and yo are substituted for a 
and t/ in the functions 0i and ^t* 

Now, when a^o and f/o are taken infinitely great, the value 
of the preceding fraction depends, in generid, on the terms 
of the highest degree (in x and y) in 0i and ^s ; and since the 
degree of 0, is one lower than that of 0i, it can be easUy 

seen by the method of Ex. 7, Art. 89, that the fraction — 

becomes, in general, infinitely small when x and y become 
infinitely great. Hence, the distance of the line y + cup + /3 
from the curve becomes infinitely small at the same time. 

It is not considered necessary to go more fully into this 
discussion here. 

The subject of parabolic and other curvilinear asymptotes 
is omitted as being unsuited to an elementary treatise. 
Moreover, their discussion, unless in some elementary cases, 
is both indefinite and unsatisfactory, since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculating^ is referred to a 
paper by M. Pliicker, in Liouville's Journal, vol. i., p. 229. 

206. Asymptotes in Polar Co-ordinates. — If a 
curve be referred to polar co-ordinates, the directions of its 
points at an infinite distance from the origin can be in gene- 
ral determined by making r = 00, or ti = o, in its equation, 
and solving the resulting equation in 0, The position of the 
asymptote corresponding to any such value of 6 is obtained 
by finding the length of the corresponding polar subtangent, 

I i.e., by finding the value of — corresponding to w = o. 
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It sliotild be observed that when j- is positiye, the aqrmp- 

lies above the oorresponding radius vector, and when 
itive, below it ; as is easily seen from Art. 182. 
If we suppose the equation of the curve, when arranged 
powers of r, to be 

</o(e) + t-*-yi(0) + . . . + r/^iiO) ^/n{0) - o, 

transformed equation in ti is 

u^fn{e) + u^'U,{e) + . . . + uMO) +/o(9) - o : (9) 

jnentlyy the directions of the asymptotes are given by 
le equation 

MO) = o. (10) 

lin, if we differentiate (9) with respect to 0, it is easily 

du 

m that the values of ^ corresponding to u » o are given 
>y the equation 

/W^ +/.'(»)- O, (II) 

proTided that none of the fonotions 

M9), MO), ' ■ . M9) 

become infinite for the values of which satisfy equation (10). 

Consequently, if a be a root of the equation /o(&) = o, the 

curve has an asymptote making the angle a with the prime 

vector, and whose perpendicular distance from the origin is 

represented by - tttt-t. 
. , /o (a) 
It is readily seen that the equation of the corresponding 

asymptote is 

This method will be best explained by applying it to one 
OT two elementary Examples. 
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EZAUFLSS. 

I. Let the curve be represented by the equation 



Here 



When 



rsa sec + dtan 9 

COS0 

a + ^ sin 0* 

du — I 



a= - we haye « = o, and -— = r. 

2 de a-\-i 



Accordingly, the corresponding polar subtangent is a + 6, and hence the 
perpendicular to the pritne vector at the distance a + b from the origin is 
asymptote to the curve. 

Again, u vanishes also when 9 &= — , and the corresponding yalue of 

2 

polar subtangent is a — b; thus giving another asymptote. 
2. r &: a sec fn0 + ^ tan m$* 

coamB 



Here u = 



When 



a + b sinm^* 

du - m 



$ = — , we have 1*^0, and — = = , 

im d$ a + i 



whence we get one asymptote. 

, . , i» 3* .du m 

Agam,when ^ = ^» ** = °» ^^5& = ^T^' 

which gives a second asymptote. 

On making $ » — , we get a third asymptote, and so on. 
2tn 

It may be remarked, that the first, third, . . . asymptotes all touch one 
fixed circle ; and the second, fourth, &c., touch another. 

3. Find the equations to the two real asymptotes to the curve 

r*sin(0 -a) + ar sin {$ - 2a) + a' = o, 

Jns, rsin(0-a)=: + a8ina. 

207. Asymptotic Cireles. — In some curves referred to 
polar co-ordinates, when is infinitely great the value of r 
tends to a fixed limiting value, and accordingly the curve 
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)proaches more and more nearly to the circular form at the 
one time : in such a case the curve is said to have a circular 
jjonptote. 
For example, in the curve 

a9 

r = 



e + a' 



long as 6 IS positive r is less than a, a being supposed 
positive ; but as increases with each revolution, r con- 
inually increases, and tends, after a large number of revo- 
utions, to the Umit a ; hence the circle described with the 
)rigin as centre, and radius a, is asymptotic to the curve, 
xrhich always lies inside the circle for positive values of 0. 
fiigain, if 'we assign negative values to 0, similar remarks are 
upplicable, and it is easily seen that the same circle is asymp- 
totic to the corresponding branch of the curve ; with tins 
difference, that the asymptotic circle lies tcithin the curve in 
the latter case, but outside it in the former. The student 
will find no difficulty in applying this method to other 
curves, such as 

aO aG" «(0 + cos0) 



e + sine* e* + o»' e + sinO 
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Examples. 

Find the equations of the real asymptotes to the following cnryes : — 

1. y(a* - «') = i»(2» + 0). AnB, y = o, « + a = o, a:-a = o. 

2. «* - aB*y» + rt'^i + ^4 a. o. « + y = o, « - y = o, a? = o. 

3. ** - 4f'y» + «« + y« - a« = o. «- i aso, «+ i=o, jr-y = 0, a; + yt=i 

4. (fl + a;)*(ia-«») = it2y*. « = o. 

5. (a + xY(b'^ + «•)=• x'y'. « = o, y=s« + fl, 3f + « + a = o. 

6. ar'y - 2ic*y« + ary* = «'«* + 4'y'. « = o, y=o, «-y = i v^a« + 4*. 

7. «* - 4a;y« - 3*2 + i ary - i2y» + 8j? + ly + 4 = o. 

Am, jr + 3 = o, « — 2y = o, a; + 2y = 

8. af'y' — <ia;(a? + y)' — 2a'y2 — «< = o. a; — 2a s o, » 4- a = o. 

9. If the equation to a curve of the third degree he of the form 

«8 + «i + «o = o, 
the lines represented hy «3 = o are its asymptotes. 

10. If the asymptotes of a cuhic he denoted hy a » o, /B » o, 7 = 0, the 
equation of the curye may be written in the form 

afiy = -4o + -PiS + (?y. 

1 1. In the logarithmic curve 

y = «ft, 

prove that the negative side of the axis of » is an asymptote. 

12. Find the asymptotes to the curve 

r cos n9 = a. 

13. Find the asymptotes to 

r cos m$ = a cos n9, 

14. Show that the curve represented hy 

«* + aby - oafy = o 

has a paraholic asymptote, a:' + Ja? + i* = ay. 
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15. Find the circular asymptote to the cnrre 



r = 



4 a 



16. Find the condition that the three asymptotes of a cubic should pass 
bongli a common point. 

I Let the equation of the cmre be written in the form 

L + 3*0* + 3*iy + S^ito*' + ^c\xy + 3cjy» + d^ + ^dix^y + id%xy* + «^ = o, 

kn the condition is 

^ d\y d%y 

du d%f dif =©• 
^ C\y c%, 

ThiB result can be easily arrived at by eubstitutinji: x + a and y ■¥ fi instead 
sf and y in the equation of the cubic, and finding the condition that the part 
'the second degree in the resulting equation should vanish. See Art. 204. 

17. When the preceding condition is satisfied show that the co-ordinates, 
^and /3, of the point of intersection of the three asymptotes, are given by the 

itiona 

^ eidi — Cod^ Codi — e\do 

diid% — d\^ d^% — rfi* 

18. If from any point, 0, a right line be drawn meeting a curve of the «** 
e in jSi, Ri^ . . . Rny and its asymptotes in r\^ ra, . . . r«, prove that 

ORi + 0R% + . . . ORn = On + Ora + . . . Or». 

N.B. — ^The terms of the «'* and (;• — i)'* degrees are the same for a curve 
and its asymptotes. 

19. If a right line be drawn through the point (a, 0) parallel to the asymptote 
Itf the cubic {z — a)^ — x^y = o, prove that the portion of the line intercepted by 
fee axes is bisected by the curve. 

ao. If from the origin a right line be drawn parallel to any of the asymptotes 
pf the cubic 

y(<Mf* + ihxy + V + ^gx + i/y + <?)-«• = o, 

Uiaw that the portion of this line intercepted between the origin and the line 
■p+^+ tf = oi8 bisected by the curve. 

I 21. If tangents be drawn to the curve a:' + y^ = a' from any point on the 
jline y = X, prove that their points of contact lie on a circle. 

32. Show that the asymptotes to the cubic 

aa^y + hxy^ + a'xl^ + jy + a"x + ITy = o 

tre always real, and find their equations. 

Ans. bx + b' = 0f ny + «* =« o, 
ab(ax + by) — c^b' ^ a'bi^ = o. 
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CHAPTER XIV. 



MULTIPLE POINTS ON CURVES. 



208. In the following elementary discussion of multi] 
points of curves the method given by Dr. Salmon in " 
Higher Plane Curves has been followed, as being the simple 
and at the same time the most comprehensive method fc 
their investigation. The discussion here is to be regarded 
merely introductory to the more general investigation in 
treatise, to which the student is referred for fuller inf ormati( 
on this as well as on the entire theory of curves. 

We commence with the general equation of a curve of 
n'* degree, which we shall write in the form 



(k 






+ &0. 



+ &0. 



where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 175, the 
preceding equation becomes 

llo + Wi + Ml + . . . + Un.1 ^^Un^O. 



We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming to polar 
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co-ordinates, by substituting r cos and r sin instead of 
X and 1/f we get 

Oo + {bo cos 6 + Ji sin 0)r 

+ (cb cos'O + Ci cos sin + C2 sin'0) r* + . . • 

* + (/o0os'*fl + /iCO8**-^0 sind + . . . + /nsin^fl)^^ = o. (i) 

If be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points 
of intersection of the radius vector with the curve. 

If Uq = o, one of these roots is zero for all values of 0; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides a^ = o, we have 
Jo COS + fti sin = o. The radius vector in this case meets 
the curve in two consecutive points* at the origin, and is 
consequently the tangent at that point. 

The direction of this tangent is determined by the 
equation 

Jo cos + 61 sin = o ; 

accordingly, the equation of the tangent at the origin is 

b(/xf + bit/ = o. 

Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part {ui) in its equation represents the tangent at 
that point. 

If 60 - o, the axis of a; is a tangent ; if Ji - o, the axis 
of y is a tangent. 

The preceding, as also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sub- 
stitute mr and nr for x and p ; where 

sin (oi - 0) , sin 

1^ - — 1 i^ andn=-: ; 

sm 0) sm 0) 

w being the angle between the axes of co-ordinates. 

From the preceding, we infer at once that the equation of 
the tangent at the origin to the curve 

^ {^ + y^) = a{x - y) 

* Two points which are infinitely close to each other on the same branch of 
a curve are said to be consecutive points on the curve. 

S 
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is a; - y B o, a line bisecting the internal angle between the 
oo-ordmate axes. In like manner, the tangent at the origin 
can in all cases be immediately determined. ^ ' 

209. Equation of Tangent at any Point. — ^By aid 

of the preceding method the equation of the tangent at any 
point on a curve whose equation is algebraic and rational 
can be at once found. For, transferring the origin to that 
point, the linear part of the resulting equation represents the 
tangent in question. 

Thus, if /(a?, y) = o be the equation of the curve, we sub- 
stitute X + Wi for a?, and F + yi for y, where (a?i, yi) is a 
point on the curve, and the equation becomes 

/(X + a?i, F+yi) =0. 

Hence the equation of the tangent referred to the new axes is 




On substituting x - a?i, and y - yi, instead of X and F", we 
obtain the equation of the tangent referred to the original 
axesy viz. 



('-) l)/(^-».)(D. 



O. 



This agrees with the result arrived at in Art. 169. 

210. Double Points. — If in the general equation of a 
curve we have a^ = 0, b^ = o, bi = o, the coefficient of r is 
zero for all values of 0, and it follows that all lines drawn 
through the origin meet the curve in two points, coincident 
with the origin. 

The origin in this case is called a double point. 

Moreover, if be such as to satisfy the equation 

Cq cos'9 + Cicos sin + Cg sin*0 « o, (2) 

the coefficient of r* will also disappear, and three roots of 
equation (i) will vanish. 

As there are two values of tan satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 
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The equation (2), when multiplied hy r*, heoomes 

Cf^a? + Cixy + c^ = o. 

Hence we infer that the lines represented by this equa- 
connect the double point with oonseoutive points on the 
re, and are, consequently, tangents to the two branches of 
curve passing through the double point. 
Accordingly, when the lowest terms in the equation of a 
'e are of the second degree (t^), the origin is a double 
it, and the equation Ut = o represents the pair of tangents at 
\t point. 

Yor example, let us consider the Lemniscate, whose equa- 
Lon Ib 

transforming to polar co-ordinates its equation becomes 
r* = aV (cos^e - sin^0), or, r» = a» cos zO. 

Now, when = o, r = ± a ; 
id, if we confine our atten- 
tion to the positive values of 
we see ^at as B increases 



>ni o 



fo -, r diminishes ^ 
4 



TT 



)in a to zero. When B>- 

4 

3^ 




Fig. i8* 



and <^-, r is imaginary, &c., 

4 
^d it is evident that the figure of the curve is as annexed, 

liaving two branches intersecting at the origin, and that the 

tangents at that point bisect the angles between the axes. 

The equations of these tangents are 

a? + y = o, and a? - y = o, 

results which agree with the preceding theory. 

211. Itfodes, Casps, and Conjugate Points.* — The 

pair of lines represented by Wa = o will be real and distinct, 

coincident, or imaginary, according as the roots of equa- 

. tion (2) are real and unequal, real and equal, or imaginary. 

* These haTe been respectiyely styled crunodea, spinodea, and aenode»y by 
Professor Cayley. See Salmon's Higher Flane Curvet, Art 38. 

S 2 
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Fig. 19. 



Hence we conclude that there may be one of three 
of singular point on a curve so far as the vanishing of Uq an< 
is concerned. 

(i). For real and unequal roots, the 
tangents at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

(2). If the roots be equal, i.e. if t^ 
be a perfect square, the tangents coin- 
cide, and the point is called a cusp : the 
two branches of the curve touching each 
other at the point, as in figure 20. 

(3). If the roots of ^200 imaginary, 
the tangents are imaginary, and the 
double point is called a conjugate or 
isolated point ; the co-ordinates of the point satisfy the equati< 
of the curve, but the curve has no real points consecutive 
this point, which lies altogether outside the curve itself. 

It should be observed also that in some cases 01 singular^ 
of a higher order, the origin is a conjugate point even when 
is a perfect square, as will be more fidly explained in a 
sequent chapter. 

We add a few elementary examples of these diff< 
classes for illustration. 




Fig. 20. 



I. 



EXAMPLBS. 



Here the origin is a node, the tangents biflecting the angles between the 
co-ordinates. 

ay' = «*. 



2. 



In this case the origin is a eusp. Again, solving for y we get 

Hence, if a be positiye, y becomes imaginary for negative values of 9 ; and, 
accordingly, no portion of the curve extends to the negative side of the axis of «» 
Moreover, for positive values of x, the corresponding values of y have opi>o8ite 
signs. This curve is called the semi-cubical parabola. The form of the cunre 
near the origin is exhibited in Fig. 20. 
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3. y* = «' (« + a). 

Ans, The origin is a cusp. 

Ans, The origin is a conjugate point. 

S- «* - 3«^y + y» = o. 

^n«. The two branches at the origin touch the co-ordinate axes. 

I 

212. Double Points tn Cfeneral. — In order to seek 
k© double points on any algebraic curve, we transform the 
tigin to a point {xi, y^ on the curve ; then, if we can deter- 
Mne values of iCi, yi for which the linear part disappears from 
|ie resulting equation, the new origin (aJi, y^ is a double point 
H the curve. 

From Art. 209 it is evident that the preceding conditions 
jive 



(D,— <l).-°' 



\ 

Ittoreover, since the point {x^ y^ is situated on the curve, 
le must have 

fiS^iy Pi) = O. 

As we have but two variables, Xi, ^i, in order that they 
^ould satisfy these three equations simidtaneously, a con- 
'tion must evidently exist between the constants in the 
juation of the curve, viz., the condition arising from the 

elimination of x'u yy between the three preceding equations. 
^ Again, when the curve has a double point (a?i, y,), if the 

Drigin be transferred to it, the part of the second degree in 

^e resulting equation is evidently 

Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
Ipoint, according as 

/efMV. f(Pu\ f(Pu\ 
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It may be remarked here that no oubic can have mori 
than one double point ; for if it have two, the line joiniM 
them must be regarded as cutting the curve in four pointai 
which is impossible. 

Again, every line passing through a double point on a (mhU 
must meet the curve in one, and but one, other point ; ex-i 
cept the line be a tangent to either branch of the cubic al 
the double point, in which case it cannot meet the curve else^ 
where; the points of section being two consecutive on oni 
branch, and one on the other branch. 

In many cases the existence of double points can be seei) 
immediately from the equation of the curve. The followiii| 
are some easy instances: — 



Examples. 

To find the position and nature of the double points in the following 
curves : — 

{bx - eyY = (a? - a)'. 



I. 



ab 



The point x = a^y ^ — , is evidently a cusp, 

c 

at which hx — ey = o\a the tangent, as in the 

accompanying figure 



2. 



(y-u)« = (4r- a)* («-«). 



The point d; = 0, y » 0, is a cusp if a > &, or 
if a=b; but is a conjugate point if a < 6. 




Fig. 21. 



3. y' = «(« + «)*. 
The point yso, d^a-aisa conjugate point. 

4. al + yl = ol. 

The points x^o^y^±a; and y = o, jt » ± «, are easily seen to be cusps. 

213. Parabolas of the Tbird Degree. — The follow- 
ing example* will assist the student towards, seeing the dis- 
tinction, as weU as the connexion, between the different kinds 
of double points. 

Let y' = (a? - a) (x - J) (a? - e) 

be the equation of a curve, where a<h <c. 



• Lacroix, CW. Dif.^ pp. 395-7. Salmon's Higher Plane Curves^ Art. 39. 
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» 



n 



» 



Here y vanishes when a; = a, or a? = 6, or a? = c ; accordingly, 
if distances OA = a, OB = 5, OC = Cy be taken on the axis of 
Wj the curve passes through the points A^ By and C. 

Moreover, when a? < a, y* is negative, and therefore 

y is imaginary. 
x> ttj and < 6, ^' is positive, and therefore 

y is real. 
x>by and < c, y' is negative, and therefore 

y is imaginary. 
x> Cy y" is positive, and therefore 

y is real ; and 
linoreases indefinitely along with x. 
Hence, since the curve is sym- 
metrical with respect to the axis of 
Xy it evidently consists of an oval 
lying between A and By and an 
infinite branch passing through 
C, as in the annexed figure. It ~fo" 
is easily shown that the oval is 
not symmetrical with respect to 
the perpendicular to AB at its 
middle point. Again, yih - c^ the 
equation becomes 

j/» « (a? - fl) (« - h)\ Pig. aa. 

In this case the point B co- 
incides with Cy the oval has 
joined the infinite branch, and 
B has become a double point, 
as in the annexed figure. 

On the other hand, let i ^ a, and the equation becomes 

in this case the oval has shrunk 
into the point Ay and the curve 
is of the annexed form, having o^ 
A for a conjugate point. 

Next, let a « 6 = c, and the 
equation becomes 





Kg.«3. 
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here the points A, B, C, have 

come together, and the curve 

has a cusp at the point u4, as in ^ T" 

the annexed figure. 

^ The^ curves considered in 
this Article are called parabolas Fig. 25. 

of the third degree. 

As an additional example, we shall investigate the fol- 
lowing problem :— 

214. Given the three asymptotes of a cuhiCy to find its equch 
tion^ if it have a double point. 

Taking two of its asymptotes as axes of co-ordinates, and 
supposing the equation of the third to be fla? + 6y + c = o, the 
equation of the cubic, by Art. 204, is of the form 

xy{ax + 6y + c) = & + my + n. 

Again, the co-ordinates of the double point must satisfy 
the equations 

du du 

or {2ax + ht/ + c) y = ly {ax + ihy + c) a? = w ; 

from which I and m can be determined when the co-ordinates 
of the double point are given. 

To find w, we multiply the former equation by «, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 

cxy = 2lx + 2fny + ^n ; 

from which n can be found. 

In the particular case where the double point is a cusp,*^ 
its co-ordinates must satisfy the additional condition 

^ ^ - ( ^^\ 
da? dy^ \dxdy) * 

or [lax + 2by ■\- cy = /[abxy, 

and consequently the cusp must lie on the conic represented 
by this equation. 

* It is essential to notice that the existence of a cusp involves one more 
relation among the coefficients of the equation of a curve than in the cose of an 
ordinary double point or node. 
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tt can be easily seen that this oonio* touches at their 
le points the sides of the triangle formed by the asymp- 

e preceding theorem is due to Pluoker,t and is stated 
im as follows : — 

The locus of the cusps of a system of curves of the third 
ee, Tv^hich have three given lines for asymptotes, is the 
nm ellipse inscribed in the triangle formed by the 
n asymptotes/' 

It can be easily seen that the double point is a node or a 
agate point, according as it lies outside or inside the 
e-mentioned ellipse. 

215. Multiple Pointi of Hlfftaer Curves. — By follow- 
out the method of Art. 208, the conditions for the existence 
ultiple points of higher orders can be readily determined. 
Thns, if the lowest terms in the equation of a curve be of 
third degree, the origin is a triple point, and the tangents 
he three branches of the curve at the origin are given by 
equation Uz = o. 

The different kinds of triple points are distinguished, 
irding as the lines represented by t#s = o are real and 

ct, coincident, or one real and two imaginary. 
In general, if the lowest terms in the equation of a curve 
^ of the fn** degree, the origin is a multiple point of the m'* 
lorder, &o. 

Again, a point is a triple point on a curve provided that 
Irhen the origin is transferred to it the terms below the third 
degree disappear from the equation. The co-ordinates of a 
iriple point consequently must satisfy the equations 

du du ^ d^u d^u d^u 

*'"°' ^"^' ^""^^ ^"^' 'My^^' ^"^' 

Hence in general, for the existence of a triple point on a 
rarve, its coefficients must satisfy four conditions. 

The complete investigation of multiple points is effected 

* Prom the form of the equation we see that the lines x ^ o, y = o are 
tangents to the conic, and that 2ax + 2by +0 = represents the line joining the 
points of contact ; but this line is parallel to the third asymptote ax-\-by-{-e'=Oy 
■nd eTidently passes through the middle points of the intercepts made by this 
asymptote on the two others. 

i" JLiouviUe'* Journaly vol. ii. p. 14. 
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more satisfactorily by introducing the method of tnlinear oo- 
ordinates. The discussion of curves from this point of vie^^ id 
beyond the limits proposed in this elementary Treatise. 

215 (a). Cusps, in iSeneral. — ^Thus far singular points 
have been considered with reference to the cases in which 
they occur most simply. In proceeding to curves of higher 
degrees they may admit of many complications ; for instance 
ordinary cusps, such as represented in Fig. 20, may be called 
cusps of the first species, the tangent 
lying between both branches : the cases in 
which both branches lie on the same side, 
as exhibited in the accompanying figure, 
may be called cusps of the second species. p. ^^^ 

Professor Cayley has shown how this is 
to be considered as consisting of several singularities happen- 
ing at a point (Salmon's Higher Plane Curves^ Art. 58). 

Again, both of these classes may be called single cusps, 
as distinguished from double cusps extending on both sides oi 
the point of contact. Double cusps are styled tacnodes by 
Professor Oayley. These points are sometimes called points 
of osculation; however, as the two branches do not in general 
osculate each other, this nomenclature is objectionable. It 
should be observed that whenever we use the word cusp with- 
out limitation, we refer to the ordinary cusp of the first species. 

Cusps are called jt?oen^8 de rebroussement by French writers, 
and Euekkehrpunkte by Germans, both expressing the turning 
backwards of the point which is supposed to trace out the 
curve; an idea which has its English equivalent in their 
name of stationary points. A fuller discussion of the different 
classes of cusps will be given in a subsequent place. We 
shall conclude this chapter with a few remarks on the multiple 
points of curves whose equations axe given in polar co-ordi- 
nates. 

Examples. 

1. (y - «*)« = ««. 
Here the origin is a oiuip ; also 

y = «2 + ic* ; 

hence) when x is less than unity, both yalues of y are positiye, and consequently 
the cusp is of the second species. 

2. Show that the origin is a douhU eusp in the curve 

a?* + bx* — ay = o. 
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216. Multiple Points of Carres in Polar Co-ordi- 
nates. — If a curve referred to polar co-ordinates pass through 
the origin, it is evident that the direction of the tangent at 
that point is found by making r = o in its equation ; in this 
case, if the equation of the curve reduce to /(0) = o, the 
resnlting value of Q gives the direction of the tangent in 
question. 

If the equation /(0) = o has two real roots in 0, less than tt, 
the origin is a double point, the tangents being determined 
by these values of 0. 

If these values of were equal, the origin would be a cusp ; 
and so on. 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
pmar equations, so that the theory already given must apply 
to curves referred to polar, as well as to algebraic co-ordi- 
nates. 

It maybe remarked, however, that the order oi a multiple 
point cannot, generally, be determined unless with reference 
to Cartesian co-ordinates, in like manner as the degree of a 
curve in general is determined only by a similar reference. 

Eor example, in the equation 

r - a QO^Q - h sin'd, 
the tangents at the origin are determined by the equation 

tan e - ± J, and the origin would seem to be only a double 

point ; however, on transforming the equation to rectangular 
axes, it becomes 

{;^^fY^{aa?-hy'y^ 

from which it appears that the origin is a multiple point of the 
fourth order, and the curve of the sixth degree. In fact, 
what is meant by the degree of a curve, or the multiplicity of 
a point, is the number of intersections of the curve with any 
right line, or the number of intersections which coincide for 
every line through such a point, and neither of these are at 
once evident unless the equation be expressed by Kne co-ordi- 
nates, such as Cartesian, or trilinear co-ordinates; whereas 
in polar co-ordinates one of the variables is a circular co- 
ordinate. 
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Examples. 

1. Determine the tangents at the origin to the cunre 

y2 as a^ (i _ jpa). Am, j? + y = o, j; — y = o. 

2. Show that the cnrre 

«* - 3«^y + y* = o 

touches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curye 

«* - as^y + iy* = o. 

4. Show that the origin is a conjugate point on the curre 

ay* — «* + ia;® as o 

when a and b have the same sign ; and a node, when they have opposite signs. 

5. Show that the origin is a conjugate point on the cnrve 

y« («« - a«) = «*. 

6. Prove that the origin is a cusp on the curve 

(y - a^)% = -r». 

7. In the curve 

(y - ««)« = «», 

show that the origin is a cusp of the first or second species, according as ft is 
< or > 4. 

8. Find the numher and the nature of the singular points on the curve 

** + 4flaj' - 2ay' + 4^*3?' - 3aV* + 4^ = o, 

9. Show that the points of intersection of the curve 

0'*(f)'- 

vith the axes are cusps. 

10. Find the double points on the curve 

x^ - ^ax^ + 4rt^a;* — b-y^ + ai'y — ff* - M = 6, 
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11. Prove that the four tangents from the origin to the curre 

f»i + Ml + W8 = o 

are represented by the equation 4W1 Ui = u\, 

12. Show that to a double point on any curve corresponds another double 
point, of the same kind, on the inverse curve with respect to any origin. 

13. Prove that the origin in the curve 

aj* - 2ax^y — axy^ + tfiy^ = o 

is a cusp of the second species. 

14. Show that the cardioid 

r SB a (i + 008 0} 

has a cusp at the origin. 

15. If the origin be situated on a curve, prove that its first pedal passes 
through the origin, and has a cusp at that point. 

16. Pind the nature of the origin in the following curves :— 

r* = fl' sin 3^, t^ = a^ sin «d, r = r- . 

M •\- 

17. Show that the origin is a conjugate point on the curve 

«* - ax^y + axy'^ + »V' = o. 

iS. If the inverse of a conic be taken, show that the origin is a double point 
on the inverse curve ; also that the point is a conjugate point for an ellipse, a 
eusp for a parabola, and a node for a hyperbola. 

19. Show that the condition that the cubic 

xy^ + asfi + bx^ + CX+ d+ 2ey ■ o 
may have a double point is the same as the condition that the equation 

may have equal roots. 

20. In the inverse of a curve of the »** degree, show that the origin is a 
multiple point of the w<* order, and that the n tangents at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTER XV. 

ENVELOPES. 

217. Method of Envelopes. — If we suppose a series of 
different values given to a in the equation 

/(^> y> a) = o, (i) 

then for eaoh value we get a distinct curve, and the above 
equation may be refrarded as representing an indefinite 
nLiber of c^es, each of which is deten^ed when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter^ and the 
equation /(a?, y, a) = o is said to represent dk family of curves; 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
form only. 

If now we regard « as varying continuously, and suppose 
the two curves 

/(«, y^ a) = O, fix, y, a + Aa) = O 

taken, then the co-ordinates of their points of intersection 
satisfy each of these equations, and therefore also satisfy the 
equation 

fix, y, g + Att) -fix, y, a) 

Aa "^• 

Now, in the limit, when Aa is infinitely small, the latter 
equation becomes 

dfiX, VyO) , . 

and accordingly the points ol intersection of two infinitely 
near curves of the system satisfy each of the equations (i) 
and (2). 
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The loous of the points of ultimate intersection for the 
atire system of curves represented by /(a?, y, a) » o, is ob- 
lined by eliminating a between the equations (i) and (2). 
"hifl locus is called the envelope of the system, and it can be 
Etsily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
'1 to he the point of intersection of the first and second, and 
\ that of the second and third, the line Pi Pa joins two infi- 
itely near points on the envelope as well as on the inter- 
mediate of the three curves ; and hence is a tangent to each 
\i these curves. 

This result appears also from analytical considerations, 
hus : — the direction of the tangent at the point x^ y^ to the 
rurve/(a?, y, a) = o, is given by the equation 

dx dydx 

in which a is considered a constant. 

Again, if the point x^ y be on the envelope, since then a 
is given in terms of x and y by equation (2), the direction of 
bhe tangent to the envelope is given by the equation 



df df dy df fda dady\ 
dx dydx da\dx dydx) 



^ + ^?^ = o 
dx dydx ' 

since ■j-'^oior the point on the envelope. 

da 

Consequently, the values of ^ are the same for the two 

cue 

curves at their common point, and hence they have a common 

tangent at that point. 

One or two elementary examples will help to illustrate 

this theory. 

The equation a? cos a + y sin a = jp, in which a is a variable 
parameter, represents a system of lines situated at the same 
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perpendicular distance p from the origin, and oonsequeii 

all touching a circle. 

This result also follows from the preceding theory ; : 
we have 

/{Xy t/y a) = X COB a + ^ sin a -p = O, 

df (x, y, a) 

-^ — -T^ — • a - a; Sin a + y COS a = o, 
da 

and, on eliminating a between these equations, we get 

which agrees with the result stated above. 
Again, to find the envelope of the line 

m 
y = €uu + — , 

a 

where a is a variable parameter. 

Here /(a?, Pya)^p- ax =0, 

a 

df(x, y, g) m ^ fm 

Substituting this value for a, we get for the envelope 

f = 4ma?, 

which represents a parabola. 

2 1 8. EnTelope of La^ + zMa + iV=? o. Suppose Z, My Jl 
to be known functions of x and y, and a a parameter, then 

f{Xy y, a) = ia' + 2Ma + iV= O, 

-y- = 2La + 2M'= o; 
aa 

accordingly, the envelope of the curve represented by tlw 
preceding expression is the curve 

LN = M\ 
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Hence, when X, M^ N are linear fdnctions in x and ^, 
tliis envelope is a conic touching the lines L, Ny and having 
M for the chord of contact. 

ConTcrselj, the equation to any tangent to the conie 
iJV -■ M* can be written in the form 

La* + 2Ma + iV = O,* 

where a is an arbitrary parameter. 

219. IJndetemiined multipliers applied to Enve- 
lopes. — ^In many cases of envelopes the equation of the 
moving curve is given in the form 

where the parameters a, /3 are connected by an equation of 
the form 

i> (a, fi) = c (4) 

In this case we may regard /3 in (3) as a function of a by 
reason of equation (4) ; hence, differentiating both equations, 
the points of intersection of two consecutive curves must 
satisfy the two following equations : 

da d^ da ' da d^i da 

Consequently ^ = '^- 

da d(i 

If each of these fractions be equated to the imdetermined 
quantity X, we get 

da da I 

rf/3 dji 



♦ Salmon's Coniett Art. 270. 
T 
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and the required envelope is obtained by eliminating a, /3» and 
X between these and the two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous functions in a and /3 ; 
for suppose them to be of the forms 

where the former is homogeneous of the n*^ degree, and the 
latter of the w'*, in a and /3. Multiply the former equation 
VI (5) by a, and the latter by /3, and add ; theui by Euler's 
theorem of Art. 102, we shall have 

nCi = wcjXi or X = — i, (6) 

mct 

by means of which value we can generally eliminate a and /J 
from our equations. 

EXAHPLES. 

I. To find the enyelope of a line of giyen length (a) whose extremities moTe 
along two fixed rectangular axes. 

Taking the giyen lines for axes of co-ordinates, we haye the equations 







Hence 


^ y 


from which we get 


1 

I 



.•. a = (aH% fi = («V)», 
and the required locus is represented hy 

2. To find the enyelope of a system of concentric and coaxal ellipses of con- 
stant area. 

Here j- + --=:,, a$^e; 

hence -| = A)8» Ij = ^« » •'• >A« ■ »i 

■ad the required envelope is the equilateral hyperbola 

2xy B c. 
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3. To find the enyelope of all the normals to an ellipse. 
Here we haye the equations 



a B a* a* 



^ere a and fi are the co-ordinates of any point on the ellipse. 

Hence, "i^'^T^' F°"^^' 

onsequently A. « a* - 4*, 

nd we get a*z = (a« - i2)o», My = -(««- b*)fi^; 

. «= / «^ V i^ ( h y 

Substituting in the equation of the ellipse, we get for the required enyelope, 

(aa;)l+(*y)l=(fl2-*2)l. 
This equation represents the woluU of the ellipse. 

4. Find the enyelope of the line - + — = i, where a and ^ are connected by 

a P 
the equation 

a« + j8"» :=: c». Am. c^^ + y^sz^^, 

220, The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
contains any number, n, of variable parameters, which are 
connected by n - i independent equations. The method of 
procedure is the same as that already considered in Chapter 
X.I. on maxima and minima, and does not require a separate 
investigation here. 



T 2 
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I. F^Te that the enrelope of die syBtem of fines — + ~ s i, where / and n 
« eoonected ky the .,«.«« i + ^ =,. i. ih. p«.bol. 



0'* (5)' 



I. 



2. One angle of a triangle is fixed in position, find the envelope of tb 
opposite side when the area is giren. Ans. A hyperbola. 

3. Find the enrelope of a right line when the sum of the squares of th 
peipendicnlais on it from two given points is constant. 

4. Find the envelope of a right line, when the rectaDgle nnder the perpeB- 
dicnlan from two given points is constant. 

Afu. A conic having the two points as focL 

5. From a point P on the hypothennse of a right-an^ed triangle, perpen 
diculaia PM, FN are drawn to the sides ; find the envelope of the line MN, 

6. Find the envelope of the system of circles whose diameters are the chordi 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

«• + y* - 2aex + «•-*• ss o^ 

where s is an arbitrary parameter ; and find when the contact between tin 
circle and the envelope is real, and when imaginary. 

(a). Show from this example that the focus of an ellipse may be regarded s 
an infinitely small circle having double contact with the eUipse, the directrii 
being the chord joining the points of contact. 

8. Show that the envelope of the system of conies 

^ y" 

« a — h 
where a is a variable parameter, is represented by the equation 

(x ± v/A)' + y" = o. 

Hence show that a system of conies havine the same foci may be regarded 
as inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 

where the parameters a and /3 are connected by the equation 

i^ + /^ - *•. 

% 
% 
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On any radius yector of a cixrye as diameter a circle is described : prove 
letrically that the enyelope of all such circles is the first pedal of the curre 
respect to the origin. 

[I. If circles be described on the focal radii yeotores of a conic as diameters, 
re that their envelope is the circle described on the axis major of the conic as 
)ter. 

12. Proye that the enyelop>e of the circles described on the central radii of an 
as diameters is a Lemniscate. 

13. Find the enyelope of semicircles described on the radii of the curve 

f^Bsa* cos n0 
[diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii vectores 
kwn from a given point, prove that their envelope is the reciprocal polar of 

inverse of the given curve, with respect to the given point. 

15. Find the envelope of a circle whose centre moves along the circum- 
ice of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and haying the 
of their semiaxes constant ; find their envelope* 

17. Find the equation of the envelope of the line A^ + fiy + y = o, where 
parameters are connected by the equation 

«X' + bfi^ + cv' + iffiy + 2gv\ + iAA/* = O. 



Ans* 



) 



«» 


A, 


9y 


A, 


*, 


A 


9* 


/, 


h 


«. 


y* 


I, 



= 0. 



I 18. At any point of a parabola a line is drawn making with the tangent an 
tngle equal to the angle between the tangent and the ordinate at the point ; 
prove Uiat the envelope of the line is the first negative pedal, with regard to the 

focus, of the parabola ; and hence that its equation is ri cos - 9 = oi, the focus 

Wing pole. 

N.B. — ^This curve is the eauttw by reflexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, 0, of an equilateral hyperbola to any point, JP, on the 
enrve, and at P draw a line, PQ, making with the tangent an angle equal to the 
angle between OP and tbe tangent. Show that the envelope of FQ is tlie first 
negatiye pedal of the curve 

f* = 2a* sin- (> sin -$, 
3 3 

the centre being pole, and axis minor prime vector. 

N.B. — ^This gives the caustic by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 

20. A right line revolves with a uniform angular yelocity, while one of its 
points moyes uniformly along a fixed right line ; find its envelope. 

Am, A cycloid. 
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CHAPTER XVI. 

CONVEXITY AND CONCAVITY. POINTS OP INFLEXION. 

221. ConTexlty and ConcaTlty. — If tHe tangeat be 
drawn at any point on a curve, the neighbouring portion of 
the curve generally lies altogether on one side of the tangent, 
and is convex with respect to all points lying at the opposite 
side of that line, and concave for points at the same side. 

Thus, in the accompanying figure, the portion QPQ' is 
convex towards all points 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX 
and OTy then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on 
the tangent corresponding to ^ ^ ^* ^^' 

the same abscissae, the curve is said to be concave towardfl 
the positive direction of T. 

Now, suppose y = <^{x) to be the equation of the curve, 
then that of the tangent at a point a?, y, by Art. i68, is 

r-,.(x-.)|. 

Let P be the point a?, y, and MN = A = MN\ QN = yi, 
TN = Fi, and we have 

A* *• 

yi - ^{m + A) = 0(0?) + A0'(a?) + — 0"(^) + 7777^*'"(^) +&o. 

Fi « y + hi^\x) = 0(a?) + A0'(a?) ; 




N'M N 



h' 



.\ y.-Yi^ -— 0"(aj) + 



I , 2 



A» 
1.2.3 



f "(a?) + &o. 



(0 
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Wtien A is very email, the dgn of the right-hand side of 
ttuB equation is the same in general aa that of its first term, 
and aooordingly the sign of 1/1 - ¥i, or of QT, is the Bamo as 
that of <p"{x). 

Senoe, tor a point above the axis of x, the ourve ia oonvex 
towards tiat aiis -when ^"{x) is positiTe, and oonoaye when 
DegatiTe. 

"W© aooordingly see that the convexity or oonoavity at any 



222. P*lDte of Inflexion. — If, however, ^"(x) - o at 
tlie point P, we shall have 

yi - r, = — ^ f'{x) + A^-(x) + 4o. (2) 

1.2.3^^' I. 2. 3. 4''-' ^ ' 

Now, provided ^'"{x) be not zero, Vi - F, changes its sign 

with A, i.e. if MN'='MN= A, 

and if Q lies above T, the 

oorreeponding point Q" lies 

below T", and the portions of 

the curve near to P lie at 

opposite sides of the tangent, 

as in the figure. 

Consequently, the tangent _ o_ 
at SQoh a point outa the curve, N' H N 

as well as touches it, at its ^s- **■ 

point of contact Such points on a curve are called points of 
inflexion. 

Again, if ^'{x) as well as ^"{x) vanish at the point P, we 
shall have 

1.2.3.4*^ " 

and, provided ^''(a:) be not zero at the point, yi - Yi does not 
change sign with A, and accordingly the taiigent does not 
iat^reeot me curve at its point of contact. 

Generally, the tuigent does or does not out the curve at 
its point of contact, according as the first derived function 
which does not vanish is of an odd, or of an even order ; as 
can be easily seen by the preceding method. 
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From the foregoing discussion it follows that at a point 
of inflexion the curve dianges from convex to concave wiiJx 
respect to the axis of a?, or conversely. 

On this account such points are called points of contrary 
flexure or of inflexion. 

22^ The subject of inflexion admits also of being treated 
by the method of Art. 196, as follows :— The points of in- 
tersection of the line y = /ua: + v with the curve y = (j^(x) are 
evidently determined by the equation 

ii{x) = /ua? + V. (3) 

Suppose Ay By Oj D, Ac, to represent the points of section in 

question, and let a?!, X2y ...Xn 

be the roots of equation (3) ; — 

then the line becomes a 

tangent, if two of these 

roots are equal, i.e., if ^^S- »9- 

(l/{xi) » fly where Xi denotes the value of x belonging to the 

point of contact. 

Again, three of the roots become equal if we have in 
addition 0"(^i) = o ; in this case the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our figure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points -4, By C become coincident, the portions AB 
and BC become evanescent, and the curve is evidently cut as 
well as touched by the line. 

In like manner, if ^"\xi) also vanish, the tangent must 
be regarded as cutting the curve in four consecutive points : 
such a point is called di, point of undulation. 

It may be observed, that if a right line cut a continuous 
branch of a curve in three points. Ay By C, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and C7, and consequently it 
must have a point of inflexion between these points ; and so 
on for additional points of section. 

Again, the tangent to a curve of the n'* degree at a point of 
inflexion cannot intersect the curve in more man « - 3 other 
points: for the point of inflexion counts for three among 
the points of section. For example, the tangent to a curve 
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the third degree at a point of inflexion cannot meet the 
re in any other point. Consequently, if a point of in- 
[exion on a cuhio he taken as origin, and the tangent at it 
axifi of x^ the equation of the curve must he of the form 

a?* + y^ = o, 

rhere represents an expression of the second and lower 
igrees in x and y. For, when y = o, the three roots of the 
lulting equation in x must be each zero, as the axis of x 
leets the curve in three points coincident with the origin. 
The preceding equation is of the form 

, when written in full, 

a^ + y {a^ + ihxy + 6y') + y {igx + ify + c) - o. (4) 

Now, supposing tangents drawn from the origin to the 
imrve, their points of contact, by Art. 176, lie on the curve 

U% + 2Ui = o, 

i.e. on the curve 

The factor y = o corresponds to the tangent at the point 
of inflexion, and the other factor ^a? + ^ + c = o passes 
through the points of contact of the three other tangents to 
the curve. 

Hence, we infer that from a point of inflexion on a cubic 
but three tangents can be drawn to the curve, and their three 
points of contact lie in a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

Af^ + Br+ = o: 

If /, /' be the roots of this quadratic, we have 
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NoWy if p be the harmonic mean between / and r^, tfai^ 
gives 

2 I ' _ -S _ 2)7 cos 9 + 2/ sin 9 

Hence the equation of the locus of the extremities of the 
harmonic means is 

gx+fy + e^o. Q.E.B. 

This theorem is due to Maolaurin {De Lin. Oeom. Prop. 
Oen.y Sec. iii. Prop. 9). 

From this property the line is called the harmonic polar of 
the point of inflexion. This line holds a fundamental place 
in the general theory of cubics,* 

224. Stationary Tancents. — Since the tangent at a 
point of inflexion may be regarded as meeting the curve in 
three consecutive points, it follows that at such a point the 
tangent does not alter its position as its point of contact 
passes to the consecutive point, and hence the tangent in this 
case is called a stationary tangent. 

The equation -7-| = o follows immediately from the last 

consideration ; for when the tangent is stationary we must 
J, 

have -^=0, where ^, as in Art. 171, denotes the angle 
which the tangent makes with the axis of x ; but tan ^ = X' 
hence ;73 = o> which is the same condition for a point of 

CvX> 

inflexion as that before arrived at. 



• Chasles, Aperfu Eistorique^ note xx. ; Salmon's Sigher Plane Curves, 
Art. 179. 
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Examples. 

1. Show that the origin is a point of inflexion on the curye 

tfiy S3 J jy + AT* + da*, 

2. The origin is a point of inflexion on the cubic ut + ui^o? 

3. In the cnrve ' a^'^y = «<», 

proYe that the origin is a point of inflexion if m be greater than a. 

4. In the system of curves 

find under what circumBtances the origin is (a) a point of inflexion, (b) a cusp. 

5. Find the co-ordinates of the point of inflexion on the cunre 

«• - 3*«8 + aV = o. Aru. « = 3, y = —. 

6. If a curve of an odd degree has a centre, prove that it is a point of 
inflexion on the curve. 

7. Prove that the origin is a point of undulation on the curve 

t*i + «4 + «6 + &c., + «» = o. 

8. Show that the points of inflexion on curves referred to polar co-ordinates 
are determined by aid of the equation 

d^u ^ I 

f* + -^ = o, where t* = -. 

de^ r 

9. In the curve r 0*" = 0, prove that there is a point of inflexion when 

10. In the curve y = sin -, prove that the points in which the curve 
meets the axis of x are all points of inflexion. 

11. Show geometrically that to a node on any curve corresponds a line 
touching its reciprocal polar in two distinct points ; and to a cusp corresponds a 
point of inflexion. 
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I a. If the origin be a point of inflexion on the curre 

proye that uz must contain «i as a factor. 

13. Show that the points of inflexion of the cubical parabola 

lie on the line 

3^; + a = 4^ : 

and hence proye that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate point, it has two real points of inflexion, besides that 
at infinity. 

14. Proye that the points of inflexion on the curye y^ ^ a?(x^ + ipx + f) 
are determined by the equation 2^ 4 6px^ + 3{p^ + q) sf ^ 2pq = o. 

15. If y' = f{x) be the equation of a curye, proye that the abscisssd of its 
points of inflexion satisfy the equation 

{/-(*)}» = 2/{«) ./"(,). 

16. Show that the maximum and minimum ordinates of the curye 

y=3/(«) /«(*)- {/•(«)}» 

correspond to the points of intersection of the curye y* =f(x) with the axis 
of a;. 

17. When y^—f{x) represents a cubic, prove that the biquadratic in r 
which determines its points of infliexion has oney and but one, pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion, 
while the greater corresponds, in general, to two. 

18. Prove that the point of inflexion of the cubic 

fly8 + z^xy^ + yx^y + dji^ + 3WB* = o 
lies in the right line ay -^-bx^ o, and has for its co-ordinates 

where G is the same as in Example 32, p. 190. 

19. Find the nature of the double point of the curye 

y2 = (a? - 2)2 (a: - 5), 

and show that the curve has two real points of inflexion, and that they subtend 
a right angle at the double point. 

20. The co-ordinates of a point on a curve are given in terms of an angle 9 
by the equations 

X = sec^ df y = tan sec'd ; 

prove that there are two finite points of inflexion on the curve, and find the 
values of Q at these points. 
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CHAPTER XVn. 

RADII} S OP CURVATURE. E VOLUTES. CONTACT. RADII OF 

CURVATURE AT A DOUBLE POINT. 

225. Curvature. Angle of Contlngence. — Eveiy con- 
tinuoTis curve is regarded as having a determinate curvature 
at each point, this curvature being greater or less according 
as the curve deviates more or less rapidly from the tangent at 
the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities — 
that is, by the external angle between the tangents at these 
points, assuming that the arc in question has no point of in- 
flexion on it. This angle* is called the angle of contlngence of 
the arc. 

The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of 
different circles, let the arcs AB 
and ab of two circles be of equal 
length, then the total curvatures 
of these arcs are measured by the 
angles between their tangents, or 
by the angles ACB and ach at p. 

their centres : but ^^* ^°* 

.^_ - arc^jB arortft i i 

lACB: Loco = — 777-: = -tt^-— • 

AC ac AC ac 

Consequently, the curvatures of the two circles are to each 
other inversely as their radii; or the curvature of a circle 
varies inversely as its radius. 

Also if A« represent any arc of a circle of radius r, and 
A^ the angle between the tangents at its extremities, we have 

As 
A^i 
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The curvature of a curve at any point is found by deter- { 
mining the circle which has the same curvature as that of an ■ 
indefinitely small elementary arc of the curve taken at the 4 
point. 

226. Radius of CurTatore. — Let ds denote an infi- ' 
nitely small element of a curve at a point, e/^ the corresponding ^ 

angle of oontingence expressed in circular measure, then — 

evidently represents the radius of the circle which has the ( 
same curvature as that of the given curve at the point. 

This radius is called the radius of curvature for the point, 
and is usually denoted by the letter p. 

To find an expression for p, let the curve be referred to 
rectangular axes, and suppose x and p to be the co-ordinates 
of the point in question ; then if ^ denote' the angle which the 
tangent makes with the axis of x, we have 






dx^ ' ' dx dx*^ 



, d6 d^i/ 
d6 dipdx ^d(t> .d^y 

I sec'^ _ \ 



Hence ^"^77 = 



±ZI. (I) 



d<p d^y d^y 

da doi? dx^ 

d^y 
At a point of inflexion — ^ = o : accordingly the radius of 

curvature at such a point is infinite : this is otherwise evident 

since the tangent in this case meets the curve in three oonse- 

outive points. (Art. 222.) 

. / [dy\\% , , 
Again, as the expression ( ' + (3") ) ^^ always two 

values, the»one positive and the other negative, while the 
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re can have in general but one definite oirole of curvature 
any point, it is necessary to agree upon which sign is to be 
:eii. W^e shall adopt the positive sign, and regard p as 

dng positive when -7^ is positive ; i.e. when the curve is 

Lvex at tlie point with respect to the axis of x. 
227. Other Expressions for p, — ^It is easy to obtain 
ler f onns of expression for the radius of curvature ; thus 
Art. 178 we have 

dx . dy 

cos A = -7-, sin ^=-7-. 
^ da ^ da 

Hence, if the arc be regarded as the independent variable, we 
ket 

d6 d^x d<b d^y 

prom which, if we square and add, we obtain 

Again, the equations dx = cos ipda, dy « sin ^da^ 

. . da 
give by differentiation (substituting — for d<p)j 

r 

(da)* . (dsY 

iTx — COS 0rf*« - sin 0^—^, rf'y = sin ^s + cos ^ ^—^. (3) 

P P 

Whence, squaring and adding, we obtain 

(<?«)• + (d«y)» - (<p$y + i% 



" ** " ^{d-'xy + (d'yy - (d'ay' 



(4) 
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Again, if the former equation in (3) be multiplied b] 
Bin 0, and the latter by 00s 0, we obtain on subtraction^ 

oofl i^cPf/ - Bin ^(fjc = — , or dxd^y - dyd^x « — . 

9 9 

Hence J^±ML. (5) 

^ dxd^y-^dyd^x ^^^ 

The independent variable is imdetermined in formulae (4) 
and (5), and may be any quantity of which both x and y aro 
functions. | 

For example, in the motion of a particle along a cmre, 
when the time is taken as the independent variable, we get 
from (4) an important result in Mechanics. 



EZAMPLBS. 
I. To find the radius of oiurature at any point on the parabola x^ = ^my. 

Here 2m-f' = », 2ffi-~«i, i+I:r) ='+ — ; = '+—; 

dg dx^ \dx/ 4m' m 

2(m 4 y)> 
••^ mi 

1. Find the radius of curvature in the catenary 

y 






«- l-K'-4 






Hence the radius of curvature is equal to the part of the normal intercepted 
by the axis of Xf but measured in the opposite direction (£z. 4, Art. 171). 

3. In the cubical parabola 30^ = ^, we have 



a» 



dx dx^ \ \dxj ) a6 ^ ^^4^ 
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4. To find the radius of curyature in the ellipse -= + 7- a i. 

Let aBssaeoB<^, then f/ = ban<^f and we have 

da sa ^ a eia ipd<l>, tPx = ^ a eos pdtp!* - a an 4>d*^ 
dt/ =sb cos^(f0, <P^~ — ^ Bin ^^^ + b cos ^^0. 
Hence by formula (5) we obtain 

(a*8in«0 +i«c08«4»)f 

^ iT • 

5. In the hypocydoid a/^ + yt = ii^, let x = a cos^^, then y a a sin'^, and re- 
garding <f> as the independent yariable, we haye 

*P = - 3« cos V sin ^ d<i>, tPx = 3a cos rf^^ (2 sin' ^ - cos' ^), 

d|f B 3a flln'^ oos4>^, <^ = 3a sin ^ ^^ (2 cos' 4> > sin'^), 

whence 
{dat^ -f <^y'}i s 3a sin ^ cos ^ef^), and dxd^p - dyd^x s ~ 90' sin'^ co0*^<^^, 

from which we obtain 

f»«-3(««y)*. 

6. Find the radius of curyature at any point of the ourre 

2 
00 s sec 



Missecf-j. ^iM. paaseo [-]. 



228. Oeneral Expressloit for Radius of Canra- 
*we. — The value of /> becomes usually difficult of determi- 
nation from formula (i) whenever yis not given explicitly in 
terms of x^ that is, when the equation of the curve is of the 
form 

«* =/(a^j y) = o- 

We proceed to show how the equation f or p is to be trans- 
formed in this case. Suppose 

du du ^ ^ d^u _ . d^u _ ^ d^u ^ 

^'^^" ' ^" ' d^~ ' d^^ ' 

then, by Art. 100, we have 

dx 
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Again, differentiating this equation with respect to x^^ 
regarding ^ as a function of d? in consequence of the given 
equation, and observing that 

dx^ ' dx dy dx^ dx^ ' dx dy dx* 
we obtain 

dL dLdy /dM dMdy\dy -nf^^V _ 
dx dy dx \dx dy dx) dx da^ ' 

whence, on sabstituting - -zttl. for ^, we obtain 

dV_ AlP - zBLM + CL* 

Consequently 

,_ X <^'^^)' (7) 

^ * AM" - 2BLM+ CD' "' 

Or, on replaoing X, Jf, A, B, O, bj tbeir values, 



P'± 



Mid)! 






\dyy dirdy (& dy (^ \dx) 



The result in (6) enables us to determine the second diffe- 
rential coefficient of an implicit function in general; a process 
which is sometimes required in analysis. 

229. The Centre of Cnrratiire Is Uie point of 
Intersection of two ConsecntlTe BTornials. — ^We shall 
next proceed to consider the subject from a geometrical 
point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first arder with 



NewtorCs Method of Investigating Curvature. 291 



6 curve, so tli6 circle which passes through three infinitely 

points on a curve is said to have contact of the second 

der -with it, and is called the circle of curvature, or the 

lating circle at the point. 

Again, the centre of the circle which passes through 

points, P, Q, jB, is the intersection of the perpendicu- 

drawn at the middle points of PQ and QR ; but when 

, Q, JR become infinitely near points on a curve, the per- 

indioulars become normals, and the centre of the circle 

•mes the limiting position of the intersection of two infinitely 

r normals to the curve. (Compare Art. 37, note.) 

. ds 
!E^ni this it is easily seen that we obtain — for the length 

i »0 

|of the radius of the circle in the limit, as before. 

I 230. UTewtoii'g Method of iairestlgatlng Radii of 

jJCiirvatiure. — When the equation of the curve is algebraic 
and rational it is easy to obtain an 
expression for its radius of curvature* 
at any point. 

For, take the origin at the 
int, and the tangent and normal 
or co-ordinate axes; let P be a 
point on the curve near to 0, and 
describe a circle through P and 
touching the axis of a?; draw FN 
perpendicular to OX and produce 
it to meet the circle in Q ; then we have 

ON^^PN.NQ. 

Hence, if x and y be the co-ordinates of P, we get 




NQ^ 



Pli^ y' 



But when P is infinitely near to 0, NQ becomes ODy the 



* This method of finding the radius of curyatnre is indicated by Newton 
{Prineipiaf Lib. I., Sect, i., Zetnma zi.), and has been adopted in a more or le? 
modified form by many subsequent writers. 

V 2 
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diameter of fhe oirole of ourvature, and if p be its radixuiy 
have 

2p = limit of — when x is infinitely small. 

y 

Again, sinoe the axis of ^r is the tangent at the orij 
the equation of the curve, by Art. 208, is of the form 

hiy = Ca^ + zcixy + c^ + terms of the third and higher dej 

= c^ + 2Cixy + Cay* + «» + «* + &e. 

On dividing by y we obtain 

ii " ^0 — + 2(?iiP + Ciy + — + &0. 

y y 

Again, when x is infinitely small, — becomes zp^ 

y 
each* of the other terms at the right-hand side becomes i] 

nitely small ; hence 

^ 2eo 

Thus, for example, the radius of curvature at the oiigin 
the curve 

6y « 2aj* + sxy - 4y* + «• 

is -J the axes being rectangular. 

2 



* We haye assmned above that the temiB — , -, &o., beoome evniii 

y y 

along with x ; this can be readily established as follows : — 



Let 
then 



M, s o^ + ^y + yxy^ + V, 

y y 



each of the terms after the first yanishes with «, while the first becomes a 

or 20^, which also yanishee withd;, when p is finite. 

Similar reasoning is applicable to the terms, — , &e. 

9 
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I From the preceding it follows that when the axis of x is 
mgent at tiie origin, the length of the radius of curvature 

tthat point is independent of all the coefficients except 

of y and ir*. 
23 1 . Case of Oblique Axes. — If the co-ordinate axes 

joblique, and intersect at an angle oi, then PQ no longer 
ses through the centre of the circle in the limit, but be- 
les the chord of the circle of curvature which makes the 
;le to with the tangent ; accordingly, we have in this case 

• V/-fcV fl/ . .m •• .. 

2p Sin (II « -=-r;. - — , m the limit. 
FN y 

Hence, in the case of oblique axes, we have 



p smoi 



20b 



(10) 



If hi and c^ have opposite signs, p is negative ; this 
icates that the centre of curvature lies below the axis of x^ 

ards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
the origin is the same as that of the parabola, biy = CoX^f at 
e same point ; and also that the system of curves obtained 

varying all the coefficients in (9), except those of y and 
', have the same osculating circle, in oblique as well as in 
rectangular co-ordinates. 

Again, as in Art. 223, the osculating circle, since it meets 
the curve in three consecutive points, outs the curve at the 
point, in general, as well as touches it. 

If Co B o in the equation of the curve, and bi be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis of x meets the curve in this case in 
three consecutive points. 

232. In general, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

zbox + 261^ = CoO?* + zcixy + C2y^ + tij + &c. 
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Here J©^ + bit/ = o is the equation of the tangent at thei 
origin ; and the length of the perpendicular FN from thei 
point {Xf y) on this tangent is 

boX + Jiy 



^/K^' 



Also, OP'^a?^ y\ and OP^ = 2p.PN in the limit. 

Accordingly, we have, when x and p are infinitely small, 

I zPN" ib^x + 2biy 



9 OP" (a?« + y»)v/V + 6? 
^ e^sf + 2Cixy + cy^ ^ Ut ^ 

(^ + f) y V^' (^ + y') y V+^ 

(since the point a?, y is on the curve). 

Afifain. the terms contained in -7 — r, &o., become evanes- 
— ^ a?'+y' 

cent in the limit, as before (see note. Art. 230). 
Hence we have 



I c^ar + iCixy + g2y a? \Xj 

P (a?» + y») ybfTW ' 



I + 



SVv^ 



But for points infinitely near the origin we have 

*o« + 6iy - o, or - = - r^. 

X Oi 

Substituting this value instead of - in the preceding equation, 

X 

it becomes 

The student will find no difficulty in showing the identity 
of this result with that given in (7). 
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233. Radii of Carrature of InTerse Curves. — ^It 

may be convenient to state here that if two curves be inverse 
to each other with respect to any origin, their osculating circles 
at two inverse points are also inverse to each other with respect 
to the same origin. 

This property is evident geometrically from the con- 
sideration that a circle is determined when thred points on 
it are given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
ourvatare at any point on a curve, when that for the cor- 
responding point on the inverse curve is known. 

AlSo, if the osculating circle at any point on a curve 
pass through the origin, the corresponding point is a point of 
inflexion on the inverse curve. 

We shall next proceed to establish another expression for 
the radius of curvature, which is of extensive appUcation in 
curves referred to polar co-ordinates. 

234. Radins of Garratare in terms of r and j?.— * 
Let Pif and PC be the tangent 
and normal at any point P on a 
curve, JP^N' and P'C those at 
the infinitely near point P', then 
is the centre of curvature cor- 
resjponding to the point P. Let 
be the origin. 

Join 0(7, and let DC = 8, 
OP ^ r, OP" ^ /, ON - p, 
Oir^p\ CP^CP'^p; then 

^® ^™ Fig. 3a. 

OC* ^OP'+CP'- 2OP.CP.00B OPO, 

OT 8» » r» + p' - 2pp. 

In like manner we have 

8» = /« + p« - 2pff. 

Subtracting, we get 

/- r 

f^-r» = 2p(/-i?), or-7 




2/t> 



p -p r -¥ r 



1 
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Hence we have 

dr p dr , . 

- = -, or p = r-. (I.) 

This formula can also be deduced immediately from Art 
191 : thus 

■n»T dh dp ds dp dpdr ^ dp J 

dp dr 

.•.r-p^,orp = r^. , 

235. Chord of Cvrratnre throiigli the OrigliB. — 

Let y denote half the intercept made on the line OP'bj the 
circle of ourvaturey and we evidently have 

y-pemOPiV-pf-i,|. (13) 

This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by r andjt?. 

Their use will be illustrated by the following elementaiy 
examples : — 

Examples. 

1. To find the radius of ourvature at any point on a parabola. 
Taking the focus as pole, the equation of the cnrye in terms of r and p 

•yidentlj is jp* = amr. 

„ dr pr /2r*\* , dr ^ 

Hence ,-r- = --(_); d«., 7=^;^ ---.r. 

2. To find the radius of ourvature in an ellipse. 
Taking the centre as origin, the equation of the curve is 



dp" ]^ 



\p^r — ^ 



3. To find the radius of curvature in the Lemniscate. 
Here, by Ex. 3, Art. 190, we have r* = a^p ; 

.". vr-r ~<r\ hence p= — ; also, 7*8 - . 
^ dp ^ vr' " I 



Evolutes and Involutes. 



2gj 



To find th« chord of curTature vhioh passes through the origin in the 
Sold 

r B:a(i +008 0). 

In this case, we haye r* s 2ap*. 

Hence y = -r- ■» -r. 

dfp 3 

5. To find the radius of currature at any point on the curye f<" s ««• cos m$. 
Ire r»*' = a""/?, by Art. 190. 



Hence 



fl» 



/> = 



; also, y = 



(mi-i)r""* (m+i)j9' m + I 

Es result famishes a simple geometrical method of finding the centre of cur- 
nre in all curres included under this equation. 

I 236. To proTe that p-p + -~. If p and to have the 

[ aw 

pie Bignifieation as in Art. 192, the formula of that Art. 

ioomes 

' ds (Pp , . 

I EZAKPLES. 

I. In a central ellipse prove that 

pss^a^ cos' » + ^* sin* 00, 

hence deduce an expression for the radius of curvature at any point on the 
Fe. 

3. In a parahola referred to its focus as pole, prove that p s m see «, and 
ioe show that p = 2m se(^<». 

237. Erolutcs and InTOlates. — If the centre of cur- 
itore for each point on a curve be PiP, p 
ken, we get a new curve called the "• r^-vt 
ylute of tie original one. Also, the 

inal curve, when considered with 

)eot to its evolute, is called an t»- 
}lute. 

To investigate the connexion be- 
reen these curves, let Pi, P2, Ps, &o., 
j)resent a series of infinitely near 
nntB on a curve; d, C29 Cz, &c., the 
)rresponding centres of curvature, 
ten the lines PiCi, P2C2, PzC,, &o., 
-_ normals to the curve, and the lines 
\Cty Cad, (73C^4,&c.,maybe regardedin 




Fig. 33. 



Die Umit as consecutive elements of th© evolute ; also, since 
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each of the normals PiCi, P2(72,-PsC'3,&o., passes through ti 
consecutive points on the evolute, they are tangents to tl 
curve in the Kmit. 

Again, if pi, pzy pz, p^ &c., denote the lengths of the n 
of curvature at the points Pi, Pj, Ps, P4, &c., we have 

pi = Pi(7i, pa = Pidy pz = PsCi, Pi = PiCij &c. ; 

•'. pi^ p% = PiOi — P%C% = P2C/1 — P2C/2 = C/iC/a > 
also Pt- pl^" CiCzy Pi- pi= CzCiy . . . pn^i - p» = Cn^iCn I 

hence by addition we have 

Pi ■■ pn ~ C/1C2 + C/aCs + CsOi + • • • + v/fi.i Cfi* 

This result still holds when the number n is in 
indefinitely, and we infer that the length of any arc of t 
evolute is equals in general^ to the difference between the radii q 
eurvature at its extremities. 

It is evident that the curve may be generated from r 
evolute by the motion of the extremity of a stretched t 
supposed to be wound round the evolute and aflerwi 
unrolled ; in this case each point on the string will desori 
a different involute of the curve. 

The names evolute and involute are given in oonsequ 
of the preceding property. 

It follows, also, that while a curve has but one evolute, it 
can have an infinite number of involutes ; for we may reg^ard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two different points on the 
moving line are said to be parallel; each being got from the 
other by cutting off a constant length on its normal measured 
from the curve. j 

238. SSvolutes regarded as Envelopes. — ^From the 
preceding it also follows that the determination of the evolute 
of a curve is the same as the finding the envelope of all its 
normals. We have already, in Ex. 3, Art. 219, investigated 
the equation of the evolute of an ellipse from this poiiLt of 
view. 

239. Evolate of a Parabola. — ^We proceed to det6^ 
mine the evolute of the parabola in the same manner. 
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^ Liet the equation of the curve be y* = imx^ then that of 
b normal at a point {Xj y) is 



I 



m 



(r-y)- + X-af-o, 
y* -f 2my{m - Z) - itrfY ^ o. 




The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eliminating y between this equa- 
^on and its derived equation 

I 3y' + 2m (f» - Z) » o. 

Aooordingly, the equation of the 
leqnired envelope is obtained by 

nhstitating — = instead of y 

In the latter equation. 
' Hence, we get for the required 
lYolute, the semi-cubical parabola 

2^mY^ = 8 (Z - iw)». 

The form of this evolute is exhi- 
ited in the annexed figure, where 
VN--fn = iFF. If P, P', repre- 
sent the points of intersection of the 
evolute with the curve, it is easily seen that 

240. ETolnie of an Kllipse. — The form of the evolute of 
an ellipse, when e is greater 

rthan ^\^2, is exhibited in 
the accompanying figure ; 
the points My Ny M\ N\ are 
evidently cusps on the curve, 
and are the centres of cur- ^ 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be 
Bymmetrical at both sides 
of a point on it, the oscu- 
lating circle cannot intersect Fig. 33. 



Fig. 34. 
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the curve at the point ; accordingly, the radius of curvature 
is a maximum or a minimum at such a point, and the corre- 
sponding point on the evolute is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

241. CSTolute of an £qaiaii|^lar Spiral. — We shall 
next consider the equiangular or logarithmic spiral, r « a*. 

Let P and Q be two points 
on the curve, its pole, PC, 
QCthe normals at P and Q ; join 
OC. Then by the fundamental 
property of the curve (Art. 1 8 1 ) , 
the angles OPC and OQO are 
equal, and consequently the four 

Eoints, 0, P, Q, Cy lie on a circle : 
ence L QOC - z QPC; but in 
the limit when P and Q are coin- pj ^^ 

cident, the angle QPC becomes 

a right angle, and C becomes the centre of curvature belong- 
ing to the point P ; hence POC also becomes a right angle, 
and the point C is immediately determined. 

Again, Z. OCP = I OQP ; but, in the limit, the angle 
OQP is constant; .-. L OCP is also constant ; and since the 
line CP is a tangent to the evolute at (7, it follows that the 
tangent makes a constant angle with the radius vector OC* 
From this property it follows that the evolute in question is 
another logarithmic spiral. Again, as the constant angle is 
the same for the curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through a known 

angle (whose circular measure is — logailf). 

241 (a). InTolnte of a Circle. — ^As an example ol 
involutes, suppose APQ to represent a portion of an involute 
of the circle BAC^ whose centre is 0. Let 

OC = fl, lCOA^^, 
and CA the length of the string unrolled ; then 

CP^CA^ a0. 
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Draw ON perpendiculax to the tangent at P, and let 
ON = p^ then we have 

p = a<f. 

Hence, since 

lBON^lCOA^^, 

the ped&l of the curve APQ is a 
spiral of Archimedes. 
Also, since 

OP" = OC^ + GP, 
we have 




Fig. 37. 



which gives the equation to the involute of a circle in terms 
of the co-ordinates r and jt?. 
Again, if AP - s^ we have 



ds 
d<p 



CP - fl^ ; 



from which it is easily seen that 



06* 

Sm -1-. 

2 



242. Radius of Cnrvatare, and Points of In- 
flexion, in Polar Co-ordinates. — We shall first find an 
expression for p in terms of u (the reciprocal of the radius 
vector) and 0. 

By Article 183- we have 



hence 



I ^ fdu\^ 



I dp d*u 

'pdlt^"'^d^* 



Also 



dr 



I du 



^~ dp v?dp^ 
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oonse 



qneatiy ^(« + g) - JL . j, + (^Jj| 



I + 






[udo) I 



d'u 
u + — 

... I , du 1 dr 

Agam, smoe « - -, we have — = --—, 

dff' . r»\dej f»dep' 



(15) 



I 



•-^'1)1* 



• • 



dV (dr\* 

'^-'dS'^'U. 



(i6) 



This result can also be established in another manner, as 
follows : — 

On reference to the figure of Art. i8o, it is obvious that 
^ = + i// ; where is the angle the tangent at P makes with 
the prime vector OX. 

d<b diL d6 ds d\L 

d^ 
I (^ d& 



• • 



p ds ds 

dO 

dr d^r 

Again, denoting ^ and -^ by r and r, we have 

tan \p = -; and hence 
r 



# 


T^ ^ rr 

COS'^ — Ti — 

r* - rr + 2r' 

^2 ^ P ' 


r» 


•• 


1 




de 


alsc 




+ f']4. 






Intrinsic Equation of a Curve. 3^3 

Bnce, we get p = ^ _ ^^ ^ ^^, > 

•, replacing r and r by their values, 

d*r (dr\* 

Again, since p = oo at a point of inflexion, we infer that 
le points of intersection of the curve represented bj the 
Koation 

cPr fdr\ 

ith the original curve, determine in general its points of 
"exion. 

In some cases the points of inflexion can be easier found 

aid of (15), which gives, when p - 00, 

d^u 



5^^^ = ^- 



Examples. 



I. Find the radius of eonrature at any point in the spiral of Archimedes, 

(I + e»)i 



q9. Ant, a 



a + a» • 



2. Find the radius of curvatiire of the logaiithmio spiral r^tf. 

Ant. r(i+(loga)»)». 

3. Find the points of inflexion on the corye 

Q 

r = 29 - 1 1 cos 20, Am. cos 2$ » -^. 

II 

4. Prove that the drde r = 10 intersects the onrye 

rs II -.a cos 50 

b its points of inflexion. 

5. Proye that the curre 

r^a + bc<Mn$ 

as no real points of inflexion unless a is > d and <(i + m')3. When a lies he- 
ween these limits, prove that all the points of inflexion lie on a cirole ; and show 
'▼ to determine the radius of the circle. 
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2^2 (a). Intrinsic Kqnation of a Curve. — ^In mail 



oases the equation of a eurve is most simply expressed ia 
terms of the length, «, of the ourve, measured from a fixei 
point on it, and the angle, 0, through which it is bent 
i. e, the angle of deviation of the tangent at any point froi 
the tangent at the fixed point, taken as origin. These ai 
styled the intrinsic elements of the curve by Dr. WheweH 
to whom this method of discussing curves is due. 

The relation between the length s and the deviation ^ fo 
any curve is called its intrinsic equation. 

If this relation be represented by the equation 

. then if /:> be the radius of curvature at any point, we have 

ds ^,, . 

" = -^ --^ (*)• 

Also, if S\ denote the length of the evolute, from Art. 23; 
it is easily seen that the equation of the evolute is of the f oi 

«i -fi^p) + const. 

From this it follows that the series of successive evoluti 
are in this case easily determined by successive diflEerentiatioi 

The simplest case of an intrinsic equation is that of 
circle, in which case we have 

s — Oip. 

Again, from Art. 241(a), the intrinsic equation of the 
involute of a circle is reducible to the form 

a<h^ 

2 

We shall meet with further examples of intrinsio equa- 
tions subsequently. 

243. Contact of Different Orders. — ^As already 
stated, the tangent to a curve has a contact of the first order 
with the curve at its point of contact, and the osculating 
circle a contact of the second order. We now proceed to 
distinguish more fuUy the different orders of contact between 
two curves. 

• Cambridge Philosophical Transactions, Vols, viii, and zx. 
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Suppose the curves to be represented by the equations 

y--f(x), andy = ^(ic), 

and that Xi is the abscissa of a point common^ to both curves^ 
then we have 

/(a?i) = *(iPi). 

Again, substituting Xi + hy instead of a; in both equations, 
and supposing yi and y^ the corresponding ordinates of the 
two curves, we have 

A' 
Vi -/(a?i + h) ^f{xi) + hf{xi) + —zf{^i) + &o., 

Subtracting, we get 

yi-ya=A{/(«.)-*'('^)} + ;^, {/'('p.) -«'>.) } +&o. (17) 

Now, suppose /'(a?i) = ^'(ii?i), or that the curves have a 
conunon tangent at the point, then 

In this case the curves have a contact of the first order ; 
and when h is small, the difference between the ordinates is 
a small quantity of the second order, and as yi - y^ does not 
change sign with A, the curves do not cross each other at the 
point. 

If » in addition 

/'(a^O - «"(*.), 
then y. - ya — [ f"'{x,) - f'i^n) ) + && 

I • 2 • 3 

In this case the difference between the ordinates is an in- 
finitely small magnitude of the third order when h is taken 
an infinitely small magnitude of the first; the curves are 
then said to have a contact of the second order^ and approach 
infinitely nearer to each other at the point of contact than in 

y 
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the former case. Moreover, sinoe y^ - y^ ^anges its sign 
with A, the curves cut each other at the point as well as touoL 
If we have in addition /"'(ari) = 0'''(a?i), the curves are 
said to have a contact of the third order: and, in general, if 
all the derived functions, up to the n^* inclusive, be the same 
for both curves when x - Xu the curves have a contact of the 
w** order, and we have 

yi - y2 - -^ 1/"*^) (xi) - *(-") (x^) } + &a (i8) 



n + I 



Also, if the contact be of an even order, n + i is odd, and 
consequently A***^ changes its sign with A, and hence the curves 
cut eac other at their point of contact ; for whichever is the 
lower at one side of the point becomes the upper at the 
other side. 

If the curves have a contact of an odd order, they do not 
cut each other at their point of contact. 

From the preceding discussion the following results are 
immediately deduced : — 

(i) . If two curve's have a contact of the n** order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the »** order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the nf\ 

(3). If any number of curves have a contact of the second 
order at a point, they have the same osculating cirde at the 
point. 

244. Application to Circle. — It can be easily verified 
that the circle which has a contact of the second order with a 
curve at a point is the same as the osculating circle determined 
by the former method. 

For, let (X-a)» + (r-i3)* = i? 

be the equation of a circle having contact of the second order 
at the point {xy y) with a given curve ; then, by the preceding, 

du d u 

the values of ~ and -^-f must be the same for the drde and 

dx a<xr 

for the curve at the point in question. 
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Differentiating the equation of the circle twice, and sub- 
stituting X and y for X and Y, we get 

«-a + {y-/3)J«o, (19) 

Heno. ,-p.-l^,.-..iIllMJ, („) 

[■ ^ (1)7 

This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, /3 of the centre of curvature can 
be found by aid of equations (21) ; -and the equation of the 
e olute by the elimination of x and y between these equa- 
tions and that of the curve. 

In practice, the following equations are often more useful : 
thus, by differentiation with respect to x, we get from (19), 

In like manner, from the equation 

(y-/3) + (a?-a)^ = o, 

we obtain 

cPx d ( dx\ , V 

245. Centre of Curvature, and Evolnte of Ellipse, 

— As an illustration, we shall apply these equations to de- 

X 2 
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termine the oo-ordinates of the centre of oorvature, and the 
equation of the evolute of the ellipse 

TT dy V dx d^ 

•*• dx^ dx)~ "a»' dy \dy) " V 






In like manner, we have 

d*z 



m 



dy" *V* 



Substituting in (22) and (23), we obtain for the oo-ordinates 
of the centre of curvature 

P" ji » " ~^i • V24) 

Again, substituting the values of x and y given by these 

equations, in the equation -^ + tj= i> we get for the equation 

of the evolute 

{aa)\ + (/36)« = («• - J')t. 

246. It may be noticed that the osculating circle cuts the 
curve in general^ as well as touches it. This follows from 
Article 243, since the circle has a contact of the second order 
at the point. 

At the points of maximum and minimum curvature the 
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OBOulatiiig circle has a contact of the third order with the 
curve ; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and does 
not cut the curve at its point of contact (Art. 240). 

247. Osculatins €iur¥es« — ^When the equation of a 
curve contains a number, «, of arbitrary coefficients, we can 
in general determine their values so that the curve shall have 
a contact of the (n - i)** order with a given curve at a given 
point ; for the n arbitrary constants can be determined so 
that the n quantities 

dy d^y d^^y 

• 
shall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
(n - i)^* order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve, as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but 
three arbitrary constants, the osculating circle has a contact 
of the second order, and cannot, in general, have contact of a 
higher order ; similarly, the osculating parabola has a contact 
of the third order ; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of ih^ fourth order. In general, if the greatest 
number of constants which determine a curve of a given 
species be n, the osculating curve of that species has a contact 
of the (n - i)'* order. 

248. Cfeometrlcal Method. — The subject of contact 
admits also of being considered in a geometrical point of view ; 
thus two curves have a contact of the first order, when they 
intersect in two consecutive points ; of the second, if they inter- 
sect in three; of the n^*, if in n + i. For a simple investi- 
gation of the subject in this point of view the student is 
referred to Salmon's Conix) SectionSy Art. 239. 

249. Curvature at a Double Point. — We now pro- 
ceed to consider the method of finding the radii of curvature 
of the two branches of a curve at a double point. 
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In this case the ordinary formula (8) becomes indetermi* 
nate, sinoe 

du . du 

^- = o, and -r- = o 
dx dy 

at a doable point. The question admits, however, of beinj 
treated in a manner analogous to that already employed i] 
Art. 230 : we commence with the case of a node. 

250. Radii of Cnrratiire at a Mode. — Suppose th( 
origin transferred to the node, and the tangents to the tw< 
branches of the curve taken as co-ordinate axes, oi represent 
ing the angle between them. 

By Art. 210, the equation of the curve is in this case ol 
the f6rm 

dividing by xy we obtain 

2A « o - + pa? + yy + 8— + — + &c. 
y ^ '"^ X xy 

Now, let pi and pa be the radii of curvature at the origin 
for the branches of the curve which touch the axes of x and y, 
respectively; then, by Art. 231, we have 

^ . y* . 

2pi sin «ii = — , and 2p3 sin a> » — , in the limit. 
^ y ^ x^ 

Again, it can be readily seen, as in the note to Art. 230, 

that the terms in ~, &c., become evanescent along with x 

xy 

^ y' 

and y, and accordingly the limiting values of — and — can 

be separately found, as in the Article referred to. 
Hence we obtain 

h h , . 

a sm (li sm oi 

Also, if a = o, we get pi = 00, and the corresponding 
branch of the curve has a point of inflexion at the origin. 
Similarly, if S = o, p, = 00, 
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If a » o, and 8 » o, fhe origin is a point of inflexion on 
both branches. This appears also immediately from the 
consideration that in tlus case th contains t^ as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree, the origin is a point of 
inflexion on both branches. An example of this is seen in 
the liomniscate, Art. 210. 



EXAICPLES. 

1. Find the radii of ooryatiire at the origin of the two branchea of the curve 

ax^ - 2bxy + «y* = «* + y*, 

tlie axes being rectangular. Ans, - and -. 

a e 

2. Find the radii of curvature at the origin in the curve 

a (y* - as*) = «?. 

Transforming the equation to the internal and external bisectors of the angle 
between the axes, it becomes 

4a»y\/2=i(«-y)8; 
hence the radii of curvature are 2a y^ 2 and — 20\/2, respectively. 

251. Itadil of Curvature at a Cusp. — The preceding 
method fails when applied to a cusp, because the angle w 
vanishes in that case. It is easy, however, to supply an in- 
dependent investigation : for, if we take the tangent and 
normal at the cusp for the axes of x and p, respectively, the 
equation of the curve, by the method of Art. 210, may be 
written in the form 

y' = oj?* + fia^p + yajy* + Sy^ + t^4 + &c. (26) 

Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point ; consequently, in investigating this form 
we may neglect .yV, y*, &c., in comparison with y^ ; and s^ 
a?*y, &c., in comparison with a?*. 
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Accordingly, the curvature at the origin is the Bame, in 
general, as that of the cubic 

y» « cur» + |3a?'y. (27) 

Dividing by «*, we get 

Hence, in immediate proximity to the origin, ~ be- 

X 

comes very small, i. e. y is very small in comparison with x. 
Accordingly, the form of the curve near the origin is repre- 
sented by the equation 

From this we infer that the form of any algebraic curve 
near a cusp is, in general, a semi-cubical parabola {see Ex. 2, 
Art. 211). 



Again, since 



we have, by Art. 230, 



iC* X 



from which we see that p vanishes along with x, and accord- 
ingly the radii of curvature are zero for both branches at the 
origin. 

This result can also be arrived at by diflEerentiation, by 
aid of formula (i). 

252. Case i¥bere tbe Coefficient ota^ is ifrantiiig. — 
Next, suppose that the term oontaiuing a^ disappears, or 
a = o, then the equation of the curve is of the form 

' y^ = (ia^y + yxf/^ + St/^ + a 7^ + &c. ; 

and proceeding as before, the curvature at the origin is the 
same as in the curve 

y" = ^^y + aV. (28) 
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The two branches of this curve are determined by the 
quation 

y = |^±^y^MriZ. (29) 

Fhe nature of the origiQ depends on the sign of j3' + 40^ and 
Ihe discussion involves three eases. 

(i). If j3* + 4a' be positivey it is evident that the curve 
extends at both sides of the origin, and that point is a double 
msp (Art. 215(a)). 

On dividing equation (28) by t/^y and substituting 2p for 

— , we get I = 2/3f> + 4aV^ (30) 

The roots of this quadratic determine the radii of curva- 
ture of the two branches at the cusp. 

These branches evidently lie at the same, or at opposite ^ 
sides of the axis of x, according as the radii of curvature 
have the same or opposite signs : i. e, according as a has a 
negative or positive sign. 

These results also appear immediately from the circum- 
gtance, that in this case the form of the curve very near the 
origin becomes that of the two parabolas represented by 
equation (29). 

(2). If ^^ + 4a' be negative^ y becomes imaginary, and the 
origin is a conjugate point. 

(3). If j3^ + 4a' = o, the equation (30) becomes a perfect 
square : we proceed to prove that in this case the origin is a 
cusp of the second species. 

To investigate the form of the curve near the origin, it is 
necessary in this case to take into aocoimt the terms of the 
fifth degree in a? (y being regarded as of the second) : this gives 

(y - ^a^y = yxy^ + jSVy + aV = x{yy^ + /3Vy + aV). (31) 

It will be observed that the right-hand side changes its 
'^gn with X ; accordingly the origin is a cusp. Also, the cusp 
is of the second species, for the two roots of the equation in t/ 
plainly have the same sign, viz., that of |3 ; and consequently 
both branches of the curve at the origin lie at the same side 
of the axis of x. 
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Moreovery as equation (30) has eqaal roots in this case^ 
the radii of curvature of the two branches are equalj and thsj 
branches have a contact of the second order. ' 

We conclude that when the term involving a^ in equatioa 
{zS) disappears, the origin is a double cusp, a cusp of the secofid 
species^ or a conjugate pointy according as ^^ + ^a >-ot < o. 

Moreover, if o' = o, one root of the quadratic (30) is inH 

finite, and the other is -^. The origin in this case is a double 

cusp, and is also a point of inflexion on one branch. Such a 
point is called a point of oscuUinfiexion by Cramer. 

If /3 = o in addition to a' » o, the origin is a cusp of the 
first species, but having the radii of curvature infinite for both 
branches. 

It is easy to see from other considerations that the radii 
of curvature at a cusp of the first species are always either 
zero or infinite. 

For, since the two branches of the curve in this case 

turn their convexities in opposite directions, -^ must have 

opposite signs at both sides of the cusp, and consequently it 
must change its sign at that point; but this can happen only 
in its passage through zero, or through infinity. 

It should be observed that the preceding discrfssion appUos 
to the case of a curve referred to oblique axes of co-ordinates, 
provided that we substitute 7 instead of p ; where y is half 
the chord intercepted on the axis of y by the osculating oirde 
at the origin. 

253. lirecapltalatioii. — The conclusions arrived at in the 
two preceding Articles may be briefly stated as follows : — 

(i). Whenever the equation of a curve can be transformed 
into the shape y' = aar^ + terms of the third and higher degrees, 
the origin is a cTisp of the first species ; both radii of curva- 
ture being zero at the point. 

(2). When the coefficient of a^ vanishes,* the origin is 

* In this case, if t^i be the equation of the tangent at the ousp, the equatioo 
of the curve is of the form 

f>l' + ViV% 'f- 1^4 + &c. = o. 
This is also eyident from geometrical considerations. 
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g^nerallj either a double cusp, a conjugate point, or a cusp 
of the second species. In the latter case the two branches 
oi the curve have the same centre of curvature, and conse- 
qiiently have a contact of the second order with each other. 

(3). If the lowest term in x (independent of y) be of the 
5** degree, the origin is a point of oscul-inflexion. 

If, however, the coefficient of a^y also vanish, the origin 
is not only a cusp of the first species, but also a point of 
inflexion on both branches of the curve. 

254. Creneral Inyestigatioii of Cusps. — The pre- 
ceding results admit of being established in a somewhat more 
g^eneral manner as follows : — 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a cusp may be 
^written in the following general shape : 

y^ = lAafy + Bx^ + Cof^ (32) 

"where lAoif^ is the lowest term in the coefficient of y, and 
Baf*, CmP* are the lowest terms independent of y. 

By hypothesis, a, J, c are positive integers, and a > i, 6> 2, 
c > 3 ; now, solving for y, we obtain 

which represents two parabolasf osculating the two branches 
at the origin. 

The discussion of the preceding form for y resolves itself 
into three cases, according as 2a is > = or < 6. 

(i). Let la^h -k-h^ then 

h 

(a). If b be oddy a? becomes imaginary for negative values 
of a?, and accordingly the origin is a cusp of the 
first species in this case. 

* This term is retained, as it is necessary in the case of a cusp of the second 
I species. 

t The word parahola is here employed in its more extensive signification. 
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(/3). If J be eveUf and B positive, p is real for all valu< 
of X near the origin ; accordingly that point is 
double cusp. 

(7). If b be eveuy and B negative, the origin is a conjugi 
point 

(2). If za « by we have 

In this case, the origin is either a doable cnsp, or a conju- 
gate point, according as -4* + -B is positive or negative. | 
Again, if ^* + 5 = o, we have 

(a). If (? - i be an odd number, the origin is a ousp of the 
second species. 

(j3). If c - i be even, the origin is a double cusp or a con- 
jugate point according as C is positive or negative. 

(3). 2a <b, OT b = 2a + h. 

Here y«Aa)^±af* ^ A^ + 5aj* + (7a^»*», 

and the curve evidently extends at both sides of the origin^ 
which accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the case of multiple points of a 
higher order ; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced here. 

255. Points on £Yolnte eorresponding to Cusps on 
Curve. — In connexion with evolutes and involutes, the pre- 
ceding results lead to a few interesting conclusions. 

(i). If a curve has a cusp of the first species, its evolnte 
in general passes through the cusp. However, if in addition 
the cusp be a point of inflexion, the normal at it is an asymp- 
tote to the evolute. 

(2). To a cusp of the second species corresponds in general 
a point of inflexion on the evolute : in some cases the point 
of inflexion lies altogether at infinity. 

(3). To a double cusp corresponds a double tangent to the 
evolute. 
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256. CSqaatlon of the Osculatliig Conic. — As an 

Ldditional illustration of the principles involved in the pre- 
ceding investigation, it is proposed to discuss the question of 
lie oonio which osculates an algebraic curve at a given point, 
transferring the origiu to the point, and taking the tangent 
ts axis of x^ the equation of the curve may be written in the 
form 

oy - 0^ + aixy + Oay* + Jo«" + bio^y + ftjir^ + Jay* 

+ A)«* + CiCi^y + &a + dox^ + &0. (33) 

In considering the form of the curve near the origin, as a 
irst approximation we may, as in Art. 251, neglect a^, y% &c., 
in comparison with y ; and a^y t^^ &c., in comparison with a^ ; 
tliuB the equation reduces to the form 

ay - of. (34) 

Hence the form to which every curve of finite curvature 
approximates in the limit is that of the common parabola, as 
already seen in Art. 231. 

To proceed to the next approximation, we retain terms of 
the third order (remembering that when a? is a very small 
quantity of the first order, y is one of the second) ^ and the 
equation becomes 

ay -a? •\' ttixy + 6oi»*. 

On substituting ay instead of aj* in the term 6©^, the pre- 
ceding equation becomes 

ay = «» + (oi + 60a) (cy. (35) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When ai + Joa = o, the 
parabola ay ^ a^ has a contact of the third order at the origin, 
and acconfingly so also has the osculating circle. 

In proceedmg to the next and final approximation, we re- 
tain terms of the fourth order, and we get 

ay ^a? -k- aixy + a^y^ + Jq^* + hiix?y + c^a^. (36) 
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Moreover, from the preceding approximation we have 

haxy = hix^ + h^c^y {fli + aft©). 

Hence, we get for the equation of the oonio having a . 
contact of the closest kind with the given curve \ 

ay = a?" + (ai + h^) xy + [«,+ a(Ji - di Jo) + o*(co - V)]!/*. (37) 

This conic, since it has the closest contact possible witti 
the given curve at the origin, is the osculating conic (Art. 246) 
for that point. 

In like manner the parabola 

ay^x^+ {a, + b.a) xy + (?i±MV, (38) 

4 

since it has the closest contact possible for a parabola^ is ih$ 
osculating parabola at the point. 
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Examples. 

I. Fioye that the radius of curyature at the yertex of a parabola is equal to 
semi-latus Tectum. 

a. Find the length of the radius of curyature at the origin in the curye 

y* + «• + a(sfi + y*) = aV« -4«#. -. 

a 

3* Find the radius of curyature at the origin in the curye 

a'y = Jaj* + ex'^y. Ans, j/. — - 

4. Proye that the locus of the centre of a conic haying contact of the third 
ler with a giyen curve at a common point is a right line. 

5. Proye that the locus of the centres of equilateral hyperbolas, which haye 
ntact of the second order with a giyen curve at a fixed point, is a circle, whose 
iius is half that of the circle of curyature at the point. 

6. Proye geometrically that the centre of curvature at any point on an ellipse 
the pole of the tangent at the point, with respect to the confocal hyperbola 
bich passes through that point. 

7* The locus of the centres of ellipses whose axes have a given direction, and 
bich have a contact of the second order with a given curve at a common point, 
an equilateral hyperbola passing through the point? 

S. Proye that the locus of the focus of a parabola, which has a contact of 
le second order with a given curve at a given point, is a circle. 

9. Prove that the radius of curyature of the curye a"»"* y = a;** at the origin is 
a 

sro,' -, or infinity, according asmi8<s=or>2: m being assumed to be greater 

2 

urn unity. 

10. Two plane closed curves have the same eyolute : what is the difference 
Btveen their perimeters P 

Ana, 2vd, where d is the distance between the curves. 

1 1. Find the radius of curvature at the origin in the curye 

nd also at what points the radius of curvature is infinite. 

12. Apply the principles of investigating maxima and minima to find the 
Teatest and least distances of a point from a given curve ; and show that the 
itoblem is solved by drawing the normals to the curve from the given point. 

{a)» Prove that the distance is a minimum, if the given point be nearer to 
he curve than the corresponding centre of curyature, and a maximum if it be 
urther. 
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{b). If the given point be on the eyolute, show that the solution arriyed 
is neither a maximum nor a minimum ; and hence show tliat the circle of ci 
ture cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 



Afu. 4 



ab 



14. Find the radii of omrature at the origin of the two branches of the ci 



**— - ax^y — flwcy* + o^y* bb o. 



Ana. a and -. 

4 



is the hypocydoid 



15. Prove that the erolute of the hypocydoid 

(o + )3)l + (o - /3)l = 2fll. 

16. Find the radius of curvature at any point on the ourre 

y + ^x(i - a?) = air^^x, 

17. If the angle between the radius vector and the normal to a curve has 
maximum or a minimum value, prove that 7 = r ; where y is the semi-chord 
curvature which passes through the origin. 

18. If the co-ordinates of a point on a curve be given by the equations 

«; B c sin 20 (I + cos 26}, y a cos 20 (i - cos 20), 

find the radius of curvature at the point. Ana. 40 cos 30 

19. Show that the evolute of the curve 

has for its equation 

»* - (i - i«) a* = mp\ 

20. If a and fi be the co-ordinates of the point on the evolute corresponding 
to the point {Xj y) on a curve, prove that 



dy da 
zz. — + I 

dx dfi 



o. 



21. If p be the radius of curvature at any point on a curve, prove that the 

radius of curvature at the corresponding point in the evolute is -^ ; where • 

d«t 

is the angle the radius of curvature makes with a fixed line. 
aa. In a curve, prove that 



p dx \ds)' 
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13. Find the equation of the erolute of an ellipse by means of the eccentric 

Sle. 

24. ProTe that the determination of the equation of the erolute of the 

re y s Jk»f» reduces to the elimination of x between the equations 

X «*»'*, and $ = Ar»" + 



«-! n-i »-i Aw (fi- !)«»»-• 

25. In figure, Art. 239, if the tangent to the evoiute at P meet the parabola 
a point JSr, proye that SN is perpendicular to the axis of the parabola. 

26. If on the tangent at each point on a ourre a constant length measured 
from the point of contact be taken, proTe that the normiU to the locus of the 
foints so found passes through the centre of currature of the proposed curve. 

27. In general, if through each point of a curre a line of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
«f the extremities of this line passes through the centre of curvature of the pro- 
posed. (Bcrtrand, Col. Dif., p. 573.) 

This and the preceding theore^i can be immediately established from geome- 
trical considerations. 

28. If from the points of a curve perpendiculars be drawn to one of its tan* 
kcents, and through the foot of each a line be drawn in a fixed direction, pro- 
Eortional to the length of the corresponding perpendicular ; the locus of the 
[eztremitj of this line is a^ curve touching the proposed at their common point. 

Find the ratio of the radii of curvature of the curves at this point. 

29. Find an expression for the radius of curvature in the curve p » 



p being the perpendicular on the tangent. 

I 

30. Being given any curve and its osculating circle at a point, prove that 
the portion of a parallel to their common tangent intercepted between the two 
enrves is a small quantity of the second order, when the distances of the point 
of contact from the two points of intersection are of the first order. 

Prove that, under the same circumstances, the intercept on a line drawn 
parallel to the common normal is a small quantity of the third order. 

31. In a curve referred to polar co-ordinates, if the origin be taken on the 

curve, with the tangent at the origin as prime vector, prove that the radius of 

f 
survature at the origin is equal to one-half the value of - in the limit. 

32. Hence find the length of the radius of curvature at the origin in the 
curve r = a sin n0, Ans. p 



na 



33. Find the co-ordinates of the centre of curvature of ibe catenary ; and 
show that the radius of curvature is equal, but opposite, to the normal. 

34. If p, p' be the radii of curvature of a curve and of its pedal at corre- 
sponding points, show that 

p'(2r^'Pp)=f». 

Ind, Civ, 8er. Exam,^ 1878. 

Y 
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CHAPTER XVIII. 

ON TRACING OP CURVES. 

257. Tracing Algebraic CurTCs. — Before concluding thiS 
discussion of curves, it seems desirable to give a brief state- 
ment of the mode of tracing curves from their equations* 

The usual method in the case of algebraic curves consistB 
in assigning a series of different values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other ; thus determining a definite number of points on 
the curve. By drawing a curve or curves of continuous cur- 
vature through these points, we are enabled to form a tolerably 
accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree : in such cases we can determine the series 
of points only approximately. 

258. The following are the principal circumstances to be 
attended to : — 

(i). Observe whether from its equation the curve is sym- 
metrical with respect to either axis; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corre^onding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at suoh 
points by the method of Art. 212. (5). The existence of 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-or- 
dinates : by assigning a series of values to we can usually 
determine the corresponding values of r, &c. (7). The points 
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where the y ordinate is a maximum or a minimum are found 

from the equation ~ = o : by this means the limits of the 

curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

259. To traee the Carve y* ^a^(x-a); a being sup- 
posed positive. 

In this case the origin is 
a conjugate point, and the 
curve outs the axis of a? at a 
distance OA = a. Again, 
when X is less than a, y i& 
imaginary, consequently no 
portion of the curve lies to 
the left-hand side of A. 

The points of inflexion, I ' 
and Ty are easily determined 

from the equation -73-0; the 

corresponding value of a? is — ; accordingly Alf = . 

Again, if TIhe the tangent at the point of inflexion J, it 

can readily be seen that TA = - = . 

. 9 3. 

This curve has been already considered in Art. 213, and 

is a cubical parabola having a conjugate point. 

260. Cubic with three Asymptotes. — ^We shall next 
consider the curve* 




y^x + ey = ao?* + Ja?* + ca? + rf, 



(1) 



where a is supposed positive. 

The axis of y is an asymptote to the curve (Art. 200), and 
the directions of the two other asymptotes are given by the 
equation 

y^ - aa^ = Oy or y = ±x ^/a. 



♦ This investigation is principally taken from Newton's Bnumtrcstio Zu 
nearum Tertii Ordinis, 



Y 2 
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If the tenn h^ be wanting, these lines axe asymptotes ; if h\ 
be not zero, we get for the equation of the asymptotes 

y « a? a/q + — -=, y + a? \/a + — ^ = o. 
I'/a 2^/a 

On multiplying the equations of the three asymptotes 
together, and sub&aoting the produot from the equation of | 
the curve, we get 

ey^^^c )x + d\ 

40 

this is the equation of the right line which passes through the 
three points in which the cunic meets its asymptotes. (Art. 

Again, if we multiply the proposed equation by x, and 
solve for a?y, we get 



(ty 



e I ^ 

- — ± /aa?* + Ja?* + ttc* + £& + - : (2) 



from which a series of points can be determined on the curve 
corresponding to any assigned series of values for x. 

It also follows that aU chords drawn parallel to the axis 

of y are bisected by the hyperbola ay + - = o : hence we infer 

that the middle points of all chords drawn parallel to an 
asymptote of the cubic lie on a hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic under the radical sign. (i). Suppose these roots 
to be all real, and denoted by a, j3, 7, 8, arranged in order of 
increasing magnitude, and we have 

fl?g^ = - - ± a/a (p - a){x - '^){x - 7)(a; - 8). 

Now when a? is < a, y is real ; when x> a and < |3, y is 
imaginary ; when a? > /3 and < 7, y is real ; when x> y and 
< 8, y is imaginary ; when a; > 8, y is real. 



Asi/mptotes. 
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"We infer that the curve consists of three branches, extending 
to infinity, together 
with an oval lying 
between the values 
/3 and 7 for x. 

The accompany- 



ing figure*' repre- 
sents such a curve. 

Again, if either 
the two greatest 
roots or the two 
least roots become 
equal, the corres- 
ponding point be- 
comes a node. 

If the interme- 
diate roots become 




Fig. 39. 



equal, the oval shrinks into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a cusp. 

If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point 

If the sign of a be negative, the curve has but one real 
asymptote. 

261. Asymptotes. — In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a familiar instance in the common biyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily 
apprehended; for if we suppose any line drawn cutting a 
oiosed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote, 
as in the hyperbola. 



* The figure is a tracing of the curre 



9a?y» + io8y « (« - 5) (^ - II) (» - t a). 
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It should also be observed that the points of contact at 
infinity on the asymptote in the opposite directions along it 
must be regarded as being one and the same point, since they 
are the projection of the same point. That the points at 
infinity in the two opposite directions on any line must be 
regarded as a single point is also evident from the considera- 
tion that a right line is the limiting state of a circle of in- 
finite radius. 

The property admits also of an analytical proof; for if 
the asymptote be taken as the axis of x^ the equation of the 
curve (Art. 204) is of the form 



y^i + 02 = o, or y = - 






where 02 is at least one degree lower than 0i in 2; and y. 

Now, when x is infinitely great, the fraction — becomes in 

general infinitely small, whether x be positive or negative ; 
and consequently the axis is asymptotic to the curve in both 
directions. 

262. To trace the Curve 

ay = JiT* + a?*, 
where a and b are both positive. 
Here ya^ = ± a^ (a? + ft)i. 

The curve is symmetrical with respect 
to the axis of Xy and has two infinite 
branches ; the origin is a double cusp. 
The shape of the curve is exhibited in the 
figure annexed. 

If b were negative, we should have 

ycfi ^±(t^ {x- b)K 

Here y becomes imaginary for values of x less than b ; 
accordingly, the origin is a conjugate point in this case : the 
curve has two infinite branches as in the former case 

263. To trace the €urve 




Fig. 40. 



Form of Curve near a Double Point. 
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Fig. 41. 



From the form of its equation we see that the origin is 
a point of oscw^inflexion (Art. 251). 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of a?, and a loop 
at the negative side of that axis, 
as exhibited in the figure. 

264. To trace tbe Curve 

a?* + a?y^ + y* = ^r {ax^ - hy^). 

(i). Let a and b have the 
same sign, then the origin is 
a triple point, having for its 
tangents the lines 

iT = o, a? \/a + y \/j " o, 

and x^s/a-y ^yb-o. 

Moreover, since the curve 
has no real asymptote, it is 
a finite or closed curve with 
three loops passing through the ^ig- 4a« 

origin ; and it is easily seen that its shape 
is that represented in the accompanying 
figure. 

(2). If a and b have opposite signs, the 
lines represented by anff" - 6^' = o become 
imaginary. The curve in this case consists 
of a single oval as in the figure. 

This and the preceding figure were 
traced for the case where 6 = 3a : if the 

value of - be altered, the shape of the curve Fig. 43. 

will alter at the same time. If a be greater than 6, the 
curve (2) will lie inside the tangent at the point X. 

265. Form of Curve near a Double Point. — When- 
ever the curve has a node or a cusp, by transforming the 
origin to that point, the shape of the curve for the branches 





328 On Tracing of Curves. 

passmg through the point admits of being investigated bjflie 
method explained in Arts. 250, 251. It is mmecessary to 
enter into detaQ on this sabject here, as it has been abeady 
discussed in the articles referred to. 

266. In connexion with the tracing and the discussion odE 
curves there is an elementary general principle which may 
be introduced here. 

If the equation of a curve be of the form 

Lr - MM' = o, 

where i, Jf, L\ M' are each functions of the co-ordinates x 
and T/j the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
L- o and M = o\ similarly it passes through the interseo- 
tions of 2/ = o and M' =■ o ; and also those of iff = o and 
i' = o ; and of i' = o and M' = o. Moreover, if L and i' 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
U - MM' = o ; which represents a curve touching the curves 
ifcr= o, M' = o, at their points of intersection with the curve 
i = o. 

This principle admits of easy extension; but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter more fully into it here. 

267. On Tracing Curves given in Polar Co-ordUI- 
nates. — The mode of procedure in this case does not differ 
essentially from that for Cartesian co-ordinates. We have 
already, in Arts. 206 and 207, considered the method of 
finding the asymptotes and asymptotic circles in such cases. 
It need scarcely be observed that the number and variety of 
curves whose discussion more properly comes under the 
method of polar co-ordinates are indefinite. We propose to 
confine our attention to a few varieties of the cleuss of curves 
represented by the equation 

r*" = a^ cos md. 

268. On the Curves r^ = a^ cos mO. — In this case, 
since the equation is unaltered when Q is changed into - 9, 
the curve is symmetrical with respect to the prime vector : 
again, when » o, we have r » a ; and as increases from zero 



Curves of the Form r^ = a^ cos mO. 



329 



io — , r dimmislies from a to zero. When m is a positive in- 
2m 

ieger, it is easily seen that the onrve consists of m similar loops. 

There are many familiar curves included under this 

Njuatioii. Thus, when w = i, we have r = a cos 6, which 

represents a circle: again, if w = - i, the equation gives 

•• cos = fl, which represents a right line. Also, if m = 2, we 

bave r* = a* cos 20, a Lemniscate (Art. 210). If w = - 2, we 

fet r* cos 20 = a^f an equilateral hyperbola. 

If #» = - we get r* = a* cos -, whence r = - (i + cos 6), a 

I 

Dardioid (Ex. 4, p. 232) ; with m = — , itis^^i cos - = a*, a 

parabola (Ex. i, p. 231) ; and so on. As already observed, 
if we change m into - m we get a new curve, inverse of 
the original. Also, the reciprocal polar is obtained by sub- 

Btitutins: - instead of m, 

° m + I 

The tangent and normal can be immediately drawn at 
any point on a curve of this class by aid of the results arrived 
at in Art. 190. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive pedahy both positive and 
negative, has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. 

rJ = a* cos -. 
3 
Here when fl « o, we have r « a, 

and the curve cuts the prime vector 

at a distance OA equal to a : again, 



when B 



ir 3«\/3 

ss — T ss ^ ^ . 



8 



also when 



e = 7r, r = |,or05 = |. 




Fig. 44. 



The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the caustic considered in 
Example 18, p. 277. 
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Ex. 3. 

ri = flf cos -9. 




Ex. 3. Ex. 4. 

r* = a* cos - fl. r* = fl^ cos - ft. 
4 5 3 

In Ex. 2, as increases from zero to 120°, r diminishes 
from a to zero : when increases 
from 120° to 240°, r increases from 
zero to a: when 6 increases from 
240° to 360°, r diminishes from a 
to zero. By assigning negative 
values to 0, the remaining part of 
the curve is seen to be symmetrical 
with that traced as above. The 
same result plainly follows by con- 
tinuing the values for 6 from 360° 
up to 720°. The form of the curve 
is exhibited in the annexed figure. Fig. 45. 

In Ex. 3, according as cos - 6 is positive or negative, we 


get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of 9 between ± — ir the 

8 

radius vector traces out two symmetrical portions of the 

IS 2 s 

curve : again, between — tt and — ir we get two other 

o o 





Fig. 46. Fig. 47. 

symmetrical portions. The shape is that given in the former 
of the two accompanying figures. 



The Lrmagon. 
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The latter figure represents the curve in Ex. 4 ; it consists 
five symmetrical portions ranged round the origin. 
The results above stated admit of generahzation, and it 
be shown, without difficulty, that in general the curve 

^ pO , 

= cfi cos ■^-— consists of p similar portions arranged about 

le origin ; and that the entire curve is included within a 
•cle of radius a when p is positive, but Ues altogether 
itside it when p is negative. 

Many curves can be best traced by aid of some simple 
;eometrical property. We shall terminate the Chapter with 
le or two examples of such curves. 

269. Vbe lilmaf^on.' — The inverse of a conic section 
ith respect to a focus is called a Lima9on. From the polar 
[nation of a conic, its focus being origin, it is evident that 
le eqnation of its inverse may be written in the form 

r = a cos + J, 

rhere a and b are constants. 

It is easily seen that j- is the eccentricity of the conic. 

The curve can be readily traced by drawing from a fixed 
ipoint on a circle any number of chords, and taking ofE a 
eonstant length on each of these lines, measured from the 
cironmference of the circle. 

If a be less than 6, the curve is the inverse of an ellipse, 
and lies altogether outside the circle. 

If a be greater than b, the 
curve is the inverse of a hy- 
perbola, and its form can be 
e€ksily seen to be that exhibited 
in the annexed figure, where 
OJ) *' a- b^ and the point is a 
node on the curve. 

If 6 = fl, the curve becomes 
the inverse of the parabola, 
and is called a cardioid. The 
inner loop disappears in this 
case, and the origin is a cusp 
on the curve. Fig. 48. 
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When a = 2J, the Lima9on is called the Trisectrix; t 
curve by aid of which any given angle can be readil] 
trisected. 

270. The Conchoid of Mlcomedes. — If through aD]| 
fixed point A a secant PiAP be 
drawn meeting a fixed right line LM 
in 22, and HP and PPi be taken 
each of the same constant length; 
then the locus of P and Pi is called 
the conchoid. 

This curve is easily traced from 
the foregoing geometrical property, 
and it consists of two branches, 
having the right line LM for a 
common asymptote. Moreover, if 
the perpendicular distance AB of 
A from the fixed line be less than 
PPy the curve has a loop with a 
node at Ay as in the annexed figure. 

It is easily seen that when 
AB = SP, the point ^ is a cusp 
on the curve ; and when AB is 
greater than AP, ^4 is a conjugate 
point. 

The form of the curve in the 
latter case is represented by the dotted lines in the figure, j 

If AB » a, EP B bj the polar equation of the curve ii| 
(r ± b) COS© = fl. 

When transformed to rectangular co-ordinates, thu 
equation becomes 

(a;»-i-y«)(a-a?)*- JV. 

The method of drawing the normal, and finding tiie 
centre of curvature, at any point, will be exhibited in the 
next Chapter. 




Fig. 49. 
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Examples. 

I. Trace the ouiye y a (« - i) (d? — a) (« - 3), and find the position of its 
bint of infiezion. 

3. Trace tlie curve y* - ^axy + «* » o, drawing its asymptote. 
This curve is called the Folium of Descartes. 

3. Tra the curve a^x = y (^ + ^r*), and find its points of inflexion, and 
innts of greatest and least distance from the axis of »» 

I 4. If an asymptote to a curve meets it in a real finite point, show that the 
Btreeponding^ branch of the curve must have a point of inflexion on it. 

' 5. Find the position of the asymptotes and the form of the curve 

aj* — y* + 3aa;y* = o. 

6. Show that the curve r s cos 20 consists of four loops, while the curve 
: a cos 39 consists of but three. Prove generally that the curve r = a cos n9 

n or 2n loops according as » is an odd or even integer. 

7. Trace the curve 

y» (« - «)(« - *) « e^(x + a)(» + h). 

8. Show that the curve x'^^ + «* = a'(x' - ^) consiBts of two loops passing 
Ihrough tlie origin, and find the form of the curve. 

9. Trace the curve y(a; + a)* = ^j;(a; + 0)^, showing the positions of its 
^uymptotes and infinite branches. 

io« Trace the curve whose polar equation is 

r B a cos + & cos 20, 

Mnd show that it consists of four loops passing through the origin. 

11. Gi^en the base and the rectangle under the sides of a triangle, find the 
equation of the locus of the vertex ^an oval of Cassini). Exhibit the different 
forms of the curve obtained by varymg the constants, and find in what case the 
curve becomes a Lemniscate. 

12. Trace the curve ^^a3^-\- ^b^ + 2cx+ rf, and find its points of greatest 
and least distance from ihe axis of x. 

Show that two of these points become imaginary when the roots of the cubic 
in sp are all reaL 

13. Griven the base and area of a triangle, prove that the equation of the 
locos of the centre of a circle touching its three sides is of the form 

sflff - a («' + y*) — *' (y - «) = o. 
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14. ProTe that all ourreB of the third degree are reducible to one or othei 
the forma 

(i). »y' + *y = a«* + 4x« + «p + if. 

(3). y* = a«> + *«» + «p + rf, 

(4). y as fla^ + Jj^ + «p + rf, 

Kewton, Enum, Linear* Ter, Ordinit. 

IS* Prove that all curres of the third degree can be obtained hy proj< 
from the parabolas contained in class (3) in the preceding division. [Nei 

For eyerjr cubic has^at least one real point of inflexion : accordingly, if 
curve be projected so that the tangent at the point of inflexion is projected 
infinity, the harmonic polar (Art. 223) will bisect the system of parallel ch( 
passing through this point at infinity. Hence the projected curve is of 
class (3). [This proof is taken from Ghasles, Sistoire de la GSomsirie, note 

a0* 

16. Trace the curve r s — , and show that it has a point of inflc 

when 0' «: 3 ; find also its asymptotes and asymptotic circle. 

17. Trace the curve y = asin-, and show how to draw its tangent at 

a 

point. (This is called the curve of sines.) 

18. The base of a triangle is fixed in position ; find the equation of the 
of its vertex, when the vertical angle is double one of the base angles. 

Trace the locus in question, finding the position of its asymptote. 

19. Show geometrically that the first pedal of a circle with respect to 
point on its circumference is a cardioid. 

20. Show in like manner that the Lima9on is the first pedal of a eirde wit 
respect to any point. 

21. Trace the curve i 

y* + 2axy^ = a«* + «*, 1 

and find the equations of its asymptotes, and of the tangents at the origin. ' 

Ind, av. Ser, £x., 1876. 1 
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KOULBTTBS. 

71. Ronlffttes. — ^When one oiirve rolls without sliding 
pen another, any point invariably connected with the rolling 
rrve describes another curve, called a roulette. 

The curve which roUs is called the generating curve^ the 
s:ed curve on which it rolls is called the directing curve, or 
16 btise^ and the point which describes the roulette, the tracing 
rint. We shall commence with the simplest example of a 
>idette : viz., the cycloid. 

272. The Cycloid. — This curve is the path described by 
point on the circumference of a circle, which is supposed to 
dU upon a fixed right line. 

The cycloid is the most important of transcendental 
orves, as well from the elegance of its properties as from its 
umerous applications in Mechanics. 

We shall proceed to investigate some of the most 
lementary properties of the ourve.^ 

Let LPO be any position of the rolling circle, P the 
generating point, the point of 
ontact of the circle with the fixed 
ine. Take the length AO equal 

the arc PO, then, from the 
aode of generation of the curve, 

1 is the position of the generating 
foint when in contact with the 
Ixed line ; also, if A A' be equal to the circumference of the 
ircle, -4' wiU be the position of the point at the end of one 
omplete revolution of the circle. Bisect AA^ in 2>, and 
Iraw DB perpendicular to it aad equal to the diameter of 
he circle, then £ is evidently the highest point in the 
ycloid. Draw PJV perpendicular to AA\ and let P-AT = y, 
iN^x, lPCO = e, 0(7= «, and we get 

x^AO-NO = a{Q-&mB), y^PN^a{i -oosO). (i) 




AN 



Fig. 50. 
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The position of any point on the oydoid is detennmed M 
these equations when the angle is knom:!, i. e, the ai^^ 
through which the circle has roUed, starting from the poeitioa 
for which the generating point is npon the directing Une. 

273. Cycloid referred to ito Tertex. — \t is offceo! 
convenient to refer the cycloid to its vertex as origin, and to 
the tangent and normal at that point as axes of co-ordinate& 
In the preceding figure let 

x^BN\ y^Pir, LPCL^ff^w-9\ 

then we have 

x^BN'^a{ff-^fsaiV), y- Pi^'- a(i -cos (T)- (2) 

274. Tangent and UTomial to Cyelold. — ^It can be 

easilv seen that the line PO is normal at P to the pyoloid; 
for the motion of each point on the circle at the instant is one 
of rotation about the point 0, i. e. each point may be regarded 
as describing at the instant an infinitely small circular* are 
whose centre is at : and hence PO is normal to the cxtrva 
This result can also be established from the values of x 
and y in(i): for 

^ = a(i -cose)/ ^ = asin0: (3) 

^ dy sin 6 , fl , or^^ 

/. -f = 7i = cot - = cot PLO ; 

dx I - cos t^ 2 

and, accordingly, PL is the tangent, and PO the normal to 
the curve at P. 

Again, if we square and add the values of -^ and -^, we 
obtain 

^ST" aM(i - cosfl)' + sin*0} = 4a' sinHff; 



• This method of finding the normal to a cycloid is due to Desoartes, and 
evidently appUes equally to all roulettes. 
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hence 



ds . B -5^ 



(4) 



275. Radius of CurTatiire and ETolute of€yclold. 

— Let p denote the radius of ourrature at the point P, and 



then 



ds . ds . -.^ 

p = _- = 2 -77 = 4a sm- = 2PO ; 
^ d(l> dO ^ 2 



(5) 
From this 




Fig. 5'. 



or the radius of curvature is double the normal. 
value of p the evolute of the curve 
can be easily determined. For, 
produce PO until OP = OP, then 
P^ is the centre of curvature be- 
longing to the point P. Again, 
produce LO until OO' = Oi, and 
descsribe a circle through 0, P and 
(/ ; this circle evidently touches 
AA\ and is equal to the generating 
circle LPO. 

Also, the arc OP = arc OP = ^0; 

.-. arc O'P' = aPO -PO = AD-AO=OD^ BO. 

Hence the locus of P is the cycloid got by the rolling of 
this new circle along the line 
Pff\ and accordingly the evo- 
lute of a cycloid is another 
cycloid. It is evident that the 
evolute of the cycloid ABA 
is made up of the two semi- 
cycloids, AB and P'-4', as in 
figure 51. Conversely, the 
cycloid ABA is an involute of 
the cycloid ABA. 

The position of the centre of 
curvature for a point P on a 
cycloid can also be readily de- 
termined geometrically, as fol- 
lows : — 

Suppose Oi a point on the 
UTcle infinitely near to 0, and take 00%^ 00^. 

z 




LotP' 



• _ 
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be the centre of curvature required, and draw POi and J^Oi, 
Now suppose the circle to roll until Oi and 0% coincide, tlien 
C0% becomes perpendicular to ADy and POi and P'Oa -will 
lie in directum (since P' is the point of intersection of two 
oonsecutiye normals to the cycloid). Hence 

L OCOi = t PO,Q = z OPO, + z OP'O^, 

since each side of the equation represents the angle through 
which the circle has turned. 

But I OCOi ^ 2L0P Oi. (EucKd, III. 20.) 

Hence z OPOi = z OFOi; 

.\ pa,^Fo,\ 

and consequently in the limit we have 

PO = P'O, 
as before. 

We shall subsequently see that a similar method enables 
us to determine the centre of curvature for a point in any 
roulette. 

276. JLength of Arc of Cycloid. — Since -^P'-B' (Fig. 51) 
is the evolute of the cycloid APB, it follows, from Art . 237, that 
the arc AP^ of the cycloid is equal in length to the line -P J^, 
or to twice P^O ; hence, as A is the highest point in the 
cycloid AlFB^ it follows that the arc u4P' measured from the 
highest point of a cycloid is double the intercept P^O^ made 
on the tangent at the point by the tangent at the highest 
point of the curve. 

Hence, denoting the length of the arc AP^ by s, we have 

« = 4« sin POI> = 4a sin 0. (6) 

This gives the intrinsic equation of the cycloid (see Art. 
242 (a)). Hence, also, the whole arc AB^ is four times the 
radius, of the generating circle : and accordingly the entire 
length ABA of a cycloid is eight times the radius of its 
generating circle. 

Again, if the distance of P^ from AA! be represented by 
y^ we shall have 

FG" ^Off xy^ lay. 

Hence f? « ^FOf = Uy. Z^) 



Epicycloids and Sypocychida. 



330 



This relation is of importance in the applications of the 
oyoloid in Mechanics. 

Again, sinoe -40 = arc OP', if we represent -40 by v, we 
have* 

V = 2a<^, (8) 

277. Trochoids. — In general, if a circle roll on a 
right line, any point in the* 
plane of the circle carried round* 
with it describes a curve. Such 
curves are usually styled tro- 
choids. When the tracing 
{(oint is inside the circle, the 
oous is called a prolate tro- ^^' 53* 

choid ; when outside, an oblate. Their forms are exhibited in 
the accompanying figure. 

Their equations are easily determined; for, let a?, y be 
the co-ordinates of a tracing point P, referred to the axes 
AD, and AI {A being the position for which the moving 
radius CP is perpendicular to the fixed line). 

Then, if 00 = aj, CP = rf, 2I OCP^ 0, we have 




(9) 



x = AN = AO ' ON ^ aO " d mnOy 

y « FN = fl - rf cos ©. 
278. Epicydoidst and Hypocyelolds. — The investi- 

* This is called, by Professor Casey, the tangmtial equation of the cycloid, 
and by aid of it he has arrived at some remarkable properties of the curve (" On 
a Nev Form of Tangential Equation," Fhiloaophical TransaetionSf 1877), "In 
general, if a variable line, in any of its positions, make an intercept y on the axis 
of », and an angle ip with it; then the equation of the line is 

ar + y cot ^-y = o; 

and w, ^, the quantities which determine the position of tbe line may be called 
its co-ordinates. From this it follows Uiat any relation between y and <b, such 
as 

▼ill be the tangential equation of a curve, which is the envelope of the line.*' 
Per applications, the reader is referred to Professor Casey's Memoir. See also 
■^. Exam, Fapera^ Graves, Lloyd Exhibition, 1847. 

t I have in this edition adopted the correct definition of these curves as 
given by Mr. Proctor in his Oeomeiry of Cyeloida. I have thus avoided the 
anomaly existing in the ordinary definition, according to which every epicycloid 

Z 2 
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gation of the properties of the cycloid naturally g«.ve rise t 
the discussion of the more general case of a circle rolling oi 
fixed circle. In this case the curve generated by any poi 
on the circumference of the rolling circle is called an epkyc^ 
or a hypocycloidy according a% the rolling circle touches the ou 
or the inside of the circumference of the fixed circle. We sk 
commence with the former case. 

Let P be the position of the generating point at any i 
stant, A its position when 
on the fixed circle ; then 
the arc OA = arc OP. 

Again, let Cand (7be 
the centres of the circles, 
a and b their radii, 
/LACO = 0,^OC'P=er; 
then, since arc OA = arc 
OP, we have aO = h9. 

Now, suppose C taken 
as the origin of rectangu- 
lar co-ordinates, and CA 
as the axis of x ; draw PN 
and C'L perpendicular, ^^S- 54- 

and Pif parallel, to CA, and we have 

X ^ ON = CL - NL = {a -h b) oosO - b cos (0 + (T), 




y = PN^CTL- CTM^ (a + J) sin fl - 6 sin (6 + 0^; 



a 



or, substituting -r for 0', 



x= {a + b) oosO - b cos -r— 0) 
y = (fl + J) sin - J sin — r- 0* 



(lO) 



is a hypooycloid, but only some hypocycloids are epicycloids. While according 
to the correct definition no epicycloid is a hypocycloid, though each can be gene- 
rated in two ways, as will be proved in Art. 280. 
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When the radius of the rolling oirole is a submultiple of 
that of the fixed circle, the tracing point, after the circle 
has rolled once round the circumference of the fixed circle, 
evidenfly returns to the same position, and will trace the 
Bame curve in the next revolution. More generally, if the 
radii of the circles have a commensurable ratio, the tracing 
point, after a certain number of revolutions, will return to ite 
original position : but if the ratio be incommensurable, the 
point T^ never return to the same position, but will describe 
an infinite series of distinct arcs. As, however, the suc- 
cessive portions of the curve are in every respect equal to 
each other, the path described by the tracing point, from 
the position in which it leaves the fixed circle imtil it returns 
to it again, is often taken instead of the complete epicycloid, 
and the middle point of this path is called the vertex of the 
ourve. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expressions for x and y are derived from those in (10) 
by changing the sign of b ; hence we have 



a-b "^ 
«= (a - 6) cos 6 + 6 cos — v— 0, 

y = (fl - J) sin - J sin — r— 0- 



(") 



The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (10) 
and (11). 

It should be observed that the point Ay in Fig. 54, is a 
cusp on the epicycloid ; and, generally, every point in which 
the tracing^ point P meets the fixed circle is a cusp on the 
roulette. From this it follows that if the radius of the rolling 
oirole be the n^^ part of that of the fixed, the corresponding epi- 
or hypo-cycloid has n cusps : such curves are, accordingly, 
designated by the number of their cusps : such as the three- 
ousped, four-ousped, &c. epi- or hypo-cycloids. 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point P 
is an elementary portion of a circle having as centre ; ac- 
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oordingly, the tangent to the path at P iB perpendicular to 
the line POf and that line is the normal to the curve at P. 
These resolta can also be dednoed, as in the case of the 
cycloid, bj differentiation from the expiessions for x and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the cnrve at 
the point P ; take (/, (/\ two points infinitely near to O on 
the circles, and such that OCX = OCX'; and suppose the gene- 
rating circle to roll until these points coincide i* then the 
lines C(y and CC/^ will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
OC(y and 00'(/'; hence, denoting these angles hjdO and dfff 
respectively, we have 

& = OP (rf» + rfOO = OP r I + 1^ rftf ; (12) 

since d9^« rdO. 



279. Radliis of €iirvatare of an Epieycloid. — 

Suppose 01 to be the angle 081f between the normal at P and 
the fixed line CAj then 

w^cros-c'C8 = '^--'-e; .-. dw^-deii-^^l. 

2 2 {20) 

Hence, if p be the radius of curvature corresponding to 
the point P, we get 

,^.^^0P'^. (,3) 

. d(o a + 2b ^ 

Accordingly, the radius of curvature in an epicycloid is 
in a constant ratio to the chord OP, joining the generating 
point to the point of contact of the circles. 



* It may be observed that (XO" is infinitely small in comparison with 0(/ \ 
hence the space through which the point moves during a small displacement 
is infinitely small in comparison with the space through which P moves. It iB 
in consequence of this property that may be regarded as being at rest for the 
instant, and every point connected with the rolling circle as having a circular 
motion around it 
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280. Double C^eneratlon of Epieyelolds and Hypo* 

eydoids. — In an Epicycloid, it can be easily shown that 
the curve can be generated in a second manner. For, 
suppose the rolling circle in- 
closes the fixed circle, and join 
Pj any position of the tracing 
point, to 0, the correspond- 
ing point of contact of the two 
circles; draw the diameter OJED, 
and join (/E and PD ; connect 
Cy the centre of the fixed circle, 
to CXj and produce CC/ to meet 
2>jP producedin D', and describe 
a circle round the triangle (/PI/^ 
this circle plainly touches the 
fixed circle ; also the segments 
standing on OP^ (XP, and (Xy are obviously similar ; hence, 
since OP = Off ^ ffP, we have 

arc OP = arc OCy + arc ffP. 

If the arc Off A be taken equal to the arc OP^ we have 
axe OA = arc ffP ; accordingly, the point P describes the same 
curve, whether we regard it as on the circumference of the 
circle OPD rolling on the circle OffE^ or on the circumference 
of OP If rolling on the same circle ; provided the circles each 
start from the position in which the generating point coincides 
with the point A, Moreover, it is evident that the radius oj 
the latter circle is the difference 
between the radii of the other two. 

Next, for the Hypocycloid, 
suppose the circle OPD to roll 
inside the circumference of ffE^ 
and let be the centre of the 
fixed circle ; join OP, and pro- 
duce it to meet the circum- 
ference of the fixed circle in ff ; 
draw ffE and Pi>, Join Cffy 
intersecting PD in i/, and de- 
scribe a circle round the triangle 
PD^ff. It is evident, as be- 
fore, that this circle touches the Fig. 56. 
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larger oirole, and that its radius is equal to the difference be- 
tween the radii of the two given circles. Also, for the same 
reason as in the former case, we have 

arc Off = arc OP + arc (/P. 

If the arc OA be taken equal to OP, we get arc OT 
= arc (/A ; consequently, the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
P coincides with A. 

The particular case, when the radius of the rolling circle is 
half that of the fixed circle, may be noticed. In this case the 
point D coincides with 0, and P becomes the middle point of 
OCf^ and A that of the arc Off. From this it follows im- 
mediately that the hypocycloid described by P becomes the 
diameter CA of the fiked circle. This result will be proved 
otherwise in Art. 285. 

The important results of this Article were given by Euler 
{Acta.Petrop.y 1781). By aid of them all epicycloids can be 
generated by the rolling of a circle outside another circle; 
and all hypocycloids by the rolling of a circle whose radius 
is less than half that of the fixed circle. 

281. JEYolute of an Epicycloid. — The evolute of an 
epicycloid can be easily 
seen to be a similar epi- 
cycloid. 

For, let P be the trac- 
ing point in any position, 
A its position when on the 
fixed circle ; join P to 0, 
the point of contact of the 
circles, and produce FO 

..-. -^-r^/ j^-r.2a + 2b 

until PP'= OP T", 

a + 2b 

then P is the centre of 

curvature by (13) ; hence 



a 




0F,= OP ,. 

a + 26 Fig. 57. 

Next, draw Pff perpendicular to P'O; circumscribe the 
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triangle 01^ (/ by a circle ; and describe a circle with C as 
centre, and Off as radius : it evidently touches the circle OP'ff. 

Then Off : 0E= OF :0P = a:a^ ib^CO: CE; 
.-. CO-Oa:CE-OE^CO:CE, 
or Ca\CO^CO\CE\ 

• 

that ifi, the lines CE^ CO^ and Off are in geometrical pro- 
portion. 

Again, join C to jB', the vertex of the epicycloid ; let CB^ 
meet the inner circle in D, and we have 

arc aDiaxoOB^Cff: CO^ CO : CE^ffOiEO 

« arc P'(7 : arc OQ. 

But arc 05 = arc OQ ; .-. arc ffD = arc P'O'. 

Accordingly, the path described by P^ is that generated by a 
point on the circumference of the circle OP' (/rolling on the 
inner circle, and starting when P' is in contact at 2). Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since CO : OE = COf : OfO^ the ratio of the radii 
of the fixed and generating circles is the same for both epicy- 
cloids, and consequently the evolute is a similar epicycloid. 

Also, from the theory of evolutes (Art. 237), the line 
PP^ is equal in length to the arc P^A of the interior epicy- 
cloid ; or the length of P'^, the arc measured from the 
vertex A of the curve, is equal to 

'Jt^0P^^20P^^^20y^ 

a CO Cff' 

Hence, the length* of any portion of the curve measuredfrom 
its vertex is to the corresponding chord of the generating circle as 
tunce the sum of the radii of the circles to the radius of the fixed 
circle. 

* The length of the arc of an epicycloid, as also the inTestigation of its 
evolute, were giyen by Newton {Principia^ Lib. i., Props. 49, 50); 
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With referenoe to the outer epicycloid in Fig. 57, 
gives 

arcPJ5'=2P^.^. (14) ^ 

The corresponding results for the hypocyoloid can he^ 
found by changing the sign of the radius b of the rolling 
circle in the preceding formulsd. 

The investigation of the properties of these curves is of 
importance in connexion with the proper form of toothed 
wheels in machinery. 

282. Pedal of Epicycloid. — The equation of the pedal, 
with respect to the centre of the 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be- 
fore, take arc OA = arc OP^ and 
make AB = 90°. Join (X4, CB, 
CPj and draw (7JV perpendicular 
to DP. Let L PDO = 0, z BCN 
^u),LACO = e, CN^p. 

Then since -4 = PO, we have 



a0 = 2h(p ; 



a 



Again, <■> = go°-ACIf=6 + ^ 
2b' 




= .^(i+- 



hence 



Fig. 58. 



* = 



not 



a + 26' 



(15) 



Also 



(7iVr=CZ>sin0; 

/. » = (a + 20) sm 7> 

^ ' a + 26 



(16) 



which is the equation of the required pedal. 

283. Equation of Epicycloid in terms of r and p. — 

Again, draw OL parallel to DiV, and let CP = r, and we have 

r* - j9« = PlSn = OU = 0C» - CD = a» - f— ^Yj»«; 
^ \a + 20; 



enoe 
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. , 4& (a + 6) , , . 



ilso, from (16) it is plain that the equation of DiV, the tan- 
ent to the epicycloid (referred to CB and CA as axes of x 
nd y respectively), is 



acu 



a;oosai + y sina> = (a + 2V) sin 7. (18) 



The corresponding formulse for the hypocycloid are 
ibtaiiied by changing the sign of 6 in the preceding equa- 
ions. 

Again, it is plain that the envelope of the right line re- 
)rese]ited by equation (18) is an epicycloid. And, in general, 
SA« envelope of the right line 

a;oos(i» + ^sino>=:£sin mwf 

regarding w as an arbitrary parameter j is an epicycloid^ or a 
hypocycloid^ according as m is less or greater than unity. For 
Dxamples of this method of determining the equations of epi- 
and hypo-cycloids the student is referred to Salmon's Higher 
Plane Curves^ Art. 310. 

284. JBpltrocliolds and Hypotroebolds. — In general, 
when one circle rolls on another, every point connected with 
tihe rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as the rolling 
circle touches the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in 
proving, as in Art. 278, that we have in the epitrochoid the 
equations 

x= {a + b) QOsO - d cos — — 0, 

« + 6 ^ ^'^^ 

y = {a + b) sinO - d sin —7— 0. 
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In the case of the hypotrochoid, changing the signs of 
and rf, we obtain 



x^ (a- J) cos 6 + rf cos — r— fl, 



y=(a-J) sine-rfsin^e. J 



N 



In the particular case in which a = 26, i.e. when a droh 
rolls inside another of double its diameter, equations {m 
become 

iP = (6+(f)co8e, y^ifi-d) sine; 
and accordingly the equation of the roulette is 



«* y' 



(J + rf)» (J-(f)« 



= i: 



which represents an ellipse whose semi-axes are the sum and 
the difference of b and d. 

This result can also be established geometrically in the 
following manner : — 

285. Circle rolUng inside another of donble Ito 
Diameter. — Join Ci and to any 

point L on the circumference of the 
rolling circle, and let CiL meet the 
fixed circumference in A ; then since 
L OCL = lOCxA, and OC, = 2OC, we 
have arc OA = arc OL ; and, accord- 
ingly, as the inner circle rolls on the 
outer the point L moves along CiA. -d 
In like manner any other point on 
the circimiferenoe of the rolling circle 
describes, during the motion, a dia- 
meter of the fixed circle. 

Again, an^ point P, invariahly connected with the rolling 
circle^ describes an ellipse. For, if L and M be the points in 
which CP cuts the rolling circle, by what has been just 
shown, these points move along two fixed right lines CiA 
and CijB, at right angles to each other. Accordingly, by a 




Fig. 59- 
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)«rell-known property of the ellipse, any other point in the 
line LM describes an ellipse. 

The ease in which the outer circle rolls on the inner is 
also worthy of separate consideration. 

286. Circle rolling on another inside it and of 
half its Diameter. — ^In this case, any diameter of the rolling 
circle always passes through a fixed pointy which lies on the 
circumference of the inner circle. 

For, let CiL and C2L be any two positions of the moving 
diameter, Ci and C2 being the corresponding positions of the 
centre of the rolling circle : and 0% the corresponding posi- 
tions of the point of contact of the circles. Now, if the outer 
oirole roll from the former to the latter position, the right 
lines C\02 and CO2 will coincide in 
direction, and accordingly the outer 
circle will have turned through the 
angle C2O2C1; consequently, the mov- 
ing diameter will have turned 
through the same angle ; and hence 
L CJLCx = L C%0%Ci ; therefore the 
point L lies on the fixed circle, and 
the diameter always passes through 
the same point on this circle. 

Again, any right line connected 
mth the rolling circle will always touch 
a flexed circle. 

For, let DE be the moving line in any position, and draw 
the parallel diameter AB) let fall Ci-P and iJf perpendicular 
to DE. Then, by the preceding, AB always passes through 
a fixed point L ; also iif = CiF= constant ; hence DjE always 
touches a circle having its centre at i. 

Again, to find the roulette described by any carried point 
Pi. The right line Pi d, as has been shown, always passes 
through a fixed point L ; consequently, since CiPi is a con- 
stant length, the locus of Pi is a Limagon (Art. 269). In like 
manner, any other point invariably connected with the outer 
circle describes a Lima9on ; unless the point be situated on 
the circumference of the rolling circle, in which case the 
locus becomes a cardioid. 
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1. When the radii of the fixed and the rolling drdes become eqnal, prod 

feometricallj that the epicycloid becomee a cardioid, and the epitrochoidl 
ima^on (Art. 269). | 

2. Prove that the equation of the reciprocal polar of an epicydoid, vidj 
respect to the fixed circle, ia of the form 

r sin i»M» s const. | 

i 

3. Prore that the radius of curvature of an epicycloid yaries as the peipev 
dicular on the tangent from the centre of the fixed circle. 

4. If a a 4&, prore that the equation of the hypocycloid becomes 

5. Find the equation, in terms of r andj?, of the three-ousped hypocycloid;. 
i. #. when a ■ 3*. Am. r" =s a* — 8ji». 

6. Find the equation of the pedal in the same ourre. 

Ans. j9 = 5 sin 3*. 

7. In the oase of a ourye rolling on another which is equal to it in every 
respect, corresponding points being in contact, prove that the determinatioQ « 
the roulette 01 any point Pis immediately reduced to finding the pedal of th» 
rolling curve with respect to the point P. 

8. Hence, if the curves be equal parabolas, show that the path of the focal 
is a right line, and that of the vertex a oissoid. 

9. In like manner, if the curves be equal ellipses, show that the path of tlw | 
focu's is a circle, and that of any point is a bicir(idar guartic, \ 

10. In Art. 285, prove that the locus of the foci of the^llipses deaciibed bf { 
the different points on any right line is an equilateral hyperbola. 

11. ^ is a fixed point on the circumference of a circle ; the points X and Jf 
are taken such that arc AZ = m arc AM^ where m is a constant ; prove that the 
envelope of LM is an epicycloid or a hypocycloid, according as die arcs ALsioA 
AM are measured in the same or opposite directions from the point A. 

IS. Prove that LM^ in the case of an epicycloid, is divided internally in tht 
ratio m : I, at its point of contact with the envelope ; and, in the hypocydoi^ 
externally in the same ratio. 

13, Show also that the given circle is circumscribed to, or inscribed in, tin 
envelope, according as it is an epicycloid or hypocydoid. 

14. Prove, firom equation (14), that the intrinsio equation of an epieydoid is 

4ft(«4j) . «♦ 
9 SB .^— — — — 8m 



•Tip 

where s is measured from the vertex of the curve. 

15. Hence the equation 9^1 sin m^ represents an epieytloid or a hypo* 
eydoid, aceoiduig as » is lees or greater than unity. 
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16. Tn an epitrochoid, if the distance, d^ of the moving point from the centre 
: the rolling circle be equal to the distance between the centres of the circles, 
Kyye that the polar equation of the locus becomes 

aB 

r =3 2 (a + i) cos r. 

a + 20 

1 7 . Hence show that the curve 

r = a sin md 

. an epitrochoid when in< i, and a hypotrochoid when m > i. 

This class of curves was elaborately treated of by the Abb6 Grandi in the 
Philosophical Trantaetions for 1723. He gave them the name of *' Bhodonese/' 
Dm a fancied resemblance to the petals of roses. See also Gregory's Examples 
II ih9 DifferMtial and Integral Calculus^ p. 183. 

For illustrations of the beauty and variety of form of these curves, as well as 
f epitrochoids and hypotrochoids in general, the student is referred to the admi- 
ftblo figures in Mr. Proctor's Geometry of Oydoide, 

287. Centre of Curvature of an Epltrocbold or 
llypotroelioid. — The position of the centre of curvature for 
my point of an epitrochoid can be easily 
[o4d from geometrical oonsiderations. For, 
fet C\ and C2 be the centres of the rolling 
ind the fixed circles, P2 the centre of cur- 
vature of the roulette described by Pi ; and, 
IS before, let Oi and 0% be two points on the 
bircles, infinitely near to 0, such that OOi 
« OO2. Now, suppose the circle to roll until 
Oi and Oa coincide; then the lines dOi ^a 
uid C2O2 will lie in directum^ as also the 
lines PiOi and PaOa (since Pa is the point 
of intersection of two oonsecutiye normalB to 
the roulette). 

Hence L OCiOi + L OC^O^ = L OPiOi + z OPaOa, 

lince each of these sums represents the angle through which 
the circle has turned. 




Fig. 61. 



Again, let L dOP, = 0, OOx = OO2 = da ; 
then 



^ 00,0, - ^, z OC2O2 = ^ 



OC' 



OCi 



^^^'^'""oK'' ^^^'^' "OPT" 
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consequently we have 

Or, if OP, - n, OPa = r„ 




From this, equation rg, and consequently the radius of cori 
ture of tlie roulette, can be obtained for any positioii of I 
generating point Pi. 

If we suppose Pi to be on the droumf erenoe of the roQi 

OP 

circle, we get cos ^ = -tttt > whence it follows that 

OP^ = — ^ OPi, 

which agrees with the result arrived at in Art. 279. 

288. Centre of Curvature of any Roulette. — H 

preceding formula can be readily extended to any roulette ; 1 
if Ci and d be respectively the centres of curvature of I 
rolling and fixed curves, corresponding to the point of contact j 
we may regard OOi and OO2 as elementary arcs of the cird 
of curvature, and the preceding demonstration will sti 
hold. 

Hence, denoting the radii of curvature OCi and Od } 
pi and p2, we shall have 



— + — = COS - + - . 
pi p% Vi r^J 



(^ 



It can be easily seen, without drawing a separate figui 
that we must change the sign of p2 in this formula when u 
centres of curvature lie at the same side of 0. 

It may be noted that Pi is the centre of curvature of tl 
roulette described by the point P2, if the lower curve be su) 
posed to roll on the upper regarded as fixed. 

289. Cfeometrical Construction* for the Centred 
1 

♦ This beautiful construction, and also the formula (22) on which it is haai 
were given by M. Savary, in his Zegotis des Maehines d VEeole Folyt$chni^ 
See also Leroy's G^omitrie Beteriptive^ Quatri^me Edition, p. 347. 
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■iTvature of a Roulette. — The fonxiTila {22) leads to 
fiimple and elegant construction for the centre of ourva- 
re JP2. 

We commence with the case when the bajse is a right 
le, as represented in the accom- 
mrying figure. 

Join Pi to Oi, the centre of curva- 
re of the rolling curve, and draw 
ZV perpendicular to OPi, meeting 
id in N; through If draw NM a 
trallel to Odj and the point P2 in 
hicli it meets OPi is the centre of 
irvature required. 

F0T9 equation {22) becomes in 
lis case 

I / I I 




Fig. 6a. 



0^-eos«(^^4-^J 



rhenoe we get 
-Pi P. 



NPi 



)P, . 0P» OCi sin C. OiV NC^ sin CtNO Nd . OP, ' 

PiP, NPi 



• . 



OP2 NCi ' 



nd, accordingly, the line NPi is parallel to Od. Q, E. D. 

The construction in the general case is as follows : — 

Determine the point iV as in the former 
tase, and join it to Os, the centre of curva- 
rare of the fixed curve, then the point of 
ntersection of NCi and PiO is the required 
)eixtre of curvature. 

This is readily established ; for, from 
the equation N" 

C^Ct cos^PiP t 
^® ^®* OCTOC, ~ OP, . OP, ' 
CiCj OP, OCi COS (j> 




00, 'PiP, 



OPr 
2 A 



Fig. 63. 
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But, as before, 



OCeotf -= — ; .-. _^_r= : 



IfPi 



OP, 



AT>. 



h011O6 



CiCt OPt^ NC^ 



Gonsequentlyy by the well-known property of a trmsverBal 
cutting the sides of a triangle, the points (7^ F^ and ilTsre 
in directum. 

The modification in the oonsbmction when the rolhiig 
curve is a right line can be readily supplied by the stodent. 

290. Circle oCInllexieBs. — ^The following geometrical 
construction is in many cases moire ^ 

useful than the preceding. 

On the line OC^ take OA such 
that 



I I 

+ 



OA 0(7i OC^' 

and on OA as diameter describe a 
circle. Let Ex be its point of inter- 
section with OP19 then we have 



oos^ « 



0^1 



and formula {22) becomes 



I I 

+ 




(23) 



OFx 0P2 OD.QOB^ OHi' 
Hence, if the tracing point Pi lie on the circle* 0-BiJ9i, 



* ThiB theorem is due to La Hire, who showed that the element of the 
roulette traced hy any point is convex or concave with respect to the point of 
contact, 0, according as the tracing point is inside or outside this circle. (See 
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tie ooiresponding value of OP2 is infinite, and oonsequently 
*i is a point of inflexion on the roulette. 

In consequence of this property, the circle in question is 
ailed the circle of inflexions, as each point on it is a point of 
tiflesion on the roulette which it descrihes. 

j^gain, it can be shown that the lines Pi P2, PiO and Pi Ei 
\re in continued proportion; as also dCg, CjO, and CxBi, 
?OTy from (23) we have 

PiPz I 



OPi . OP2 OEi 
Senoe PiP, : P^O = OP2 : OEi; 

.-. P1P2 : PiO^ P1P2 - OP2 : PiO - OEi = PiO : PiEi. (24) 
In the same manner it can be shown that 

C1C2 : CiO * CiO : CiDi. (25) 

In the particular case where the base is a right line, the 
circle of inflexions becomes the circle described on the radius 
of curvature of the rolling curve as diameter. 

Again, if we take 02>2 = 01)^ we shall have, by describing 
a circle on OD2 as diameter, 

G2C/1 ! Oav/ = C/j(/ I G2-t/a l 

and also PaPi : P2O = P2O : P2E2. (26) 

The importance of these results will be shown further on. 

291. £n¥elope of a Carried Curve. — We shall next 
consider the envelope of a curve invariably connected with the 
rolling curve, and carried with it in its motion. 

Since the moving curve touches its envelope in each of its 



Memoires de V Aeaddmie dea Sciences, 1706.) It is strange that this remarkable 
result remained almost unnoticed until recent years, when it was found to 
contain a key to the theory of curvature for roulettes, as well as for the 
envelopes of any carried curves. How little it is even as yet appreciated in 
this country will be apparent to any one who studies the most recent produc- 
tions on roulettes, even by distinguished British Mathematicians. 

2 A 2 




356 Roulettes. 

positions, the path of its point of contact at any instant must 
be tangential to the envelope; hence the normal at their 
common point must pass through 0, the point of oontact of 
the fixed and rolling curves. 

In the particular case in which the carried carve is a 
right Hne, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
contact 0. 

For example, suppose a circle to 
roll on any curve : to find the envelop^ 
of any diameter PQ : — 

Ftojxx draw ON perpendicular 
to PQ, then iV, by the preceding, is p. ^. 

a point on the envelope. 

On OC describe a semicircle; it will pass through JT, 
and, as in Art. 286, the arc 0N= arc OP = 0-4, if ^ be 
the point in which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the 
roulette traced by a point on the circumference of a circle 
of half the radius of the rolling circle, having the fixed curve 
AO for its base. 

For instance, if a circle roll on a right line, the envelope of 
any diameter is a cycloid^ the radius of whose generating cirde 
is half that of the rolling circle. 

Again, if a circle roll on another^ the envelope of any 
diameter of the rolling circle is an epicycloidy or a hypocyclotd. 

Moreover, it ia obvious that if two ccuried right lines be 
parallel, their envelopes will be parallel curves. For ex- 
ample, the envelope of any right line, carried by a circle 
which rolls on a right line, is a parallel to a cycloid, ue. the 
involute of a cycloid. 

These results admit of being stated in a somewhat different 
form, as follows : 

If one point, ^, in a plane area move uniformly along a 
right line, while the area turns uniformly in its own plane, 
then the envelope of any carried right line is an involute to a 
cycloid. If the carried line passes through the moving point 

* The theorems of this Article are, I helieye, due to Chafiles : u$ his Sittoiri 
de La OhrrUtrUy p. 69. 
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A, its envelope is a cycloid. Again, if the point A move 

uniformly on the circnmference of a fixed circle, while the 

area revolves uniformly, the envelope of any oanied right 

line is an involute to either an epi- or hypo-cycloid. If the 

carried right line passes through A, its envelope is either an 

epi- or hypo-cycloid. 

Z92. Centre of Cnrvatnre of the Envelope of a 

Carried Curve. — Let a, 6, represent a 

portion of the carried curve, to which Otn 

18 normal at the point m ; then, hy the 

preceding, m is the point of contact of aibj l^ 

■with its envelope. 

Now, suppose (7] 6j to represent a por- ' 

tion of the envelope, and let JP, be the 

centre of curvature of Ujbj, for the point m, 
and J*g the corresponding centre of cur- 
vature of ai6|. 

As before, take Oi and Oj such that 
00, - 00^, and join P,0. and P^O^. 
Again, Buppose the curve to roll until j 
Oi and Ot coincide; then the lines Pid * Cj 

and PiOi will come t» dtreetum, as also j.- ^ 

the lines Oid and OiCi ; and, as in Art. ' . ' 

288, we shall have 

and conBeqnently 

From this equation the centre of curvature of the enve- 
lope, for any position, can he found. Moreover, it is obvious 
that the geometrioal constructions of Arts, 289, 290, equally 
apply in this case. It may be remarked that these construc- 
tions hold in all cases, whatever he the directions of curvature 
of the ourves. 

The case where the moving curve aibiiaa right line is 
worthy of especial notice. 



358 



Moulettea 



In this case the normal Om is perpendicular to the mo' 
line ; and, since the point Pi is infinitely 
distant, we have 



cos _ I I 



OR 



(Art. 290); 




Fig. 67. 



whence, Pj is situated on the lower circle of 
inflexions. Hence we infer that the dif- 
ferent centres of curvature of the curves en- 
veloped by all carried right lineSy at any 
imtanty lie on the circumference of a circle. 

As an example, suppose the right line OM to roll on 
fixed circle, whose centre is C2, to 
find the envelope of any carried right 
line, LM. 

In this case the centre of cur- 
vature, P2, of the envelope of iJf, 
lies, by the preceding, on the circle 
described on 00 as diameter; and, 
accordingly, CP2 is perpendicular 
to the normal P1P2. 

Hence, since L OLPi remains 
constant during the motion, the line 
CP3 is of constant length; and, if 
we describe a circle with as centre, 
and CP% as radius, the envelope of 

the moving line iif will, in all positions, be an involute of\ 
circle. The same reasoning applies to any other mo'^ 
right line. 

We shall conclude with the statement of one or two other 
important particular cases of the general principle of this 
Article. 

(i). Ifths envelope a%h% of the moving curve Oibi be a right 
line^ the centre of curvature Pi lies on the corresponding circle of 
inflexions. 

(2). If the moving right line always passes through a fixed 
pointy that point lies on the circle ODtE%, 

292 (a). Expression for Radius of CnrTatare of 
Envelope of a Right liine. — The following expression 
for the radius of curvature of the envelope of a moving right 




Fig. 68. 
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line is sometimes useful. Let p be the perpendicular distance 
of the moving line, in any position, from a fixed point in the 
plane, and w the angle that this perpendicular makes with a 
fixed line in the plane, and p the radius of curvature of the 
envelope at the point of contact ; then, by Art. 206, we have 

Whenever the conditions of the problem givep in terms of 
«ii (the angle through which the figure has turned), the value 
of p can be found from this equation. For example, the re- 
sult established in last Article {see Fig. 68) can be easily 
deduoed from {28). This is left as an exercise for the student. 

293. On the Motloift of a Plane Flfj^re In Its Plane. 
— ^We shall now proceed to the consideration of a general 
method, due to Chasles, which is of fundamental importance 
in the treatment of roulettes, as also in the general investi- 
gation of the motion of a rigid body. 

We shall commence with the following theorem : — 

WTien an invariable plane figure moves in its plane^ it can 
be brought from any one position to any other hy a single rotation 
round a fixed point in its plane. 

For, let A and B be two points of the figure in its first 
position, and -4i, J?i their new 
positions after a displacement. 
Join AAi and BBi^ and sup- 
pose the perpendiculars drawn 
at the middle points of AAi 
and BBi to intersect at 0; 
then we have AO = -4i0, and 
BO = BiO. Also, since the 
triangles AOB and AiOBi 
have their sides respectively ^^' '* 

equal, we have lAOB = lA^OB^ ; .*. L AOAi = lBOBx. 

Accordingly, AB will be brought to the position AiBy by 
a rotation through the angle AOAi round 0. Consequently, 
any point Cm the plane, which is rigidly connected with AB^ 
will DO brought from its original to its new position, Ci, by 
the same rotation. 

This latter result can also be proved otherwise thus : — Join 
OC and OCi ; then the triangles OAC and OAiCy are equal, 
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becanse OA = OAi^ AC = AiCiy and the angle OAC^ bein 
the difference between OJiB and BACy is equal to OAxd 
the difference between OAiJBi and BiAiCi ; therefore Oi 
= OCi, and lAOC = Z.A1OC1 ; and hence z ^O^i = L CO 
Consequently the point C is brought to Ci by a iotati< 
round through the same angle A OA 1. The same reasoning 
applies to any other poiot invariably connected with A and JB. 

The preceding construction re- 
quires modification when the lines 
AAi and BBi are parallel. In this 
case the point, 0, of intersection of the 
lines BA and BiAi is easily seen to be 
the point of instantaneous rotation. 

f'or, since AB = AiBiy and AA^ y^ ^^ 

BBiy are parallel, we have OA = OAi^ 

and OB = OBx. Hence, the figure will be brought from ifa 
old to its new position by a rotation around through the 
angle AOAi. 

Next, let AAiy and BBi be both equal and parallel. In 
this case the point is at an infinite distance ; but it is 
obvious that each point in the plane moves through the same 
distance, equal and parallel to AAi ; and the motion is one of 
simple translation^ without any rotation. 

In general if we suppose the two positions of the moving 
figure to be indefinitely near each other, then the line AAu 
joining two infinitely near positions of the same point of the 
figure, becomes an element of the curve described by that point, 
and the line OA becomes at the same time a normal to the curre. 
Hence, the normals to the paths described by all the points oftk 
moving figure pass through 0, which point is called the tns^fi- 
ianeous centre of rotation. 

The position of is determined tchenever the directions oj 
motion of any two points of the moving figure are known; for it 
is the intersection of the normals to the curves described by 
those points. 

This furnishes a geometrical method of drawing tangents 
to many curves, as was observed by Chasles.* 

* This method is giyen by Chasles as a generalization of the method QfDtf" 
cartes (Ait. 273, note). It is itself a particular case of a more general principle 
concerning homologous fignres. See Chasles, Histoire de la Getnndiriey pp. 54S-9'' 
9i\BO BulUtin Univereeldes SeienceSf 1830. 
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The following case is deserving of special consideration : — 
A. right line always passes through a fixed 
point, -while one of its points moves along a 
fixed line : to find the instantaneous centre of 
rotation. Let A be the fixed point, and AB 
any position of the moving line, and take 
B^Af = JBA ; then the centre of rotation, 0, is 
found as before, and is such that OA = 0A\ 
and OJB = OB^. Accordingly, in the limit the 
centre of instantaneous rotation is the inter- p. 
section oi BO drawn perpendicular to the fixed 
line, and AO drawn perpendicular to the moving line at the 
fixed point. 

In general, if ABh^ any moving curve, and iif any fixed 
curve, the instantaneous centre of rotation is the point of inter- 
section of the normah to the fixed and to the moving curves^for 
any position. 

Also the normal to the curve described by any point in- 
variably connected with AB is obtained by joining the point 
to O, the instantaneous centre. 

More generally, if a moving curve always touches a fixed 
curve Ay while one point on the moving curve moves along a 
second fixed curve JB, the instantaneous centre is the point of 
intersection of the normals to A and B at the corresponding 
points; and the line joining this centre to any describing 
point is normal to the path which it describes. 

We shall illustrate this method of drawing tangents by 
applying it to the conchoid and the lima9on. 

294. Application to Curves. — In the Conchoid (Fig. 49, 
page 332), regarding ^P as a moving right line, the 
instantaneous centre is the point of intersection oi AO 
drawn perpendicular to -4P, with RO drawn perpendicular to 
LM\ and consequently, OP and OPi are the normals at P 
and Pi, respectively. 

For the same reason, the normal to the Limajon (Fig. 48, 
page 33 1 ) at any point P is got by drawing OQ perpendicular 
to OP to meet tiie circle in Q, and joining PQ. 
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EXAHPLVS. 

I. If the radim vector, OP^ drawn from the origin to any point P on a curra^ 
be produced to Pi, nntil PPi he a constant length ; prove tiat the normal at Pi 
to the locos of Pi, the normal at P to the original cnrve, and the p^pendieiihr 
at the origin to the line OP, all pass throngh the same point. 

3. If a constant length measured from the carve be taken on the nflCBia]i 
along a given curve, prove that these lines are also normals to the new cum 
which is the locus of their extremities. 

3. An angle of constant magnitude moves in such a manner that its adei 
constantly touch a given plane curve ; prove that the normal to the curre de- 
scribed by its vertex, P, is got by joining P to the centre of the circle passmg 
through P and the points in which the sides of the moveable ang^ touch the 
given curve. 

4* If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curre. 

5. In general, if through each point of a curve a line of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. 

295. Motion of any Plane Figure redneed to 
Roulettes. — ^Again, the most general motion of any figure 
in its plane may be regarded as consisting of a number of 
infinitely small rotations about the different instantaneous 
centres taken in succession. 

Let 0, C, 0", 0"', &c., represent the sncoessive centres of 
rotation, and consider the instant when 1 ^.^ 

the figure turns through the angle OiO(/ oJ/ ^ 

round the point 0. This rotation will o,i^'' ^« 

bring a certain point Oi of the figure to ^^i,,!^... 
coincide with the next centre Of. The next ^^-^^^ "^i 
rotation takes place around Cf\ and suppose "^^*- t 
the point 0% brought to coincide wifli the O \n 

centre of rotation 0". In like manner, by o v "^^ 

a third rotation the point 0% is brought to \ \ 

coincide with 0"', and so on. By this * n,j,« 

means the motion of the moveable figure p- ^2. 

is equivalent to the rolling of the polygon 
OOiOiOi . . . invariably connected with the figure, on the 
polygon OCfGf'Cf" . . . fixed in the plane. In the limit, the 
polygons change into curves, of which one rolls, without 
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tfidingy on the other ; and hence we conclude that the general 
novement of any plane figure in iU oum plane is equivalent to the 
rolling of one curve on another fixed curve. 

These curves are called by Reuleaux* the " oentrodes" of 
Qie moTing figures. 

For example, suppose two points A and B of the moving 
Igure to slide along two fixed right 
ines CX and CY\ then the instan- 
faneous centre is the point of inter- 
iection of -40 and -BO, drawn perpen- 
iicTilar to the fixed lines. Moreover, 
Its AB is a constant length, and the 
mgle ACB is fixed, the length CO is 
Constant ; consequently the locus of 
the instantaneous centre is the circle 
lescribed with C as centre, and CO as ^^' ^^' 

radius. Again, if we describe a circle round CBOA^ this 
larole is invariably connected with the line ABy and moves 
with it. Hence the motion of any figure invariably connected 
irith AB is equivalent to the rolling of a circle inside another 
tf double its radius {see Art. 285). 

Again, if we consider the angle XCY to move so that its 
legs pass through the fixed points A and -B, respectively ; then 
the instantaneous centre is determined as before. More- 
pver, the circle BCA becomes o, fixed circle, along which the 
instantaneous centre moves. Also, since CO is of constant 
length, the outer circle becomes in this case the rolling curve. 
Senoe the motion of any figure invariably connected with the 
moving lines CX and CY is equivalent to the rolling of the 
9uter circle on the inner (compare Art. 286). 

295 (a). Epicyclics. — As a further example, suppose one 
point in a plane area to move uniformly along the circimi- 
ference of a fixed circle, while the area revolves with a uniform 
angular motion around the point, to find the position of the 
•*oentrodes." 

The directions of motion are indicated by the arrow 
heads. Let C be the centre of the fixed circle, P the position 



* See Kennedy's translation of Reuleaux's Kinematiee of Maehinery^ 
^. 659 &c. 
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of the moving point at any instant, Q a point in the moving 

figure such that CP = PQ, 

Now, to find the position of 

the instantaneous centre of 

rotations it is necessary to 

get the direction of motion of 

the point Q. 

Let Pi represent a con- 
secutive position of P, then 
the simultaneous position of Q 
is got by first supposing it to 
move through tne infinitely 
small length Qi2, equal and 
parallel to PPi, and then to 
turn round Pi, through the 
angle -KPiQi, which the area 
turns through while P moves 
to Pi. Moreover, by hypo- 




Fig. 74. 



thesis, the angles PCPi and PPiQi are in a constant ratio: 
if this ratio be denoted by m, we have (since PQ = PC) 

EQi = mPPi = mQR. 

Join Q and Qi, then QQi represents the direction of mo- 
tion of Q. Hence the right line QO, drawn perpendicular 
to QQi, intersects CP in the instantaneous centre 0/ rotation. 

Again, since the directions of PO, PQ, and QO are, re- 
spectively, perpendicular to QR, jBQi, and QQi, the triangles 
QPO and QiRQ are similar ; 

/. PQ = mPOf i.e. CP = mPO. 

Accordingly, the instantaneous centre of rotation is got 

by cutting off 

PP 
PO = — . (29) 

Hence, if we describe two circles, one with centre C and 
radius 00, the other with centre P and radius PO; these 
circles are the required centrodes; and the motion is equivalent 
to the rolling of the outer circle on the inner. 
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[ Accordingly, any point on the oiroumf erence of the outer 
bole describes an epicycloid, and any point not on this cir- 
nmferenoe describes an epitroohoid. When the angular 
aotion of PQ is less than that of CP, i.e. when w< i, 
he point O lies in PC produced. Accordingly, in this 
Bse, the £xed circle lies tTiside the rolling circle; and the 
mrves traced by any point are still either epitrochoids or epi- 
grcloidB. 

In the preceding we have supposed that the angular 
stations take place in the same direction. If we suppose them 
x> be in opposite directions^ the construction has to be modified, 
18 in the accompanying figure. 

In this case, the angle ^1^77 Si 

RPiQi must be measured in 
&n opposite direction to that 
af POP I ; and, proceeding as 
in the ibrmer case, the direc- 
tion of motion of Q is repre- 
Bented by QQi; accordingly, 
the perpendicular QO will in- 
tersect CP produced, and, as 
before, we have 



P0 = 



PC 



m 




Fig. 75. 



Sence the motion is equi- 
valent to the rolling of a circle 

of radius PO on the inside of a fixed circle^ whose radius is 
CO. Accordingly, in this case, the path described by any 
point in the moving area not on the circumference of the 
rolling circle is a hypotrochoid. 

Also, from Art. 291, it is plain that the envelope of any 
right line which passes through the point P in the moving 
area is an epicycloid in the former case, and a hypocycloid 
in the latter. 

Again, if we suppose the point P, instead of moving in a 
circle, to move uniformly in a right line, the path of any 
point in the moving area becomes either a trochoid or a 
cycloid. 

Curves traced as above, that is, by a point which moves 
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uniformly round the circumference of a circUy whose centre move 
uniformly on the circumference of a fixed circle in the sam 
plane, are called epieycUcs^ and were invented by Ptolem; 
(about A.D. 140) for the purpose of explaining the planetar 
motions. In this system* the fixed circle is called the deferent^ 
and that in which the tracing point moves is called the 
epicycle. The motion in the fixed circle may be supposed m 
all cases to take place in the stune direction around Cy that 
indicated by the arrows in our figures. Such motion is called 
direct The case for which the motion in the epicycle is direct 
is exhibited in Fig. 74. 

Angular motion in the reverse direction is called ret 
grade. This case is exhibited in Fig. 75. The corresponding^ 
epicydics are called by Ptolemy direct and retrograde epioy 
clics. . 

The preceding investigation shows that every direct epi- 
cydic is an epifarochoid, and every retrograde epioyolio ai 
hypotrochoid. 

It is obvious that the greatest distance in an epioy 
from the centre C is equal to the sum of the radii of the oirdesy; 
and the least to their difference. Such points on the epioycUe 
are called apocentres and pericentresy respectively. 

Again, if a represent the radius of the fixed circle or 
deferent, and j3 the radius of the revolving circle or epicycle ; 
then, if the curve be referred to rectangular axes, that of x 
passing through an apocentre, it is easUy seen that we have 
for a direct epicyclic 

« = o cos + /3 cos mOf \ 
ff ^ asmO + p sm mu. ) 



* The importance of the epicyclic method of Ptolemy, in repiesenting ap- 
proximately die planetary paths relative to the earth at rest, has recently beea 
brought prominently forward by Mr. Proctor, to whose work on the Geometry of 
Cycloids the student is referred for fuller information on the subject. 

We owe also to Mr. Proctor the remark that the invention of cycloids, epi- 
cycloids, and epitrochoids, is properly attributable to Ptolemy and the ancient 
astronomers, who, in their treatment of epicyclics, first investigated some of 
the properties of such curves. It may, however, be doubted if Ptolemy bad 
any idea of the shape of an epicyclic, as no trace oi' such is to be found in the entire 
of his great work, The Almagest. 
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The formiLlaB for a retrograde epioyolio are obtained by 
xanging the sign of m (oompare Art. 284). 

It is easily seen that every epict/clic admits of a ttoofold 
eneration. 

For, if we make mO = ^, equation (30) may be written 

» = 13 COS0 + a cos— , 

^sfisin^ + asin^, 

rhioh is equivalent to an interchange of the radii of the 
lef erent circle and of the epicycle, and an alteration of m, 

ate — . This result can also be seen immediately geometri- 

jally. 

It may be remarked that this contains Euler's theorem 
[Art. 280) under it as a particular case. 

296. Properties of the Circle of Inflexions. — It 

ihould be especially observed that the results established in 
Art. 290, relative to the circle of inflexions, hold in all cases 
of the motion of a figure in its plane, and hence we infer 
that the distances of any moving point from the centre of curva^ 
ture of its pathy from the instantaneous centre of rotation^ and 
from the circle ofinflexionSy are in continued proportion. 

Again, from Art. 292, we infer that if a moveable curve 
dide on a fixed curve, Ihe distances of the centre of curvature of 
the moving f from that of the fixed curve^ from the centre of in^ 
siantaneom rotation^ and from the circle of inflexions^ are in 
continued proportion. 

The particular cases mentioned in these Articles obviously 
hold also in this case, and admit of similar enunciations. 

These principles are the key to the theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applications. 
297. Example on the Construction of Circle of 
Inflexions. — Suppose two curves afii and Cidi^ invariably con- 
nected with a moving plane figure^ always to touch two fixed 
curves aj)% and c^d^y to find the centre of curvature of the roulette 
described by any point Bi of the moving figure. 
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The instantaneous circle of inflexions is easily constraoU 
in the following manner : — ^Let 
Pi and Pi be the centres of cur- 
vature for the point of contact 
m for ihe curves Uibi and ^2^29 
respectively : and let Qi, Q2, be 
the corresponding points for 
the curves Cidi and Cid^. Take 

then, by Art. 290, the points " p. g 

El and Fi lie on the circle of ' I 

inflexions. Accordingly, the circle which passes through i 
El and JPi, is the circle of inflexions. 1 

Hence, if JSiO meet this circle in (?i, and we ta| 

P Qi j 

iJi-Bj = -^-^9 the point JS, (by the same theorem) is tl 

centre ofcurmture of the roulette described by Bi, 

In the same case, by a like construction, the centre of ou^ 
vature of the envelope of any carried curve can be found. ^ 

The modifications when any of the curves fli6i, Oad^, &A 
becomes a right Une, or reduces to a single point, caji also h 
readily seen Dy aid of the principles already established m 
such cases. 

298. Tbeorem of BoMlller.* — If two sides ofamoviili 
triangle always touch two fixed circlesj the third side also alwaj 
touches a fixed circle. 

Let ABC be the moving triangle ; the side AB toiicliid 
at a fixed circle whose centre is 7, and AC touching at? 
circle with centre /3. Then the instantaneous centre O is til 
point of intersection of b(i and cy. 

Again, the angle (iOy, being the supplement of the con 
stant angle BAC, is given; and consequently the instanti 
neous centre always lies on a fixed circle. 

* Cours de gdomeirie pour lei ecoles des arts ei metisrs. See also CoUignoi 
Traite de Micanique Cinematique, p. 306, 

This theorem admits of a simple proof by elementary geometry. The 
vestigation above has however the advantage of connecting it with, the gem 
theory given in the preceding Articles, as weU as of leading to the more ge&< 
theorem stated at the end oi this Article. 
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Also if Oa be drawn perpendicular to the third side BC^ 
is the point in which the side 
ouches its envelope (Art. 291). 
ix>dTice aO to meet the circle 
i a ; and since the angle aOj3 
\ eqiaal to the angle ACB, it 
I constant ; and consequently 
le point a is a fixed point on the 
ircle. Again, by (4) Art. 292, 
le circle (iOy passes through 
lie centre of curvature of the 
avelope of any carried right 
ne ; and accordingly a is the 
jmtre of curvature of the enve- 
>pe of -BC; but a has already 
(Ben proved to be a fixed point ; 
onsequently BC in all positions touches a fixed circle whose 
bntre is a. (Compare Art. 286.) 

This result can be readily extended to the case where the 
lides AB and AC slide on any curves ; for we can, for an in- 
Initely small motion, substitute for the curves the osculating 
ircles at the points b and c, and the construction for the point 
, will give the centre of curvature of the envelope of the 
bird side BC. 

2 98 (a) . Analytical Demonstration. — The result of the 
treceding Article can also be established analytically, as was 
pown by Mr. Ferrers, in the following manner : — 

Liet «, J, c represent the lengths of the sides of the moving 
riangle, and pi, p2, Pz the perpendiculars from any point 
h. the sides «, S, e, respectively ; then, by elementary 
peometry, we have 

api + J;?2 + <5P3 = 2 (area of triangle) = 2A. 

Again, if pi, /02, p3 be the radii of curvature of the enve- 
opes of the three sides, and to the angle through which each 
►f the perpendiculars has turned, we have by {28), 



api + hp2 + cpz = 2A. 



(30 



I Hence, if two of the radii of curvature be given the third 
ian be determined. 

2 B 
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We next proceed to consider the conchoid of Nicomedc 

299. Centre of €iirTatare for a Conchoid* — Let 

be the pole, and LM the directrix of a conchoid. Co] 
the instantaneous centre 0, as before : and produce ^O unl 
OAi = AO. 

It is easily seen that the circle circumscribing AiOEi 
the instantaneous circle of inflexions : for the instantaneoi 
centre always lies on this circle ; also Ri lies on the 
by Art. 290, since it moves along a right line : again, A li( 
on the lower circle of inflexions of same Article, and coi 
quently Ai lies on the circle of inflexions. 

Hence, to find the centre of curvature of the oonchoii 
described by the moving point Pi, produce PiO to meet th< 
circle of inflexions in Pi, and take 
P 0* 

-^1-^2 = W^; theiij fcy (22), P2 is 

the centre of curvature belonging to 
the point Pi on the conchoid. 

In the same case, the centre of 
curvature oi the curve described by 
any other point ft, which is inva^ 
riably connected with the moving 
line, can be found, i^or, if we Pj 
produce QiO to meet the circle of 
inflexions in Rj, and take Q\Q2 

= j^ ; then, by the same theorem, 

Q2 is the centre of curvature re- ^ig- 78. 

quired. i 

A similar construction holds in all other cases. ! 

300. Spkerleai lioaiettes. — The method of reasoning] 
adopted respecting the motion of a plane figure in its plane 
is applicable identically to the motion of a curve on the sur-, 
face of a sphere, and leads to the following results, amongst 
others : — 

(i). A spherical curve can be brought from any one 
position on a sphere to any other by means of a singld 
rotation around a diameter of the sphere. 

(2). The elementary motion of a moveable figure on a 
sphere may be regarded as an infinitely small rotation 
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around a certain diameter of the sphere. This diameter is 
called the instantaneous axis of rotation, and its points of 
intersection with the sphere are called the poles of rotation. 

(3). The great circles drawn, for any position, from the 
pole to each of the points of the moving curve are normals to 
the curves described by these points. 

(4). When the instantaneous paths of any two points are 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5). The continuous movement of a figure on a sphere 
may be reduced to the rolling of a curve fixed relatively to 
the moving figure on another curve fixed on the sphere. 
By aid of these principles the properties of spherical roulettes* 
can be discussed. 

301. lAotion of a Rigid Body about a Fixed 
Point. — We shall next consider the motion of any rigid 
body around a fixed point. JSuppose a sphere described 
having its centre at the fixed point ; its surface will intersect 
the rigid body in a spherical curve A, which will be carried 
with the body during its motion. The elementary motion of 
this curve, by the preceding Article, is an infinitely small 
rotation aroimd a diameter of the sphere ; and hence the 
motion of the solid consists in a rotation around an instan- 
taneous axis passing through the fixed point. \ 

Again, the continuous motion of A on the sphere by (5) 
(preceding Article) is reducible to the rolling of a curve 
£, connected with the figure -4, on a curve X, traced on the 
sphere. J3ut the rolling of i on A is equivalent to the 
rolling of the cone with vertex standing on L, on the cone 
with the same vertex standing on X. Hence the most general 
motion of a rigid body having a fixed point is equivalent to 
the roiling of a conical surface, having the fixed point for its- 
summit, and appertaining to the solid, on a cone fixed in 
space, having the same vertex. 

These results are of fundamental importance in the gene- 
ral theory of rotation. 



* On the Curvature of Spherical Epicydoida, see Beaal ; Journal d$ lieoU 
^olyieehnique^ i^S%, pp. 335, &c. 
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Examples. 

1. If the radius of the generating circle be one-fourth that of the fixed, 
proye immediately that the hypocycloid becomes the envelope of a right line of 
constant length whose extremities move on two rectangular lines. 

2. Prove that the evolute of a cardioid is another cardioid in which the 
radius of the generating circle is one-third of that for the original circle. 

3. Prove that the entire length of the cardioid is eight times the diameter of 
its generating circle. 

4. Show that the points of inflexion in the trochoid are given by the 

d 
equation cos + - = o ; hence find when they are real and when imaginary. 

a 

5. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve ; show that the problem of finding the envdope of 
the other leg of the right angle is reducible to the investigation of a locus. 

6. Show that the equation of the pedal of an epicycloid with respect to any 
origin is of the form 

a0 

r rs (a + lb) cos 7 - c cos (0 + o). 

^ ' a+ 2b 

7. In figure 57, Art. 281, show that the points C, P* and Q are in directum. 

8. Prove that the locus of the vertex of an angle of given magnitude, whose 
sides touch two given circles, is composed of two lima9ons. 

9. The legs of a given angle slide on two given circles : show that the 
locus of any carried point is a Uina(jon, and the envelope of any carried right 

-line is a circle. 

10. Find the equation to the tangent to the hypocycloid when the radius of 
the fixed circle is three times that of the rolling. 

Ans. X cos 09 + y sin w = d sin 3«* 

This is called the three-cusped hypocycloid. See Ex. 5, Art. 286. 

11. Apply the method of envelopes to deduce the equation of the three- 
cusped hypocycloid. 

Substituting for sin 307 its value, and making t = cot», the equation of the 
tangent becomes 

«<' + (y- 3^)^* + «^+* + y = o, 

in which t is an arbitrary parameter. If t be eliminated between this and its 
derived equation taken with respect to t, we shall get for the equation of tht 
hypocycloid, 

(«• + y')« + 18*2 (a;« + y«) + 24**2^ _ 8iy8 = 27**. 
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12. If two tangents to a cycloid intersect at a constant angle, proye that the 
length of the portion which they intercept on the tangent at the yertez of the 
cycloid is constant. 

13. If two tangents to a hypocydoid intersect at a constant angle, prove 
that the arc which they intercept on the circle inscribed in the hypocycloid is of 
constant length. 

14. The vertex of a right angle moves along a right line, and one of its legs 
passes through a fixed point : show geometrically that the other leg envelopes a 
parabola, having the fixed point for focus. 

15. One angle of a given triangle moves along a fixed curve, while the 
opposite side passes through a fixed point : find, for any position, the centre of 
curvature of Uie envelope of either of the other sides, and also that of the curve 
described by any carried point. 

16. If a right line move in any manner in a plane, prove that the locus of 
the centres of curvature of the paths of the different points on the line, at any 
instant, is a conic. — (Eesal, Journal de VJScole JPoli/technigtie, 1S58, p. 112). 

This, as well as the following, can he proved without difficulty from equa- 
tion (22), p. 352. 

17. When a conic rolls on any curve, the locus of the centres of curvature 
of the elements described simultaneously by all the points on the conic is a new 
conic, touching the other at the instantaneous centre of rotation. — (Mannheim, 
same Journal^ p. 179.) 

18. An ellipse rolls on a right line : prove that p, the radius of curvature of 

the path described by either focus, is given by the equation - = ; where 

par 

r is the distance of the focus from the point of contact, and a is the semi-axis 

major. — (Mannheim, Ibid.) 

19. The extremities of aright line of given length move along two fixed 
right lines : give a geometrical construction for the centre of curvature of the 
envelope in any position. 

20. Prove that the locus of the intersection of tangents to a cycloid which 
intersect at a constant angle is a prolate trochoid (La Hire, Mem, de VAead, dea 
Sciences , 1704). 

21. More generally, prove that the corresponding locus for an epicycloid is 
an epitrochoid, and for a hjrpocycloid is a hypotrochoid. (Chasles, SisU de la 
G^om.y p. 12$). 

3 2. If a variable circle touch a given cycloid, and also touch the tangent at 
the vertex, the locus of its centre is a cycloid. (Professor Casey, Fhil, Trana.^ 
1877.) 

23. Being given three fixed tangents to a variable cycloid, the envelope of 
the tangent at its vertex is a parabola. {Ibid.) 

24. If two tangents to a cycloid cut at a constant angle, the locus of the 
centre of the circle described about the triangle, formed by the two tangents and 
the chord of contact, is a right line. (Ibid.) 

25. If a curve (A) be such that the radius of curvature at each point is n 
times the normal intercepted between tlie point and a fixed straight line (B\ 



374 Examples. 

then when the onrre rolls along another straight line, (B) will enyelope a 
in which the radius of curvature is n + i times the normal. 

Thus, when n » - 2, {A) is a parahola, and {B) the directrix ; and w 
the parabola rolls along a straight line, its directrix envelopes a catenary {: 
which fi s — i), to which the straight Ime is directrix. 

When the catenary rolls along a straight line, its directrix passes tfaTongh 
fixed point, for which n = o. 

When the point moves along a straight line, the straight line which it 
ries with it envelopes a circle (n = i), and (B) is a diameter. 

When the circle rolls along a straight line, its diameter envelopes a cycl< 
(fi = 2), to which (B) is the base. 'VHien the cycloid rolls along a straight ~ 
its base envelopes a curve which is the involute of the four-cusped hypocycl< 
passing through two cusps, and is in figure like an ellipse whose major axis 
twice uie minor. (Professor Wolstenholme.) 

The fundamental theorem given above follows immediately from equati( 

(27), p. ZSl* 

26. Prove the following extension of Bobillier's theorem : — If two sides of 1 
moving triangle always touch the involutes to two circles, the third side 
always touch the involute to a circle. 

27. Investigate the couditions of equilibrium of a heavy body which rests 
a fixed rough surface. 

In this case it is plain that, in the position of equilibrium, the centre 
gravity O of the body must be vertically over the point of contact of the bod; 
with the fixed surface. 

Again, if we suppose the body to receive a slight displacement by rolling 
the fixed surface, the equilibrium will be stable or unstable, from elemen 
mechanical considerations, according as the new position of G is higher 
lower than its former position, i . e. according as O' is situated inside or 
thfi circle ofinflexione (Art. 290). 

Hence, if p\ and p% be the radii of curvature for the corresponding fixed 
rolling curv 3, and h the distance of O from the point of contact of the 8urface8« 

the equilibrium is stable or unstable accoitling as A is < or > ^ . See Walton's 

Pi + pz 

Froblemsy p. 190 ; also, for a complete investigation of the case where h s • 

Minchin's Statics, pp. 320-2, 2nd Edition. 

28. Apply the method of Art. 285 to prove the following construction for 
the axes of an ellipse, bsing given a pair of its conjugate semi-diameters OP, OQ, 
in magnitude and position. From P draw a perpendicular to OQ, and on it taks 
FD — PQ ; join P to the centre of the cirde described on OD as diameter by a 
right line, and let it out the circumference in the points ^ and F; then the right 
lines OE and OF are the axes of the ellipse, in position, and the segments Pjf , 
and FF are the lengths of its semi-axes (Mannheim, Nouv, An. de Math, 1857, 
p. 188). 

29. An involute to a circle rolls on a right line : prove that its centre describes 
a parabola. 

30. A cycloid rolls on an equal cycloid, corresponding points being in con* 
tact : show that the locus of the centre of curvature of the rolling curve at the 
point of contact is a trochoid, whose generating circle is equal to that of either 
cycloid, 
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ON THB CARTESIAN OVAL. 



302. Eqaatloii of Garteslan Oval. — In this Chapter* 
it ifi proposed to give a short discussion of the principal pro- 
perties of the Cartesian Oval, treated geometrically. 

We conunence hj writing the equation of the curve in its 
usual form, viz., 

n ± /Lira = a, 

where n and ra represent the distances of any point on the 
curve from two fixed points, or foci, Fi and 1^2, while fi and 
a are constants, of which we may assume that ft is less than 
unity. We also assume that a is greater than F1F2, the dis- 
tance between the fixed points. 

It is easily seen that the curve consists of two ovals, one 
lying inside the other ; the former corresponding to the 
equation n + /ura = a, and 
the latter to n - /ira = a. 
Now, with Fi as centre, 
and a as radius, describe a 
circle. Through F2 draw 
any chord JDF, join FiL 
and FiF; then, if P be 
the point in which FiD 
meets the inner oval, we 
have 



From this relation the 
point P can be readily 
found. 




Fig. 79* 



• This Chapter is taken, with slight modifications, from a Paper published 
by me in ffermaihena^ No. iv., p. 509. 
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Again, let Q be the coiresponding point for the ontei 
oval Vi - fiVi = a ; and we have, in like manner, DQ = fLFzQ ; 

.-. F^Q : FiP =QD:DP; 

conseqnently, FiD bisects the angle PF^Q. 

Produce QF2 and PF2 to intersect F^Fy and let Pi and Qi 
be the points of intersection. 

Then, since the triangles PFJD and PiF%E are equiangular, 
we have PiE = /1P1P2 ; and consequently the point Pi lies on 
the inner ovaL Li like manner it is plain that Qi lies on 
the outer. 

Again, by an elementary theorem in geometry, we have 

F2P.F2Q^PI).DQ + FJ}" ; 
.-. (i-/u»)PJ^.P,Q = P22>*. 
Also, by similar triangles, we get 

FiPiFzPi^FzD'.FzE; 

consequently 

(i - fi*)FzQ . FzPi = FJ) . FJS = const. (2) 

Therefore the rectangle under F^Q and PaPi is constant ; a 
theorem due to M. Quetelet. 

303. Construction for Tbird Focus. — ^Next, draw 
QFs, making Z F2QF3 = ^ P2P1P1 ; then, since the points Pi, 
Pi, Q, Fz lie on the circumference of a circle, we get 

PiP? . P2P8 = F2Q . P2P1 = const. (3) 

Hence the point P3 is determined. 

We proceed to show that P3 possesses the same properties 
relative to the curve as Pi and P2 ; in other words, that P3 is 
a third focus* 

For this purpose it is convenient to write the equation of 
the curve in the form . 

mri ± /ra = nc^y (4) 

in which (h represents Pi-Fi, and /, m^ n are constants. 
It may be observed that in this case we have n>m> L 



• This fundamental property of the curve was discovered by Chasles, See 
Bistoii^de la QeomUriej note xxi., p. 352. 
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Construction for Third Focus, ^yj 

Now, since z F^F^Q = lF^P^F^ = z F.PF^, the triangles 
/IPJ^i and FiFzQ are equiangular ; but, by (4), we have 

mF,P + IF^ = w j;i^a ; 

accordingly we have 

mFiF^ + IFzQ = wJ;Q, 

or nJPiQ - IF^Q = mi?;i?; ; 

i.e. denoting the distance from JP3 by r^ and -Pil^s by (?», 

nri - /rs = mc^. 

This shows that the distances of any point on the outer oval 
from Fi and Fz are connected by an equation similar in form 
to (4) ; and, consequently, F^ is a third focus of the curve. 

304. Slqaatioiis of Curve, relative to eacb pair of 
Foci. — In like manner, since the triangles F1QF2 and FiF^P 
are equiangular, the equation 

mF,Q - IF2Q = nF^Fi 
gives 

mF.F:, - IFJP = nF,P. 

Hence, for the inner oval, we have 

nri + Ir^ = mcj. 

This, combined with the preceding result, shows that the con- 
jugate ovals of a Cartesian, referred to its two extreme foci, 
are represented by the equation 

nri ± Ir^ = mc^. (5) 

In like manner, it is easily seen that the conjugate ovals re- 
ferred to the foci F% and F^ are comprised under the equation 

nr2 - mrz = ± /cj, (6) 

where 

c, = F,F,. 

305. Relatioii between tlie Constants, — The equa- 
tion connecting the constants /, m, w in a Cartesian, which 
has three points F„ F2, F^ for its foci, can be readily found. 
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'EoTj if we substitute in (3), Cs for FJFt^ &o.y ilie equati( 
is easily reduced to the form 

Pcx + n'cs = m*<Ji, 
or PFiF^ + m'i^VFi + n^F^Ft = o, (7) 

in whioh the lengths F^Fz^ &c.y are taken with their proper 
signs, viz., F^F^ = - FiFz^ &o. 

306. Conjugate OTals are InTerse Corves* — ^Next, 
sinoe the four points Fiy P, Q, J^s, lie in a ciroley we have 

F,P . F,Q = FiF2. F\ F^ = const. (8) 

Gonsequentlj the two conjugate ovak are inverse to each other 
with respect to a circle* whose centre is F^y and whose radius 
is a mean proportional between FxF^ and i^iJ^i. 

It follows immediately from this, since Fi lies inside both 
ovals, that JP3 lies outside both. It hence may be called the 
external focus. This is on the supposition that the oonstantsf 
are connected by the relations n> m> L 

Also we have 

ZPJIP2 = /.PQF2 ^LF^Q.Pi = /. PaPaPi; 

hence the lines F^P and FJPi are equally inclined to thej 
axis P1P3. Consequently, if P% be the second point in which | 
the line P3P meets the inner oval, it follows, from the sym- 
metry of the curve, that the points Pj and Pi are the 



* It is easily seen that when ^ = o the Cartesian whose foci are Fiy Ft^ F^ 
reduces to this circle. Again, if n = o, the Cartesian becomes another circle, 
whose centre is Fzy and which, as shall be presently seen, cuts orthogonally the i 
system of Cartesians which haye Fiy F%y F^ for their foci. These circles are^ 
called by Prof. Crofton {TransactionSy London MathenuUieal Society, 1866), the] 
Confoeal Circles of the Cartesian system. I 

t From the above discussion it will appear, that if the general equation of 
a Cartesian be written Ar + fir' = ve, where c represents the distance betweea | 
the foci ; then (i) if, of the constants, X, fi, y, the greatest be y, the curve is '. 
referred to its two internal foci ; (2) if y be intermediate between \ and /*, the I 
curve is referred to the two extreme foci ; (3) if r be the least of the three, the 
curve is referred to the external and middle focus ; (4} if X = /ix, the curve is a 
conic ; (5) if v = A, or v = /u, the curve is a iima9on ; (6) if one of tile constants 
\^ |U, if vanish, the curve is a circle. 
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reflexions of each other with respect to the axis FiFiy and the 
triangles -FlPJ^i and F1P1F2 are equal in every respect. 
Again, since 

z FJPFz = lF^QF^ = L F2F1P1 = z F^FiPz, 

the four points P, P2, Pi and P2 lie on the circumference of a 
circle. 

From this we have 

FJ" . F^Pi « P3P1 . PsPa = constant. 

Henoe, the rectangh under the segments^ made by the inner ovaly 
on any transversal from the external focusy is constant. 

In like manner it can be shown that the same property 
holds for the segments made by the outer oval. 

If we suppose P and Pj to coincide, the line P3P becomes 
a tangent to the oval, and the length of this tangent becomes 
constant, being a mean proportional between F3F1 and FiF2. 

Accordingly, the tangents drawn from the external focus 
to a system of triconfocal Cartesians are of equal length. 

This result may be otherwise stated, as follows : — A system 
of triconfocal Cartesians is cut orthogonally by the confocal circle 
whose centre is the external focus of the system (Prof. Crofton). 

This theorem is a particular case of another — also due, I 
believe, to Prof. Crofton — which shall be proved subsequently, 
viz., that if two triconfocal Cartesians intersect, they cut each 
other orthogonally. 

307. Construction for Tangent at any Point, — 
We next proceed to give a geometrical method of drawing 
the tangent and the normal at any point on a Cartesian. 

Retaining the same notation as before, let R be the point 
in which the line F2D meets the circle which passes through 
the points P, P2, P3, Q ; then it can be shown that the lines 
PR and RQ are the normals at P and Q to the Cartesian 
oval which has Pi and P, for its internal foci, and P3 for its 
external. For, from equation (4), we have for the outer oval 

dr\ , dr-i 
m - - /-T- = o. 
ds ds 
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Hence, if oii and w% be the angles which the normal at m 
makes with QJFi and QF^ respectively, we have y 



m sin cui » /sin 013 ; or sin cm : sin oit = / :ii». 




Fig. 80. 

Again, we have seen at the commencement that 

lim = DQ:FtQ\ 
also, by similar triangles, 

-BQ : jRJi = sin JKQP : sin iZQF, ; 
sin RQF^ : sin RQF2 = l:m. 



but 
hence 



( 



4 



(10) 



Consequently, by (9), the line -RQ is the normal at Q to the 
outer oval. In like manner it follows immediately that PR ^ 
is normal to the inner oval. 

This theorem is given by Prof. Crofton in the following 
form : — The arc of a Cartesian oval makes equal angles tnth the I 
right line drawn from the point to anyfocm and the circular arc 
drawn from it through the two other foci. 

This result furnishes an easy method of drawing the 
tangent at any point on a Cartesian whose three foci are 
given. 
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The oonstruotion may be exhibited in the following 
irm: — 

Let Fij Fzj Fs be the three foci, and P the point in question. 

scribe a circle through P and two foci F2 and Ps? and let 
be the second point in which PiP meets this circle ; then 
e line joining P to P, the middle point of the arc cut off 

PQ, is the normal. 

308. Confocal Cartesians Intersect Orthogonally. 
-It is plain, for the same reason, that the line drawn from 

to Pi, the middle point of the other segment standing on 
Q, is normal to a second Cartesian passing through P, and 
aving the same tliree points as foci — F% and Pj for its in- 
mal foci, and Pi for its external. 

Hence it follows that through ant/ point ttco Cartesian ovals 
un be drawn having three given points — which are in directum — 

foci. 

Also the two curves so described cut orthogonally. 

Again, if RC be drawn touching the circle PItQ, it is 
el to PQ, and hence 




F^C:F,C=^FJt : RD = F2R' iFJR.RD; 
pat P2P . RD = RP" ; 

! .-. F.C'.F.C^FJt'iPR'^^m^'.P. (11) 

Hence the point (7, is fixed. 
Again 

CR : F,D = RF^ : DF^ = m'' : m' - /» ; 



• • 



m" - P' 



which determines the length of CR. 

Next, since RP =RQ, if with R as centre and RP as 
ladius a circle be described, it will touch each of the ovals, 
from what has been shown above. 

Also, since (7 is a fixed point by (i i), and CR a constant 
length by (12), it follows that the locus of the centre of a circle 
ichich touches both branches of a Cartesian is a circle (Quetelet, 
Nouv. Mim. de VAcad. Roy. de Brux. 1827). 
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This oonstmction is shown in the following fignre, in 
which the form of two conjugate 
ovalsy haying the points F^ Ft, 
i^9 for foci, is exhibited. 

Again, since the ratio of 
FJt to Rp is constant, we get 
the following theorem, which 
is also dne to M. Qnetelet : — 

A Cartesian oval is the 
envelope of a circle, whose 
centre moves on the drcum- 
f erenoe of a given circle, while 
its radins is in a constant ratio 
to the distance of its centre ,, 

from a given pomt. 

310. Cartesian Oval as an Envelope. — ^This con- 
struction has been given in a different form by Professor 
Casey, Transactions Rcyal Irish Academy y 1869. 

If a circle cut a given circle orthogonally^ while its centre 
moves along another given* circle^ its envelope is a Cartesian 
oval. 

This follows immediately ; for the rectangle under jRP 
and FiQ is constant (8), and therefore the length of the tan- 
gent from Fi to the circle is constant. 

This result is given by Prof. Casey as a particular case of - 
a general and elegant property of bioircular quaitics, viz, : if \ 
in the preceding construction the centre of the moving cirde 
describe any conic, instead of a circle, its envelope is a bioir- 
cular quartic. 

* It ifl easily seen tliat the three foci of the Cartesian oral are : the centre 
of the orthogonal centre, and the limiting points of this and the other fixed 
circle. i 
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Examples. 

1. Find the polar equation of a Cartesian oyal referred to a focua as pole. 
[f the focus ^1 be taken as pole, and the line F\Fi as prime vector, we easily 
>btain, for the polar equation of the curve, 

(f»* - P)r« - 2C8(«wi - ^ cos a)r + <J8»(«' - P) = a 

The equations with respect to the other foci, taken as poles, are obtained by 
a change of letters. 

2. Hence any equation of the form 

r*-2(a + icose)r+tf'wo 

represents a Cartesian oval. 

3. Hence deduce Quetelet's theorem of Art. 302. « 

4. If any chord meet a Cartesian in four points, the sum of their distances 
from any focus is constant P 

For, if we eliminate B between the equation of the curve and the equation of 
an arbitrary line, we get a biquadratic in r, of which ~ 4a is the coefficient of 
the second term. 

5. Show that the equation of a Cartesian may in general be brought to the 
form 

where S represents a circle, and X a right line, and A; is a constant. 

6. Hence show that the curve is the envelope of the variable circle 

ML + 2\S + A;2 = o. 
Compare Art. 309. 

7. From this show that the curve has three foci; i.e. three evanescent 
circles having double contact with the curve. 

8. The base angles of a variable triangle move on two fixed circles, while 
the two sides pass through the centres of the circles, and the base passes through 
a fixed point on the line joining the centres ; prove that the locus of the vertex 
is a Cartesian. 

9. Prove that the inverse of a Cartesian with respect to any point is a hi* 
circular quartic. {See Salmon, Sigher Plane CurveSf Arts. 280, 281.) 

10. Prove that the Cartesian 

r* - 2 (a -f * cos (>)r + c* = o 

has three real foci, or only one according as 

a- biB> or <€• 
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ELIMINATION OF CONSTANTS AND FUNCTIONS. 

311. Ellminatloii of Constants. — The process of dif- 
ferentiation is often applied for the elimination of constants 
and functions from an equation, so as to form differential 
equations independent of the particular constants and func- 
tions employed. t 

We commence with the simple example y* = aa; + i. By 

differentiation we get 2y -^ = a, a result independent of h, 
A second differentiation gives 



(: 






a differential equation containing neither a nor by and which 
accordingly is satisfied by each of the individual equations 1 
which result from giving all possible values to a and b in the 
proposed. | 

In general, let the proposed equation be of the form 
f(xy y, a) = o. By differentiation with respect to x^ we get 



dx dydx 

The elimination of a between this and the equation/(ir,y,a) = o 

leads to a differential equation involving a?, y and —-, which 

holds for all the equations got by varying a in the proposed. 

Again, if the given equation in x and y contain two 

constants, a and b ; by two differentiations with respect to a?, 

we obtain two differential equaticms, between which and the 



i 
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tpnginal, when fihe oonstants a and h are eliminated, we get a 

lifferential equation containing x^ y, — and -7^. 

In general, for an equation containing n constants, the 

resulting differential equation contains x,y, -^,-~ . . . — ^ ; 
° ax ax* da^ 

lurising from the elimination of the n constants between the 

E'ven equation and the n equations derived from it by suo- 
ssiye differentiation. 

Examples. 

1. EUminate a from the equation 

2. Eliminate a and fi from the equation 

(y-.)»=p(«-ffi. ^.a(|)'+,g-o. 

3. Eliminate the constants a and $ from the equation 

y«acos«a? + /3 8in»«, ^it«. _^+||»yBO. 

4. Eliminate a and d from the equation 

This agrees with the formula for the radius of curvature in Art. 226. 

5. Eliminate a and fi from the equation 

6. Eliminate the constants oq, ai, « . . dn from the equation 



7. Eliminate a and jS from the equation 



d^y dy 



y = a^ + j8tf**, -4fw. 3-|-(a + 3)-i + aJy=:0. 

da? dx 

8. Eliminate a and b from the equation 

. d^y dy 

xy^ae*-^ or*, Ans, x 3— + 2 -^ - a?y o o. 



(^ <^d; 



9. Eliminate c and 0' from the equation 



d^ 



y=z cxe** + ^a» '• Ant. «* 3-==y. 

2G 
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312. SSllminatloii of Transcendental Fanetien«.— 

The process of differentiation can also be employed for the 
elimination of transcendental functions from equatioiis 
of given form ; for example, the logarithmic function 
can be eliminated by differentiation £rom the equation 

y = log0(ip), which gives -j- = ^y-r. We have met seveial 

(10/ ukipS) 

instances of this process of elimination already; thus, in 
Art. 86, we found that the elimination of the symbolic 
functions, sin and sin~^ from the equation y = sin (m sin"*^) 
leads to the differential equation . 

The principles involved in this process of elimination axe 
of great importance in connexion with the converse problem — 
viz., the procedure from the differential equation to the 
primitive from which it is derived. This part of the subject 
belongs to the Integral Calculus in connexion with the solu- 
tion (^differential equations. 

Examples. 

dy I 



a. y«<^o«(9- ^'"•*'S = ^^^'(y-*l)- \ 

3. EUmlnate the exponential and logaritlimic functions from the equation I 

„=log{^ + *-*). ^«,. g+(2)=,. ! 

4. Eliminate the circular and exponential functions from y = ^ 8in«. 
Here ■j-otf*sin«+tf*cosa?«=y + ««cosa:; ' 

.•L i. ^y ^y . ^y 

therefore -7-5 es^ + tf»oo8a?-tf*Bin« = 2-f — 2y. 

dx^ dx dx 

^ ' ^-tf-* dx ' 

drfj da 
6. y = sin (log*). -4»m. «* --^+ «~+yea 

dx* ax 
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In the preoeding examples we have only considered the 
yase of a single independent variable : the differential equa- 
ions arrived at in such cases are called ordinary differential 
equations. 

When our equations are of such a nature as to admit of 
two or more independent variables the equations derived from 
ihenx by differentiation are called partial differential equa- 
tions. We proceed to consider some cases of elimination 
srhioh introduce differential equations of this class. 

313. £liininatloii of Arbitrary Functions. — The 
equations hitherto considered cpntained only two variables ; 
we now proceed to the more general case of an equation in- 
volving three variables, two of which accordingly can be 
regarded as independent. We shall denote the independent 
variables by the letters x and y^ and the dependent variable 
by z. It will also be found convenient to adopt the usual 
notation, and to represent the partial differential coefficients 

dz d% d^z d^z J d^z 

— , — , —■ — , and — r 

dx dy do^ dxdy dy^ 

by the letters j9, g, r, s and ^, respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto- 
gether arbitrary. In fact we have already met with examples 

fy\ 

of this process : for instance, if »=aj^0( -J, we have seen, in 

Art. 102, that in all cases we have 

dz dz , . 

^^^^^■"'' <^> 

whatever be the form of the function : this function accord- 
ingly may be regarded as completely arbitrary in its form, 
and the preceding differential equation holds whatever form 
is assigned to it. This can also be shown immediately by 
differentiation. Conversely, it can be established without 

fy\ 

difficulty that a'"^!-) is the most general form of z which 
satisfies the preceding partial differential equation, and con- 
sequently z =■ oif^fp I ^1 is said to be the solution of equation (i), 

\X/ 

202 
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where the fonotion is perfectly arbitrary. Thia latter 
prooesSy as in the case of ordinary differential equations, 
comes under the province of the Integral Calculus, and is 
mentioned here for the purpose of showing the connexion 
between the integration of differential equations and the 
formation of such equations by the method of elimination. 

As another simple example, let it be proposed to eliminate 
the arbitrary function from the equation 2 =/(a?* ■¥■ y*). 

Here p ^ -^^ 2xf{x^ + y^), ^ = ^ = 2J6/*'(^+y*); 
hence we get yp - -2^? = o ; 

an equation which holds for all values of z whatever the form 
of the function (/) may be. 

Examples. 

1. s B ^[ax + by), Ans. aq » hp. 

2. y ^hz^ ^{x — az), „ ap-^-hq =1, 

4. ^(«* + y*) = a*. „ ««»-* q = «iy*-^^- 

5. «2 = «y + 4> f H . f, xsp + yzq^xy. 

6. a? + V«*+y» + «2 = a:i-*«^f-j. „ z^px+qy + ft/ifi + y*+l^. 

314. €ondltioii that one Expression should be a 
Function of another. — Let 2 » ^(f?), where t? is a known 
fimction of x and y. 

__ dz , . .dv dz ,, ^dv 

,, ^ dz dv dzdb dv dv 

thereiore —-7 — -y -r = Oy oip- — 0^ — = 0. 

dxdy dy dx dy dx 

This furnishes the condition that z should be a function of 
the quantity represented by v. Also, denoting z by V, and 
supposing V and t? to be two given explicit functions of x and 
y, the condition that V is a function ofvi& that the equation 

dVdv dVdv 

dx dy dy dx ^ ^ 
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■hall hold for all values of x and y, i. e. shall be identioally 
■atisfied. For instanoe, if 

j^^yJEZzj^^IIl, and t;=a?/rr^'+y/^"::^t 

x + p 

. dVdv dVdv ., ,. „ 

we get -T- -; ; — r = o> identically ; 

® dx dy dy dx ' *^ * 

hence F is a function of v in this case. 

This can also be independently verified : for, if a; » sin 0, 
and y = sin 0, we get 

_._ COS - cos ^ + , 

sm - Sin 2 

r = sin cos + cos sin = sin (0 + 0) : 

this establishes the result required. 

We have here assumed that whenever equation (2) is satis- 
fied identically, V is expressible as a function of v : this can 
be easily shown as follows : — 

Since V and v are supposed to be given functions of x and 
y, if one of these variables, y, be eliminated between them we 
can represent F as a function of v and x. 

Accordingly, let 

r^f(x, v) ; 

^, dV df dfdv dV dfdv 

*^^^ Tx "^^^^' W^dvTy' 



therefore 



dVdv__ dVdv^_^dv^ 
dx dy dy dx dxdy* 



Hence, since the left-hand side is zero by hypothesis, we must 

have 3^ = o ; i,e, the function yi[iP, v) or V reduces to a func- 
dx 

tion of r solely ; which establishes the proposition. 
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315. More generally, let it be proposed to elimiiiate 
arbitrafy function ^ from the equation 

where V and v are given functions of three yariables, Xy ^ 
and z. 

Regarding x and y as independent variables, we get by 
differentiation 



dV dV^ 
dx dz ^ 



dy 
eliminating ^\v) we obtain 



, fdv di>\ 



dV dV ,, , Idv dv\ 



dFdv dVdv fdVdv 
dx dy dy dx \dz 



cto dvdV\ 
dy dz dy J 



fdVdv dvdV\ 
^^Wd-z'Txd^)^'''^ (3) 

a result independent of the arbitrary function ^. 

This equation can also be established as follows : — 
Differentiating the equation F«= ^(t?), considering a?, y, 1 

as all variables, we get 



^cix^-^dy^-dz^^{v)^-dx^^^dy^^^dzy 



— dx + — 
dx dy 



Then, since the form of <p{v) is perfectly arbitrary, this equa- 
tion must hold whatever be the form of the function ^'(r), 
and hence we must have 

^^^ ^J^^ <^^^ 
dx dy dz 

) (4) 

dv , dv ^ dv . * ^ ' 

-r dx + — dy -¥ — as « o, 
dx dy ^ dz 



Condition that one Expression is a Function of another. 391 

Moreoyer, introduoing the oondition that z depends on x 
and Pj we have 

dz = pdx + qdy ; 

consequently, eliminating dxy dy^ dz between this and the 
equations in (4), we get 



dV 
dx' 


dV 
dy' 


dV 

d* 


dv 
dx' 


dv 
dy' 


dv 
dz 



- I 



This agrees with the result in (3). 



-o. 



(5) 



Examples. 



Eliminate the arbitrary functions in the following cases ; — 
I. x = ^{aBiiix + bmiy), 



2. a = ««^(a;-y). 
II /I i\ 

8. «'+yH«'»^(<M?+*y+c«). 



. , dz dz 

Am, 6cosy-r-~aco8a;— -so. 
^ dy 





(^2 (f2 2 


t» 


dx dy " a 


»> 


dz dz xy 
dx dy 


•» 


^dz .dz 


9f 


(«*+y*)^»y'+A 






>f 


«— + y ~ = a vaj'+y' 
dx dy 


» 


dz dz 



dz dz 

Ant. (&f- fly) — + («f — m) — = ay- to. 
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316. Next, let it be required to eliminate the arbitrary 
funotion from the equation 

F[x,y,z, 0(w)} =0, 

where w is a given explicit function of a?, y and 2. 

Begarding x and y as the independent variables, we may 
differentiate the equation with respect to a?, and also with 
respect to y\ then, since 2 is a function of x and y, we have 

lb — *H^^^^> 

- d. diiu) „ Jdu du \ 

hence we obtain two partial differential equations involving 
^> Vy 2, Py q, i>{u) and 0'(w). Accordingly, if ^(w) and 0'(«) be 
eliminated between these and the original equation, we shall 
have a resulting equation containing only x, y, s, p and q. 

317. Case of Tipvo or more Arbitrary Functions.—* 

If the given equation contain more than one arbitrary funCN 
tion, we must proceed to partial differentiations of a higher 
degree in order to eliminate the functions : thus, in the otue 
of two arbitrary functions, 0(w), and ^(«?), the first differen- 
tiations with respect to x and y introduce the functions ^'{u) 
and \p^{v). It is plainly impossible, in general, to eliminate 
the four arbitrary functions between three equations; we 
accordingly must proceed to form the three partial differen- 
tials of the second order, introducing two new arbitrary 
functions 0"(t«) and ^|/\v). Here, again, it is in general 
impossible to eliminate the six functions between six equa- 
tions, so that it is necessary to proceed to differentials of the 
third order : in doing so we obtain four new equations, con- 
taining two additional functions, 0'"(w) and ^'''(t?). Alter 
the elimination of the eight arbitrary functions there would 
remain, in general, two resulting partial differential equa- 
tions of the third order. 

318. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order — viz., where the arbitrary functions are functions of 
the same quantity, u. 
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Thus, suppose the given equation of the form 

F{x, yy %y ^(ti), ;//(w)} = o, (6) 

trhere t« is a known function of x^ y and z. 
Cy differentiation we get 



dF^ dF dF^du du\ 
da dz du\dx dzj * 

dF dF dFfdu du\ 
^^^Tz^d^iKdy^^Tzr''^ 



dF 
Eliminating — between these equations, we obtain 

dFdu dFdu fdFdu ^ dFdu\ 
dx dy dy dx \dz dy dy dz) 

(dFdu dFdu\ , . 

This equation contains only the original functions <^{u)y 
yp{u)y along with a?, y, z, p and q. Again, if we apply the 
same method to it, we can form a new partial differential 
equation, involving the same functions fp{u) and <A(^)» along 
with X, y, z, py q, r, «, t. 

The elimination of the unknown functions, 0(w) and il/{u), 
between this last equation and equations (6) and (7), leads to 
the required partial differential equation of the second order. 
The result in (7) admits also of being arrived at by the 
method adopted in the second proof of Art. 315. For, re- 
garding X, y, Zf as all variables, we get from (6), on differen- 
tiation, 

dF , dF ^ dF , dFfdu ^ du . du . \ .^. 

-T-dx+'^dy'^-y- dz-{-—[-j-dx-\-'T-dy + -rdz =0. (8) 
dx dy dz du\dx dy dz J 

dF dF ,, . dF „, , 
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and aooordinglj, siiiee (8) nnut hold for all ^alofiB of ^'(n) 
and ^'{u)f we haye 



and 



dF dF dF 

— i£r+ — du A dz = o, 

dx dy^ dz ^ 

du , du . du , 

-r dx -^ —dy-^-r-dz^o 

dx dy dz 



(9) 



EUminating between theee equations and 

dz^pdx-\- qdy^ 
we get the following determinant : 



dF 
dx' 

dn 



dF 

dji 
dy" 



dF 

dz 

du 
Iz 



= o; 



(lO) 



fl^> -I 



which, plainly, is identical with (7). 

This admits also of the following statement : snhstitate e 
instead of u in the proposed equation ; then regarding c as con- 
stant, differentiate the resulting equation, as also the equation 
u^c (on the same hypothesiB) : on combining the resulting 
equations with 

dz^pdx-k-qdy^ • 

we get another equation connecting ^ {c) and y^ {c) ; and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions (p{c) and }^{c) between 
the original equation and the two others thus arrived at. 

These methods will be illustrated in the following ex* 
%mple8 : — 
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Here p = ^(2) + {xip\z) + ^^'(0) ]p, 

q = 4.(2) + {«4> (0) + yf (0)}^. 

Hence f "" |^ "-^^^^ suppose. 

Applying the principle of Art. 314, we haye 

or q'^r - ipqs + ^'^ = o. 

Otherwise thas : let » 0, and we get <& = o, and ^{e)dx -f ^ (0) <fy «* o ; 
also pdx + qdy = o ; 

therefore - = ?)^. 

Differentiating again, we haye 

qdp - pdq s O, 

or q{rdx + «rfy} - p{8dx + <rfy) = O, 

which, combined with pdx + qdy s o, 

leads to the same result as aboye. 

2. = X(p{ax + *y) + y^{ax + Jy). 

Here p » *(«« + *y) + a{x(p («« + iy) + yif' («« + *y) }, 

q B ^(<MJ + ^) + 3{ir<^'(a4? + iy) + y4^'(aa! + *y)} ; 

therefore bp-^aq^ h<p{a» + ^) - 04^(03? + by) ; 

henoe Jr - a* = a{ J^'(aa? + by) - a4*'(aa? + *y) } ; 

bi-ai^ b{b^'(M + ^) - a^'(«r + by)); 
therefore ^ - 2a^« + a^t « o. 
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Otherwise thus : letM-^-by^ e, then adx -k-bdy^o; alBO^ 

dz =3 ^(e)dx + ^(tf) dff, and dg »pdx + qdy ; 
hence 

Differentiating again, we get 

hdp — adq s o, or b(rdx + $dy) — a{9dx + ^) » Ow 

Combiniog this with the equation adx + dify ss o, we get 

h^r — 2abt + «'< = 0^ 
as before. 

319. Case of n A-rbltrary Fanctlons or 

Fanctlon. — It can be readily seen that the preceding 
method is capable of extension to the elimination of any 
number n of arbitrary functions from an equation, proyided 
that they are all functions of the same quantity u. 

For the equation (7) plainly holds in this case, and, pro- 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the n** order of differentiation), each con- 
taining the n arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential Qquations and the original equation, 
we obtain a differential equation of the n'* order which ia 
independent of the arbitrary functions in question. 
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Examples, 

1. Given y « e^{G + C'x)y prove that 

2. Eliminate the constants from the equation 

d^y dy 
y=Ci#»'cos3«+C2««*sin3a;. Ans. ^-4^+13^ = 0- 

3. Eliminate Cand C from the equations- 

cos ^no; _ . /w • ^- 

ta\ ft « -r + Ccosna; + C siniM?, 

(h) y = x sin «a: + Ccos nx + C" sin nx. 

Ans. {a) ^ + wV = co8ma?. {h) ^+n^y = 2nooBnx. 

4. Eliminate the arbitrary functions from the equation 

g = ^^<f){y + ax) + ^(y-ax). Ans. r-aH^xy. 



5. Eliminate the functions from the equation 

y = ^ cos (a sin-i- + b). Ans. (<?«- '^^) ^a " ^ ^ + "'^J^ = O- 

6. Eliminate ^ and a from 

y = ^cos(«cosa; + a). Ans. ■^^''Ootx^-^n^yBm^x = o. 

7. If «= cos aa? 4> f - j + sin aa;i|/ f - j , prove that 

rs^ + 28xy + ty^ + a'ar^z = o. 

8. If «i, oa, «8 be the roots of the equation 

2* + 1?1«* + JP22 + jPS = O, 
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pniTft tiist Hm zaanlt of «nmin»ring tfaa eoEpauntxals finsiL tba tffiistiaa. 



Qb y t'Wii toft TCBDu of ulft MiTHTniifan H irf tft» STtnteSTV^ Fii*M ^-'WMi 

I^ SSmiiiate the arfaitEazy fonctifms £taiiL tiiA eqiiatmiL 



14. Pro^fe iiiat f — At^ aiiHffffiHt dba iffflfeTWitwI eqnaiiaa vith ecBstaot 
prof^ed « Si a loot of die equai^uia 

^ + ^«^ + . . . + jik-i« + jft* «a 

15. Show that 



ia the genenl solatioa of the eqn&tiQii in. Ex. 14, where «i» «i • . . «■ are flie 
» loota of the equ&cioa in x, and Ai^ At, ... Am, aie aiiiitzaij constantB. 

16. Elimiiiate the constants from the eqnaticBL 

j6m. 40r»-45^«+9j>/=o, wherei»«^, f=^ ^^^'^ 
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OHAPTEE XXII. 

CHANGE OF THE INDEPENDENT VARIABLE. 

1 20. Ca«e of a Single Independent ¥ariable. — We 

Lave already pointed out the diBtinotion between indepen- 
lent and dependent variables in the formation of differen- 
ial coefficients. 

In applications of the Differential Calculus it is sometimes 
lecessary to make our differential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

To show how this transformation is effected we commence 
with the case of one independent variable, and suppose V to 

represent any function of x^ y, — , — , &c. We proceed to 

dii Cull 

show how the expressions for -7-, j^, &c., are transformed, 

when, instead of x^ any function of x is taken as the indepen- 
dent variable. 

Let this new function be denoted by ty and suppose that 

— , -T— , &c., are represented by i, it^ then, in all cases 



dV d^' 


v., «. 


-w .w^.w.^ 


«^'^w«^>iA "a/ 


^j - 


we have 














du 


dudx 


du 






di 


dxdt 


^dx' 


where u is 


any 


function of x ; 




or 




d 
dx 




(«). 


Hence 






dy I dy 
dx X dt 





(0 



(2) 
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dx \dx) dz\x dt) idt\x dtj ' ^ ^' 

hence ^ = _£_ll£. (3) 

dx' i> 



Again 



^ dl'df "dt \ I dCdf 
dx' 




dt ] 



^5 



(4) 



and 80 on for differentiations of higher degrees. 

If p be taken as the independent variable, we obtain the 
corresponding ralues by making 

Hence dx" dx' l^'^Td^^' (s) 



dy 



(I)" 



f^x^_^d'x 
da?" 




(6) 



and so on. 

The preceding resnlts can also be arrived at otherwise, 
as follows: — The essential distinction of an independent 
variable is, that its differential is regarded as constant * ao- 

• dy ' 

cordingly, in differentiating ^, when a? is the independent 
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variable we have ^f j- ) = -p- However, when x is no longer 

regarded as the independent variable we must consider the 

numerator and the denominator of the fraction -^ as both 

ax 

variables, and, by Art. 15, we get 

^(dy\ __ dxd^y- dy d^x d fdy\ dx d^y - dy d^x 
\dxj dix^ ' dx\dxj dx^ 

Differentiating again on the same hypothesis, we get 

d (d^y\ ^do^d^y- dxdyd^y - idxd^xd^y + 3 (d^xfdy 
dx\dx^) ds^ ' 

These residts are perfectly general whatever function of x 
be taken as the independent variable. Their identity with 
the equations previously arrived at is manifest. 

Examples. 
I. Being given that 2; = a (0 — sin B) and y = a(i - cos 0), find the value of 
^'^ An,. -' 



rfx2* * a(i-cosd)** 

2. Hence deduce the expression for the radius of curvature in a cycloid. 

3. If a? = (a + J) cos e - * cos —r- d and y = (a + 4) sin 0-b sin — ^ $, find 



the value of -r-r. 
d»^ 

a + b 
cos 6 — cos —7— $ 
ay 
Hero / = —r = tan 

Bin —r— $ — BUlB 



d^y a + 2^ 

da? 



(3->- 



43(fl + J)8in^cos3^^+i)a 



4. Change the independent variable from a? to in the expression j^, sup* 
posing a; = sin d. 

dy^ i_dy ^ gy _ i d i i dy\ _ I d^y sin^^ 

^®'® dx" Qo^e dd^ " d»^ cos a dB Vcos B d%) ' co8» rfd^ 3 

2 I) 
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a)='i(4).-S- 



i^^'s' 



^^ J^ , *> 



«he 



g+{— i)2 + *» = o. 



uie <ii|mtion 



mto another where f is the independent Tuiable, bein^ giTen x——. 

ItiseridentthatinthisGaaex-^^'S — ; hence 

as di 

•s('S)='l(4)' 

ox' dx d^ dz* 

oar d[ff d^s 

and the tnmif onned eqaatum ie 

7. Change the independent yaiiable from j: to e in the equation 

,d*-y , I 

*^ j-j* + tfV** ©> where « =-. 

, d*y 2dy 



Two Independent Variables. 403 

321. Two Independent Warlables. — We will next 
consider the process of transformation for two independent 
variables, and commence with the transformations intro- 
duced by changing from rectangular to polar coordinates 
in analytic geometry. In this case we have 

a? - r cos 0, y = r sin ; (7) 

and therefore r» = iP»+y% tane = -. (8) 

OP 

Accordingly, any function V oix and y may be regarded 
as a function of r and 0, and by Art. 98 we have 

dV dV<h dVdy^ 

dd Z'dxde^dy dO I 

>• (9) 

dF_^dV^ dVdy I ^^^ 

* dr dx dr dy dr J 

But, from (7), 

dx n dx . ^ dy . ^ dy , . 

hence we obtain 

dV dV dV , , 

dO dy ^ dx^ ^ ^ 

yir=aj — + — (12] 

dr dx dy * ^ ^ 

These transformations are useful in the Planetary Theory 
Again, we have 

dV^dVdr dVdO'^ 
dx dr dx dO dx \ 

S (13) 

dV^d^Fdr^dTde j 
dy dr dy dO dy J 

2D2 
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But from (8) we have 

dr X a dr . ^ , v 

_ = .=C08e, ^-sine. (.4) 

dx Q? r ^ dy r ^ ^ ^ 

therefore -^cosO--— ^, (i6) 

rfr . ^dV oosOdV , , 

% dr r dd 

The two latter equations can also be derived from equa- 
tions (i i) and (i 2) by solving for — and — . 

dT d'V «. . 

322. Transformation of -^-^ and -— j-, — brnce lor- 

dx^ dp* 

mula (16) holds, whatever be the form of the function F, 

we have 

d , . ix d f . BvnB d , . 

^W-oose-(^)-— ^(*). 

where ^ stands for any f imotion of ^ and y. On substituting 

dV 

— instead of 0, this equation becomes 

^/"^Voo e~roosfl— -— — 1 
dJ\dx ) dr\^ dr r dO \ 

sine d\ ^dV sinflfl^Fl 

cos ;7r 



le[ 



r del dr r d9 ] 

„rf*r 008 e sin e <i!' r eosewa_edV 
*^^ dr* r drdd"^ r' dd 

'-rr'^dFTe-'^^-dirl 

Bin er ooB B dV sinflrfT] 
■^~r~L r dO"^ r dtP f 
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aocr dip 



or 



€&• 






sm^OdV Brn'OdT 

+ r- + 



In like manner we get 

• 

ePV . .^(PV asindoosOrirfr dT 



di,' 






oos'Orfr oo8'e(fr 



+ 7- + 



The latter result can also be readily deduoed from the 
preceding by substituting in it — for 0. 

If these equations be added we have 

(£V ^ (PV idV ±(£V 

ds^ "" dy" ^ dr" \rdr WW ^^^ 

d^V d^V d^V 
323. Transformation of -pr- + -r-r- + tt *® Polar 

asr ay az 

Coordinates. 

Let the polar transformation be represented by the equa- 
tions 

ir=rsin0cos0, y-rsinflsin^, « = roos0; 

also, assume p » r sin 0, and we haye 

x-p oosifiy y = pBiii<f>; 

t^ \ f n^ d'V d'r d'F idV idT 
hence, by (18), _ + _=_+-_ + -_. 
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Again, from the equations 

/t) = r sin 0, s « r COS 0, 

we have in like manner 

(PV ^^rf»r idV I d^r 
dp' "^ dz^ " dr" '^rdr ^ pldB"^ 
Accordingly, 

d'V d^r (Pr_^d^ ^dF i_d^ idV i dT 
dx^ "" df ^ dz^ ~ dr" '^pdp "^ p'd^'^ r dr ^ r'dS'' 

But by (17) we have 

dV . ^dV GOsOdV 
dp dr r dO 

^, . idV idV cot OdV 

therefore - -j~ = - -— + -— - -^. 

pdp r dr ir di) 

Hence we get finally 

d'V dT d^d^ I d^V 
da^ '^ dy^ ^ dz^ ^ dr' "^ r^sin^O t^0» 

I <f F 2dr cot d dV 
'^ r'dO' '^r dr '^ r" dO 

lid f ^dr\ I d f . ^dr\ I d'V) , . 

324. Remarks on Partial Differentials. — As already 
stated in Art. 113, the student must be careful to attach the 
correct meaning to the partial differential coefficients in each 
case. 

diX/ 
Thus in finding ;t- in (10) we regard a? as a function of r 

and 0, and difiterentiate on the supposition that Q is constant; 

dr 
in like manner the value of — in (14) is found on the suppo- 

UftX/ 

sition that t/ is constant. 



Geometrical Illustratiofi. 
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The beginner, aooordingly, must not fall into the oon- 

fusion of supposing that in this case we have 3- x -— » i . 

dx dr 

This caution is necessary, as some mathematical writers, 

from not paying proper attention to the meaning of partial 

derived functions, have fallen into a similar error. 

325. Cfeometiical IHastratlon. — The following geo- 

dir doB 

metrical method of determining the proper values of -7- and ~ 

dx dr 

under the preceding hypotheses may assist the beginner 

towards forming correct ideas on this important subject. 

Liet P be the point whose coordinates are x and y ; then 

OM = a?, PM = y, OP -^ r, 

POX = B. Now, in finding 

dx 

-J- regarding Q as constant, 

we take on the radius vector 
OP produced a portion PQ 
= Ar, and draw QN perpen- 
dicular to OX; then Aa?, the 
corresponding increment in rr, 
is represented by MN or PL ; 




Fig. 82. 



therefore 



Aa; 
Ar 



PL 

PQ 

dr 



= cos 0, or 



dx f. 

-7- = cos 0. 
dr 



Again, to find -r on the supposition that y is constant : 

VLX 

let MN be Aa;, the increment in x^ and draw the parallelo- 
gram PLMNy and join Oi, meeting in / a circle described 
with radius r and centre ; then LI represents the corre- 
sponding increment in r, and we have 

-;- « lixait of — = limit of =rp = oosO; 
dx Aa? PL * 

dr dx 
80 that in this case the values of -y and -7- are each equal to 

ax ar 

000 f or -, as before. 
r 
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dr 
The values of -^, &o. oan also be readily represented 

geometrioaUy in a siinilar maimer. 

326. Unear Transforiiiatloiis. — If we are given 

« = eiX+6r+(rZ,y = a'X + 6'F+c'2;« = fl"Z+6"F+c"Z, (20) 

then any function F*, of x^ y and s, is transformed into a 
fuQotion X, Y^ Z\ and, as in Ex. 2, Art. 98, we have 

dV dV ,dr „dV 
dX dx dy dz 

dV^ dV ,dV „dV 
dZ dx dy dz' 

Agun, prooeeding to second differentiation, we get 

dX* dj\ dx dy dz J dy\ dx dy dz J 

+ a''£(a^+a' — + ti'^ 
ds\ dx dy dz J 

,rf'r , dT „ d*r „,d'V 

= a^TT + 2aa -7-7-+ 2aa -r-y + 2a a -r— p 

djr dxdy dxdz dzdy 

Similarly we have 

dY* dx" dy" ds^ dxdy 

d^V d^V 

dxdz dzdy 
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dZ^ dd dy^ dz* dxdy 

+ led -rr-T + 2c V -7-7-- 

327. Orthogonal Transformatioiis. — If the transfor- 
mation be such that 

we have 

aVa'» + a"'=i, i**+6'* + 6"»- 1, c» + c'* + c"*= i. (21) 

a6+a'ft' + a"r-o, a(j + aV+oV=o, 6c + iV + 6V = o. (22) 

Again, multiplying the first of equations (20) by a, the 
Beoondby dy and the third by d\ we get on addition, by aid 
of (21) and {22)i 

X = ax + (;^y + a"«, 

In lite manner, if the equations (20) be respectively 
multiplied by J, 6', J", we get 

similarly, 

Z^ ca? + c'y + d'z. 

If these equations be squared and added, we obtain 
fla + j« + c*= I, a'»+ J'»+c'»= I, a"*+r» + c"»= I. (23) 

aa'+W+cc'-o, aa"+ 6i"+ cc"= o, aV'+ 6'^+ cV'= o. (24) 

Henoe in this case, if the equations of the last Article be 
added, we shall have 

dT d'F fV d'V d^r (PV 

da^ "" df ^ dz^ ^ dX' "^ dY' "^ dZ'* ^^^^ 
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The transformations in this and the preceding Artidi 
are necessary when the axes of co-ordinates are chang^ed ii 
Analytic Geometry of three dimensions ; and equation (25 
shows that, in transforming from one rectangular system ti 

another, the value of the function -3-^ + tt" "*" "TT ^ ^^' 

altered. 

328. Cfeneral Case of Transformation for Tw« 

Independent Variables. — Suppose that we are given tn 

equations 

^ = 0(^fl), y = ^{r,e), (26) , 

then any function of x and y may be regarded as a functiol 
of r and 0, and we have, from (9), j 

dV dVd^ dVdy 
dO ^ dx dO'^dyld' 

dV dVdx dVdy 
dr dx dr dy dr 

where the values of -77:, -^, -7-, -4- can be determined fron 

aO aO dr dr ^ 

equations (26). 

"Whenever these equations can be solved for r and 9j 

separately, we can determine, by direct differentiation, the 

values of — , ~, — , t", and hence, by substituting in (13) 
CLx ay ax ay 

we can obtain the values of -7— and -rr- • 

dx dy 

When, however, this process is impracticable, we can ob- 
tain the values of — , — , &c., by solving for 3— and 3—; 

dx^ dy' ^ '^ ® dx dy^ 

in the preceding equations. 
Thus we obtain 

-^ J±±_±JO. (27) ' 

dx dy dx dy 

dedr~ drd9 
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dVdx dVdx 
dV dQdr'l^de 



(28) 



The values of 3-^ , tt > &o., can be deduced from these : 



dy dxdy dxdy ' 
drdO'dddr 

d^ (PV 

dx^ ' dy' 

^t the general f onnulsB are too complicated to be of much 
paterest or utiKty. 

329. €oiicoiiiitaiit Fanctloiis. — We add one or two 

iesults in connexion with linear transformations, commencing 
^th the case of two variables. We suppose x and y changed 
aito aX + 5F and a'X + 6'F, respectively, so that any fimo- 
ion (a;, y) is transformed into a function of X and T : let 
Aie latter be denoted by 0i(X, F), and we have 

^{x,y)^i^^[X, Y). 

Again, let x' and / be transformed by the same substitu- 
iLons, L e.y 

'■ a!^aX^hY\ / = «'X'+6'F'; 

flien since x + Aa?' = fl(X4AZ') +ft(F+A;F), 
tod y + %' = fl^(X + kX) + h\ Y^UY), 

It is evident that 

i^[x^'kx\ y^}zy')^i^,{X^'kX\ F+AjFO. 

Hence, expanding by the theorem of Art. 127, and 
equating like powers of A, we get 

&0. &o. (30) 
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Aooordingly, if u represent any function of x and y, 
ezpressionB denoted by 

are unaltered by linear transformation. 

Similar results obviously hold for linear tran^onnationB 
whatever be the number of variables (Salmon's Higher ^IgebrOj 
Art. 125), 

Fimotions, such as the above, whose relations to a quantio 
are unaltered by linear transf ormation, have been called con- 
eomitants by Professor Sylvester, 

330. Transformatioii of Ciiordinate Axes. — When 
applied to transformation from one system of coordinate 
axes to another, the preceding leads to some important 
results, by applying Boole's method* (Salmon's Conies, 
Art. 159). 

For in the case of two dimensions, when the origin is 
unaltered we have 

x'^ + 2iry cos 01 + s^ = Z'» + 2X'F' oosQ + F'', (31) 

where oi and Q denote the angle between the original axes 
and that between the transformed axes, respectively. 

Multiply (31) by X, and add to (30): then denoting 
0(a?, y) by w, and 0i(X, Y) by U we get 

Now, suppose A assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square also. The former condition 
gives 

* I am indebted to Prof. Bumside for the suggestion that the equations of 
this Article are immediately obtained by Boole's method. 



J 
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or 



A'Sin'w + A H-r + -r-=- - 2 -7—7- COB Ci> 

\doir ay* ax ay ) 



(?i# cPi* / tiPw \* 



ej^dj* fl?y* \dxdy 
Aooordingly, we must haye at the same time 



dl'Ud^U ( CPU \ 



Henoe, comparing ooeffioients, we get 

^ ^ _ f ^^y d^^ _ / d'U Y 

sm'ai sm'O 

and 

(Pu cPu d'u d^TT d^TJ d^TJ 

sin'co sin'O 

Consequently, if t« be any function of the coordinates of 
a point, the expressions 



flte* rfy* \dxdy) 



d^u d^u d^u 

— + 2 

dy* \dxdy) , da^ dy^ dxdy 



sm'co sm'oi 



are unaltered when the axes of coordinates are changed in any 
manner y the origin remaining the same. 

In the particular case of rectangular axes, it follows that 

cPtt rf^ H ^ — - ( ^^ Y 

da? dy^ dx"^ dy^ \dxdy) 

preserve the same values when the axes are turned round 
through any angle. 
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331. AppllcattaBte mwiMm^mmml'Wwmug^mrmmaMm 

When the transformations are orthc^nal it is easy to ert< 
the preceding results to three or more TariaUes (Art. 327). 
ThnSy in the case of three Tariahles, we haTe 

Multiplying this by A, and adding the result to the eqnatioiL 
that corresponds to (30), it follows that the expresaon 



-'S^ 



*)-t$*»)-<£^^)^-'-a 



+ 22 2? 



^.^^ . , r 



dzdx 



■^2xy 



dxdy 



is unaltered by orthc^nal transformation. 

Next, suppose that X is such that the quadratic fonetion 
in x\ y and / is the product of two linear factors ; then, by 
Art. 107, we have 






dhi 
dxdy^ 

d^u 



d'u ^ 
d'u 



d^u 

dxdz 

d^u 
dydz 

d^u 



dxdz* dydi dz^ 



+A 



= o. 



(34) 



But, as the transformed expressian must also be the product 
of two linear factors, we have 



d^u ^ d^u d*u 
dx^ ' dxdy^ dxdz 

d^u d*u . d^u 
+ X, 



dydx* dy^ ' "' dydz 
d^tt d^u d^u 



dxdz* dydz* d^ 



+ X 



dX" 



+ X, 



d^U d'U 



dXdY* dXdZ 



d'U dT 



+ A, 



d'U 



dXdT dT" '"' dYdZ 
d'U d'U d'U 



dXdZ" dYd^ dZ^ 



+ X 



(35) 
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Iquatlng the ooefficients of like powers of A, we see that the 
Lpressions 

d^u (Pu cPu 



dx^ ^ dv" ^ d%^' 






ad 



/ d^u"^ d'ud'u fdhiy_(Pudhi 
\dxdy) dm? dz^ \dxdz) dy^ dz^ 



d^u d^u d^u 



/ d'uV 
\dydz) 



da?^ dxdy* dxdz 
d^u d^u 



dxdy^ dy^* dzdy 

<fu d^u d^u 
dxdz^ dydi dz^ 



ire -Qnaltered by orthogonal transformation. 

The first of these results has been already arrived at by 
iireot substitution (Art. 327). 

These results readily admit of generalization. 



4i6 Change of the Independent Variable. 



Examples. 

1. Being given yaf{u) and u » ^(a?), find — • 

2. If y = ^(^), <=/(«), i#=^{«), find the ralne of ^« 

3. Change the independent yariahle from j; to i in the equatioa 

«*-j^ — 2««*-^ + aV=o, where a?=-. 
<M^ ax f 

rfV 2(»+ l) lltf - 

ds* s dz 

4. Transfonn (!-«•) 3-^ - « j- + «V • o> being giren d; = sin s. 

5. If d? as r sin 9 cos 4>, y=rBin0 8in0, «=r cos 0, prove that — = —, 

dx 
where and ^ are regarded as constants in finding -- ; while y and £ are re 

6. If < he a function of two independent vaiiahles, x and y, which ait 
connected with two other variables, m and v, by the equations 

/i(a?, y, «, t;) - o, /8(«, y, «, f>) « o J 

<f2 dz dz dz 

show how to express -7- and -r- in terms of -;- and -;- • 

dx dy du dv 

7* Transform the equation 

d^y 2x dy y 

into another in which 6 is the independent variable, supposing 1; stand. 

(Py 



Examples. 
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S. If s be a fanotion of x and y^ and u^px + qy^g, pioye that when 
9 and g are taken as independent variables, we haye 



du 



du 



tPu 



d^u 



d^u 



8 a'u r 

^"'*' dq^^* ^"rt^' dpdq^'rt-s^' d^'^rT^'* 

nrlieTe p, q, r, s, t denote the partial differential coefficients of 0, as in Art. 304. 

9. If the equation 

<^*v d^^y du 

dx» <M?»~* dx 

be transformed to depend on 0, where x^€», prove that the co^oients in the 
transf ormed differential equation are all constants. 



• ^"*^ * = JS' ^°m p'°'* *^* 






■F(0 



■F(OfW-*(0 



r(«J 



J(0, J'W, i^'W 
♦ W. f(<), f (<) 

*(o» f(o, rw 



SB 
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BFHERICAI. HAKHONIC ANALYSIS. 

332. It is proposed in this chapter to give a brief disoassion 
of the differential equation 

d'V ^r (PV 

an equation which occurs so frequently in physical invest!* 
gations. We shall denote the symbolic operator 

Adopting this notation, we readily see that 

., V , 5 fdu dv du dv du df>\ , . 

\aa? dx dy dy dz dzj ^ ' 

Again, since — (r*") = «M?r^*, 

we have — (r~) - mr*"*+ m (m - 2) «* r^*, 

and we readily get 

V' [r^) = m (m + i) r*^. (3) 

Hence, from (2), we have 
V' {f^V) = r"v*r+ w (m + I) f«-«r 

+ imr^'^ix 



\ (ib ^ dy dzJ 



Moreover, if F be a homogeneous function of the n** de- 
gree in iP, y, 3, we get, by Euler's theorem of Art. 98, 

V*(r"T) -r~V'r+w(w+2«4. i)r~-»r. (5) 
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1 333. Solid Harmonic Functions. — An j homogeneous 
nmction in x^ y^ z which satisfies equation (i) is called a solid 
l^herical harmonic function, and frequently a solid harmonic. 

We shall denote a solid harmonic of the n** degree by 
Fn, in which the degree n may be positive or negative, in- 
Ifeger or fractional, real or imaginary. 

It is evident that any constant multiple of an harmonic is 

F30 an harmonic of the same order. 
From (5) it follows that a solid harmonic of the n^* degree 
tisfies the equation 

V'C^^Fw) = w (m + 2n + 1) f*"^*F«. (6) 

Y 
Hence we see that if Vn be a solid harmonic, -r-r is also 

a solid harmonic, whose degree is - (n + i). 

Again, from (3) we see that - is a solid harmonic of the 

f 

degree - i. Also it can be readily shown that - is the only 

fanction of r that satisfies equation (i). For by (19), Art. 
323, we can transform that equation into 

d f.dr\ I d f . ^dr\ I ePF , , 

Try^li^)^'^0de\'^^Te)''^^eW''''' ^^^ 

Hence, if F be a function of r solely, we must have 

-— ( r* -r- I = o. This irives Fin the form- + J. 
dr\drj ° r 

In like manner, if F be a function of the angle 6 solely, 

it must satisfy the equation -77^ =" o : this leads to F= a^ + h. 

fv\ 
Hence we observe that tan~^ I - 1 is a solid harmonic of the 

\x) 

degree zero. 

Again, if Fbe a function of solely, we have 



Tq^^w) 



2 B 2 



1 
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Henoe we see that log f tan - j satisfies the equation 

(r 4~ sX 
j is a solid harmonic 

In like manner, log and log are also solid har- 

r —X r — y 

monios. 

It is readily seen that ^ log tan f - j satisfies equation (7]; 



henoe we see that 



tan-* -log 

X ° r - » 



is a solid harmonic, of zero degree. 

If V satisfies equation (i) it is seen immediately thi 

-— , - — f and — also satisfy it, as also the general expres- 

sion ^^y , in which p, g, r are any positive integers. 

Hence, from any solid harmonic, a number of others can 

be immediately deduced by differentiation. 

dV 
Again, since —z-^ is a harmonic of degree n - i, it follows 

I dV 
from (6) that -^^ —r^ is also a solid harmonic, whose degree 

is - n : and so on. 

For example, any expression of the form . [-} 

is a solid harmonic, whose degree is - (y+ifc+ /+ i). 






I. Find the condition thai 

•J^ + V + ^^ + AV + ^w + Zlw 
flhonld be a solid hmmmiifl. jUm, « + ^ •{. « ■ a 
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2. Proyethat 

X X , y , 1 *■ + ' 

— -, -7-^—0 «tan-i-, and ^log-— ;-2r, 

ire solid harmonics. , „ 

3. If Fo be a solid harmonic of degree zero, prove that r*«-* -^ is also a 

lolid harmonic. 

4. Hence prove that ^^^ — i is a harmonic function. 

(«* + jr)a 

For, let To = tan-^ (-) ; then, since y = a; tan4>, it can he shown, as in 
Art. 46, that 

d^\ X) ^ I (^,^.y.)2 

Hence *^'^^^*^» ia a solid harmonic, as also any function derived from 
(^» + y^ft 
it by differentiation. 

?. Prove that f# = ^^'^ . is a solution of the differential equation 
^ 2 (2« + 3) 

334. Complete i^olid Harmonics.— A solid harmonic 
that is finite and single valued for all finite values of the co- 
ordinates is said to be a complete harmonic. It can be proved, 
by aid of the Integral Calculus, that every complete solid 
harmonic is either a rational integral function of the coordi- 
nates, or is reducible to one by multiplication by some power 
of r. Assuming this, it follows that the number of indepen- 
dent complete harmonics of degree n is 2n -v i, when n is 
positive. . 

For it is readily seen that the number of terms in K», a 
rational homogeneous function of the n** degree in x. y, 2, is 

{n^2){n+ i) ^^ ^^ ^^^ number of terms in V^Vn is 
2 

^^^'^) . hence, since v' F» « o identically, we must have 
2 

!* ^^ " ^^ linear equations connecting the coeflacients in Vn \ 

2 
lonsequently, the number of independent constants is 

(n+2)(n-n )_ n(n-i) ^ or 2n + i. 
2 2 
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It can now be shown that every complete harmonio can 
deduced from - by differentiation. 
For the solid harmonic 



when the differentiations are performed, is readily seen to be 
a fraction of which the numerator ib a homogeneous func- 
tion of the degree n, and whose denominator is --^^^ where 

Vn 

n = k +j ■{- 1. If this function be represented by -^^9 the 

numerator Vn, by (6), is also a solid harmonic. 

We can now show that the number of independent har- 
monics of degree n that can be thus derived is 2n + i. 

For, since 

dz^ \rj {dt" ■*" df) \r} 
we see that 

in which ( -r-3 + -fa ) can be expanded by the binomial theorem 

as if — and — were algebraic quantities, and the resulting 
usc ay 

differentiations of - taken. 

r 

Hence, if / be even, we have 



0) - (-)^ 




dx^ dy^dz^\rj ^ * dx^ dy^\d3i? dy 
and, if / be odd. 



dxf dy^ dz^ \rj ^ ^ dx^' dy^ V&r» dy'J dz \r[ 



Spherical and Zonal HarmonicB. 423 

Aooordingly, in the former case, we get a number of terms 

oaoh of the form , ^ . ^ - ), where » + g = » ; and in the 

daPdy^\ry ^ * ' 

Now there are j» + 3' + i , orn + i terms in the former case, 
ajid n in the latter. Hence there are 2n + i independent 
forms, as was to be proved. 

335* i^pberlcal and Zonal Harmonics. — If a solid 

Tiarmonic Vn be divided by r", the quotient may be regarded 

£is a function of the two angular coordinates, or spherical 

fiurface coordinates, and 0. Such a function is called a 

spherical surface harmonic of the degree n. 

Hence, if F» = r^Tnf then F» is a spherical harmonic of 
the »** degree. 

It is obvious that the general spherical harmonic of the first 
degree is of the form a cos + 6 sin cos ^ + c sin sin ^, where 
a, 6, c are arbitrary constants. Also, the general expression 
for Y2 can be written down readily (see Ex. i, Art. 333). 

Again, by (19), Art. 323, we see that Yn satisfies the 
difierential equation 

This equation admits of a useful transformation : for, let 
/i » oos 0, then, since 

we get 

d ( , ,, dYn] I d'Yn / XTT f \ 

Again, if a spherical harmonic be a function of solely, it 
is called a zonal harmonic. Hence, if Pn be a zonal harmonic 
of the n** order, it must satisfy the equation 

|.j(,_^.)^»j,„(„^OP- = o. (10) 
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When n is a positive integer, the value of P« can be readily 
represented by a finite series. For since, by hypothesis, Pa 
is a function of the n^^ degree in /u, we may assume 

P„ = S (a«/u~). 

Hence -r^ = S (man^ie^^) ; 

ail 

••• T-(i -m') -T^ - 2w(w - i)a«/[x'»-*- Sw(w + OOmM* 

Substituting in (lo), and equating the coefficient of ft* to 
zero (since the result must vanish identically), we get 

[m + i) (m + 2) (7m^s = - (n - w) (f» + n + i) a^. 

Hence, observing that the highest power of /u is n, we 
have 

and we may write 

r 2(2«-l)^ 2,4(2«-l)(2n-3) '^ j 

(") 

where e/n is an arbitrary constant. 

This is the general form of a zonal harmonic of integer 
positive degree ; and we see that two zonal harmonics of the 
same degree can only differ by a constant multiplier. 

It can be shown independently of the above that 

f — j (ji^ - i)" satisfies the equation (lo). 

In order to prove this we shall assume « » /le* - i, and 
write the symbol 2) f or ^ ; then we have to prove that 

D [uD^'^'^ (w«)) - n (n + i) D" (u*) « o. 
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Now, observing that — •» 2/1^ we get, by Leibnitz's 
theorem of Art. 48, 



►+^ (tt«*^) = B^"^ (m . tt») « m2)«*^ (w~) + 2 (n + I ) juD" (w") 

+ fi(n+i)2)'»-Ht*")- 
Again, since 

2) (!*«+!) = 2 (n+ i)fxu^9 
^B have 

2)«« (w««) = 2 (n + i) J5" 0^w«) 

= 2 (w + i) /ii2>» (t*") + 2n{n-\- i) D^'^ {u^). 
Equating these values of D^*^ (w***^), we get 
fi2)'*« (f*«) = n (w + i) 2)"-^ (tt») ; 
hence 2) {t*-D«+* (w») } - n (n + i) D" (w**) = 0. (12) 

Consequently JD^ (t***) satisfies the equation in question. 
Senoe we infer that 

'• - KDV - "•• 

The student can verify, by direct differentiation, that 
this expression differs only by a constant factor from the 
value of Fn foimd in (i i). 

It is usual to assume that P^ is that value of the pre- 
ceding expression which becomes unity when /u ■> i« 

To find this value, we have 

by Leibnitz's theorem. 
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Now it ifl readily seen thatf — J {jj?- i)*-i=o when^= i ; 
hence, when /i » i, we have 

Consequently, when /i = i, 
and we hare 

The foregoing result can be readily shown in another 
:. For 2 l^ij-j [ii^ - i)" is the coefficient of A" in the 

expansion of (i - 2fih + A*)-* (see Ex. 6, p. 155). 
Again 

{{x - ay + g^« + «»)■* = (r» - zartL + a»)"* 



manner. 



- (i - A^ + A*)-*, where A = -, 
a a 



in which we suppose a>r. 

But v»{(a? - a)* + y» + s«}"*a o; 



hence 



v5" J ^' " ^^'* s^tisfi^ equation (10), &o. 



The functions Pi, . . . P» are usually called Legendreh 
Coefficients. 
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Examples. 

1. If /li s I, prove that P» = i for all yalues ol n. 

2. If /li s - I, proye that P* «= (- i)». 

3. If fi < I, Bhow that the series 

PI1 + P2 + . . . + P» + . . • 
is conyergent. 

4. Proye the relations 

p 35m* - 30M' + 3 p 63jng - 7o^» + i5m 
P4 g , P5 = g 

5* Proye the equations 

d 

— (P»^l - Fn-l) = (211 4- I)P«, 
»M 

(l* + l)P»*l - (2» + l)fLPn + »P».i = O. 

336. Complete Spberieal Harmoiiics. — 

From Art. 334 it follows that a complete spherical har- 
monic Tn of the n*^ order, when n is an integer, contains 
2n + I arbitrary constants. Its value can be expressed by 
aid of the corresponding zonal harmonic Pny as we proceed 
to show. 

Since Yn is in this case a rational integer function of 
sin cos ^, sin sin and cos 0, we may suppose it expressed 
in a series of sines and cosines of multiples of ^, whose coef- 
ficients are functions of 0, or of fi. we accordingly assume 
that Tn consists of a number of terms each of the form 
MaOOQatft; then, substituting in equation (8), and observing 

that 3 ^ a - «« cos «0, we obtain, on equating to zero the 

coefficient of cos 80, 

-'^ ' + n(n+ i)Jf, = o. (14) 



lie-"*) 



d 
If, as before, we write u for ^* - i, and D for -r-, this 

becomes 

uD[uDMs} - s^Mg -n{n+ i)uM, = o. (15) 
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9 

Now, let JC " w't'; then 






therefore « • • • 

Sobstitnte in (15), and divide by u* ; then 

uIJ^v-¥ 2(»+ i);i2>r+ {«(«+ i)-ii(n+ i))i7 = o. (16) 

It iB readily seen that this equation is satisfied by assnm 
ing f> = JD^Pml for substituting this value for v in (16), i| 
beoomes 

iiD^'P, + 2(«+ i)/iD^*P, + «(«+ OD'P. 

-n(n+ OD'P, «o; 

but by Leibnitz's theorem the first three terms are equivaleni 
to D^^{uDPm] ; whence the equation becomes 

D^^iuDPJj - n{n + ijD'P, = o. 

But this equation follows immediately from (10) bj 
differentiating it s times with respect to /u I 

Acoordiuglyy the expression 



<'- '^(£j- 



satisfies equation (14), and hence 

satisfies (8). 

T 1-1, <f(sin«^) ... XI. 

In like manner, as ^ ^' » - «*sm«^, the expression 

also satisfies the same equation. 

Accordingly, equation (8) is satisfied by the expression 

(-4,cos«^ + J5.sin«0) Ou»- i)*"^— Y(P.), (17} 
which At and Bg are arbitrary constants. 
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This expression is called a Tesseral Surface Sarmanic, and 
1 said to be of the degree n and order s. 

If we give all integer values to s from i to w, the com- 
tlete spherical harmonic Yn can be written in terms of 
Cesseral harmonics as follows: — 

iFU=-4oPn+S (-4,ooss^ + jB,sin50)(/A*- 1)'-^, (18) 

in -which f — J (ju* - i)** may be substituted for Pn if neoes- 

lary. 

This equation contains the proper number 2» + i of arbi- 
trary constants, and consequently may be regarded as a 
general expression for a complete spherical harmonic of in- 
teger positive degree. 

There is no diiBBlculty in showing by differentiation that 

— J {jj? - i)** differs only by a constant from 

^ 2(2n-i) '^ 

^(n--.)(n-.-i)(n-.-2)(n-.-3) ^^^^^ 

2.4. (2W- l)(2W-3) ^ 



(: 



Hience that part of F» which depends on the angle «0 may 
he written 

This agrees with the general expression given by Laplace 
{Micanique C^leste^ tome iii., chap, ii., p. 46). 

337. Iiaplaee's Coefficients. — It is immediately seen 

that the expression 77 -rrz — 775 — . jrrri satisfies the 

general equation (i), as also the corresponding equation 

^r dT d^V 
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Transferring to polar coordinates, the preceding ezpressioQ 
may be written (r* - 2\r/ + /*) , where 

fl^ « r' sin 8' cos ^', y'-r'sinO'sin^', g'-ZooaC; 

and X = cos cos 6' + sin B sin 6' cos (^ - ^O* 

If P and P' be the points whose coordinates are xyz and 
s/y^z\ respectively, then 

Accordingly, if 

(i - 2\h + A*)-i= I + ZiA + ZaA* + . . . + iftA" + . . ., 

we have 

I I ii/ Ly* Ur'^ 

- + — T + — T- + . . . + — zTT- + . . . when r >r 



pjy r r^ r" r«« 

and 

I I jdr L^r^ Lnf^ , , 

-7 + — ;r + — TT- + . . . + -TTTT + . . . when r < r . 



Hence, since V^\-pp) * o, we must have VM ;^)s o, 

and also V* (-^n^) ^ o. 

From this we see that Ln is a spherical harmonio of the 
degree n, and that it satisfies the equation 

The functions ii, X2, . . . Ln are called Laplace^s Coef- 
ficientSy after Laplace, to whom their introduction into 
analysis is due. 

The value of L» may be deduced from that of P« in (i i) 

or (13), by substituting /x/x' + y^i - jn' y/i - fi* cos (^ - 0') in 
place of fly where fi = cos 6, a nd f/ = cos O'. Hence it is a 

function of the »*** degree in /i, -y/ 1 - /tx'cos^ and -v/i-^* sin ^ ; 

as also in /x', \/i - f/^ cos 0' and \/i -/x^mn <jt. 
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j Moreover^ sinoe Ln is a spherical harmonio of the n'* 
{kgree, and symmetrio in /u and fiy as also in ^ and ^'y it 
^^, by (18}, be of the form 



S*i "wliicli the coefficients Oo, ai, • . . (i« . . • are constants, the 
alues of which remain to be determined. 

It is immediately seen that ao « i : for if fi » i, we have 
^/= I, and i«-Pn. 

In the Integral Calculus, Art. 233, it is shown that 

2I « - « 
a,= (- i)* * Assuming this result, we have 



« + « 



i^~pjp:+2:2 L= oo8«(«-«')(m'-i)»(/«''-0'^ ^ • 

Some further applications of spherical harmonics will be 
found in the Integral Calculus, Arts. 230-5, but for a more 
complete treatment of the subject, which involves the applica- 
tion of Multiple Integrals as weU as the solution of Differential 
Equations, the student is referred to Thomson and Tait's 
Treatise on Natural Philosophy ; to Ferrers' Spherical Har- 
monics ; or to Todhunter's Treatise on Laplace^ Sj Lamffs^ and 
BessePs Functions. 
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EZAHPLES. 

1. II M be a solution of the differential equation 

du du du 
proye that 'jT + y^+'X "^^ ®^° ^ * solution of it. 

2. Show that eaoh of the quantities 



--/i«, (I -/»*)«>• ao, (i-A*')8in2e, /»Vi-/i«cose,>tVri^8intf 

is a sur&oe hannonic of the second degree. 

3. Frore that the expressions 

slog ar, — log -, slog + 

are solid haimonic functions. 

4. If the polar TaiiaUes he replaced hj n and v, ^ere 



cot-«"^-ts tan-#''*=v, andf = V31 

3 * 



2 



proTe that any suxfaoe harmonic of the order n satisfies the equation 

<Pr n{n+i)r 



= 0. 



dudv (« + v}* 
5. If p*» pi*, pi* he the roots of the equation in A, 



and if 



Ate = — ^^=- 

prorethat 

rf*» rf*» rf*» 

translonsa inio 
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JAGOBIANS. 



338- JTacobians. — The results obtained in Articles 330 
aiid 331 are particular cases of a class of general theorems 
in determinants which were first developed by Jacobi (OreUe's 
Journal^ 1841). 

Thus, if u^ Vf w be functions of Xj y, z^ the determinant 



c7s 



du 


du 


du 


dx' 


dy' 


dz 


dv 


dv 


dv 


dx' 


dy' 


dz 


dw 


dw 


dw 


dx' 


dy' 


dz 



0) 



was styled by Jacobi a functional determinant Such a 
determinant is now usually represented by the notation 

d{u^ V. w) 
d (X, y, zf 

and is called the Jacobian of the system u, t?, w with respect 
to the variables a?, y^ z. 

In the particular case where u, Vy w are the partial diffe- 
rential coefficients of the same function of the variables a?, y, s, 
their Jacobian becomes of the form given in Art. 331, and 
is called the Hessian of the primitive function. Thus the 
determinant in Art. 331 is called the Hessian of w, after 
Hesse, who first introduced such functions into analysis, and 
pointed out their importance in the general theory of curves 
and surfaces. 

27 



434 



Jacobians, 



More generally^ if ^i, y„ ys • . • y* be fdnotions of Xi, x^ 
...Xnf the determinant 



dyi df/i 
dxi dx% 



• • 



dyx 

CuBm 



dyt 
dtti* 


dyt 


dy% 

dXm. 


• 

dyn 


• • 
dyn 


• 

dyn 



dxi* dx%^ 



dx. 



is called the Jaoobian of the system of functions yi, yt9 • • • Vn 
with respect to the variables Xi^ Xt^ ... Xni and is denoted by 



d{yi,y%,...yn) 



(2) 



Again, if 5/1, ^29 • • • y« be differential coefficients of the 
same function the Jacobian is styled^ as above, the Hessian 
of the function. 

A Jacobian is frequently represented by the notation 

J{yi9 s^2, . . . yn), 

the. variables Xiy ^2> • • • Xn being understood. 

If the equations for yiy ^2> • • • y» be of the following form, 

^3 =/3(a?l, Xiy Xi)f 



yn -fn[xi9 X2f . . . ar«), 
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it is ob\ioii8 that their Jaoobian reduoes to its leading term, 
viz. 

dcci dx% d^n 

This is a case of a more general theorem which mil be 
given subsequently (Art. 343). 



EXAHTLES. 

1. Find the Jacobian of yi, ^2) • • • t/nt being given 

t/n = «iiPa . . . «n-i (l - iCn)' -'^'W. / «= (- i)«a;i«-'a;2«»-2 . , . a^i, 

2. Find the Jacobian of X\t X2, . • • Xn with respect to di, 02> . • • ^m being 
given 

d?i = cos 01, X2 = sin 01 cos 02, 473 = sin $1 sin 02 cos 0$, . • • 
«K B sin 01 sin 02 sin 03 . . .sin 0,*.! cos 0fi. 

^^' 1^?' ?' ' " !**! « (" i)~ sin»ai . sin~-' 02 . . . sin 0„. 

<^(01, 02, . . . 0n) ^ 

339. €a4iie where the Fancttons are not Indepen- 
dent. — If y„ i/2. . . 1/n be eonneoted by a relation, it is 
easily seen that their Jacobian is always zero. 

For, suppose the equation of connexion to be represented 
by 

then, diflEerentiating with respect to the variables a^i, a?2> • • • ^ny 
we get the following system of equations : — 

dF dt/i dF dyt dF dy^ 

dj/i dxi dy% dofi " ' dy^ dxi * 

aF2 
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\ J — — + • • • + ^ — 3 — * "5 



<^i^ <^<£cb 



wbffloe, elmmuuiiig ^, —...—, we get 






The oonyene of this result will be established in Ait. 344; 
and we infer that whenever the Jaoobian of a system A 
functions vanishes identicallj the functions are not indepen- 
dent This is an extension of the result arrived at in Aii 

314- 



340. Case oC FoBciioMi mt WmmxAwmm. — ^If we sap- 
pose Uif Utf Ut to he functions of yi, ys, ys, where yi, y,, y, aie 
functions of Xt^ ^29 a% ; we have 



dui dui dpi dui dyt dui dy^ 

dxi dyi dxi dyt dxx dy^ dxi* 

dui dui dyi dui dyt dui dy^ 

dx% dyi dx2 dyi dxt dyt dx%^ 

dui dui dyi dui dyt dui dy^ 

da% dyi dxz dy^ dxz dy^ dxz^ 

&o. 



Case ofFuneHom ofFunctiom. 
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EEeBce, by the oidinary role for the multiplioation of 
detenuiuantSy we get 



du^ dui dui 



dcDx dx2^ dxt 

dt&% du2 du2 

dscj^ dXi^ dxz 

dtH dth dth 

da^x dx% dxz 



dui dui dui 

dyx dyi dy^ 

dut dth du2 

dyx dyi dy^ 

dth dth dth 

dyx dyi dy 



dyx dyx dy^ 



dxx dx2 dxz 

dy% dy^ dy^ 

dxx dx% dxz 

dyz dyt dyz 

ds^x dx%* dxz 



(5) 



d[uxy ihf th) ^ d(ux, thy th) d[yx, ya, ys) 
d{xi, ohy Xi) d(yx, y2, ys) ' d{xiy a?2, opz) 

It follows as a particular case, that 

<^(yi> y«> ys) d{xi, x^, a?>) ^ 

d{xiyX2yX^ d{yi,y2yyz) * 



(6) 



These results are readily generalized, and it can be shown 
by the method given above that 



djuxj f^, . , . t^n) ^ d{ui, thy.- Un) d[yx, ya, . . . y») 

d{Xx, iPa, . . . Xn) " d{yx^ ya, . . yn) ' d{Xi, X2,... XnY 



(7) 



This is a generalization of the elementary theorem of 
Art. iQ, viz. 

du ducfy 

dx dy dx 
Again, 

rf(yi) y«» • • • y«) d{xiy aJ2, . . . a^) 



d[xiy X2,... Xn) d[yx, ya, . . . y,^ ~ 
This may be regarded as a generalization of the result 

dx . dy 

dy ' dx 



(8) 
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341. The JTacoblan is an InYarlant. — ^In the parti- 
cular case of linear transformations we have a system of 
equations as follows: — 

yi = aiXx + a^ . . . . + Onfl^, 
y% = biXi + h^t . . . . + 6«a^, 



i 



In this case 



Vn =liXi + 4^ . . . . + ln^n» 



d\Xif X2 • • • • Xn) 



ai ^ • • . an 
(1 b% . • . bn 

n h • ' • In 



This determinant is a constant^ and is called the modulus 
of the transfoitnation. 

Accordingly, in linear transformations the transformed 
Jacobian is equal to the original Jacobian multiplied by the 
modulus of the transformation. 

In the case of orthogonal transformation (see Art. 327) 
the modulus of the transformation is unity, and accordingly 
the Jacobian is unaltered by such a transformation. 

342. JTacobian of Implicit Functioiis. — ^Next, if 
t*, t?, to, instead of being given explicitly in terms of a?, y, s, 
be connected with them by equations such as 

then Uy Vy w may be regarded as implicit functions of Xy y, 2. 
In this case we have, by differentiation, 

dFi dFi du dFi dv dFi dw 
dx du dx dv dx dw dx * 

dFi dFi du dFi dv dFi dw 
dy du dy do dy dw dy ' 



iJFi dFi du dFi dv dFi dw 



dx 



du dx dv dx dw dx 
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enoe we observe, from the ordinary rule for multiplioa- 
of determinants, that 



dFi dFi 



at** 


dv' 


dw 


dF:, 


dFi 
dv' 


dF, 


ctt** 


dtc 


dJF^ 


dF, 


dF^ 



du 


dv 


dw 




dx' 


dx' 


dx 




du 


dv 


dw 




dy' 


dy" 


dy 


"• ^ 


du 


dv 


dw 




dz' 


dz' 


dz 





dFi dFi dFi 



du ' dv' dw 



This result may be written 



dx' 


dy' 


dz 


dFi 


dFi 


dFi 


dx' 


dy' 


dz 


dFi 


dFi 


dFi 



dx' dy' dz 



.(9) 



d{Fi, F^y -Fa) d{u, V, w) 
d{u, V, w) * d{xy y, z) 



d{Fu F,, F,) 
d{x, y, z) 



The preceding can be generalized, and it can be readily 
shown by a like demonstration that if y^ 2/2, ^3, • • • yn 
are connected with a?i, iJ^, a^ . . . a^ by w equations of the 
form 



1^1(^1, a?3 . . . Xnj yu y» . . . yn) « o, \ 

F2{xiy ajj, . , . a?», yi, ya . . . y») = o, 
Fn{xiy a?3 . . . a?«, yi, ya . . . y«) = o, , 



(10) 



we shall have the following relation between the Jacobians : 
d{F,y Fiy . . . Fn) d{y,y y^y . . . yn) , .^d{F,y F^y . . . Fn) 

«^(yi> ^2, . • . yn) ' d{Xiy a?2, . . . Xn) d{Xiy Xiy . . . Xn)' 



Accordingly 



djyu y8> ' * ' t/n) 
d{xiy ajj, . . . Xn) 



d{Fiy J^a, * . . Fn) 
( -yt. d{Xiy a?2> « * ' a?n) 

^~^' d{F„ Fi,... F„) 

disfi, y*, • " yn) 



(") 
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In like maanar. 



reduoQsto 



^1 ^ fl^j * " ' fi(y« 



dxi dXi"^' dbr- 



Aoooordiiiglyy in this <»se> the Jacobian 



d[xiy Xt, ... ar,) 



= (- ly 



d^i d<^ d^ 
dy^ dyz * " rfy. 



(12) 



343* AgiiBy liie equations oonneetiDg the variables are 
alwa js capable by elimination of being tsansf onned into the 
foUowing shape : — 

ti(j^i» «a, . - . x„ yj = o, 
ft[^ x^...x^ yi, y,) = o, 
^^[x^ x^...x^3fi, y^ y,) = o. 

In this ease the Jaoobian detenninant 

rf(yi» y»» • • • y.)' 

as in Art. 3389 ledmes to its leading term 

d^d^d^ d^ 



('3) 



344. €mmm m^mre Sm^mMmm Tttoiahcs. — ^We can now 
proTe that if the Jaeobian Tsnishes, the foneticms yi, yzy... y. 
ace not independent ol one another. 
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For, as in the previous Article, the equations connecting 
the variables are always capable of being transformed into 
the shape given in ( 1 2), and accordingly, if J (yi ya, . . . y») 3 o, 
we must have 

d(j)i d(j)% d<Pn 

dxi dx2 ' ' ' dxn ' 

that is, we have 3^^ a o for some value of i between i and n. 

axi 



lenoe, for that particular value of % the function 0j must 
not oontain Xi ; and accordiQgly the corresponding equatioi^ 
is of the form 

Consequently, between this aad the remaining equations, 

the variables Xi^i Xi^^y . • • Xn cai;i b^ eliminated so as to give 
a final equation between yi, ^2, . . . y» alone. This establishes 
our theorem. 

Also, it follows that if the Jaeobian does not vanish, 
the functions are independent. 

345. In th& pairticular case where 

y\ ■■ Fx{xiy a?2, . . . a?»), 
y« = F2.{yiy a?2, . . . <p»), 



we have 

d it/u y%, ' ' ' Vn) ^dpi di/2 dVn 

d [Xiy ^2} • • • Xn) dXi dx2 dxn 



(14) 



It may be observed that the theory of Jaoobians is of 
fandamental importance in the transformation of Multiple 
Integrals (see Int. Calc.y Art. 225). 
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EzAMPUiS* 

I. Find the Jacobian of pu ^2, . . . yn with lespeot to r, 01, Bt, • . • 9m-u\ 
being given the ByBtem of equations — 

IfiBfcofltfi, ya = rsin0icos0S) ys » r sin 9i sin 0s 008 Ag, • • • 
^N s r sin 01 sin 0s • • • sin On^i» 
If we square and add we get 

Assaming this instead of the last of the giyen equations, we readily find 

Jm f«-i sin»^'0i sin^-'ds ... Bin 0«.s« 
a. Find the Jaoobian of jfu ys . . . y*, being given 

yi««i(i -«»), ys««i«s(i- 

jf»-i = «ia^ . • . «»-i (I — ^9 
Here, yi + ^ + • . . ^m ■> d;i» and we got 



• • • 



<^ (afi, «a» . . » fl^) 



j;i»-»«s^ . . . «b^4. 



346. Case where a Relation eonnecto the Depen- 
dent Tariables. — If t/iy ^3 . . . j/ny whioh are given funo- 
tions of the n variables Xi^Xt^ . . . ^a, be connected by an 
independent relation, 

F(yutf*y*'^yn)'-o, ^ (15) 

we may, in virtue of this relation, regard one of the variables, 
Xn suppose, as a function of the remaining variables, and thus 
consider ^i, ^2, • . . f/n^i as functions of Xi^ 0^2, •• • d?j».i. In 
this case it can be shown that 

dF 

d[xu«%^ . . . Xt^i) dF^d{xiy a?s, . . . a?*) 

dxn 
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For, if we regard a?„ as a function of a?!, arg, &o., we have 

dxi^^ dxi dxndxx dxx^ ' dxi dx^dxx 
Oso, from equation (15), 

dF dFdxn dF dFdXn « 

+ a O, + = O, &0. 

dxi dXn dxi dx2 dxn dx2 

dF dF dF 



A • 1 i. \ dxi ^ dX2 ^ dXn.1 ^ 

-a^gam, let At - ^, Aa = ^„ . . . An-x « -^ , 

dXn dXn dXn 

4\>^^ efo» efon . dXn ^ 

tiien zn"^^^^^ T^T" "" " ^*' • • • :zr~ " "" -^♦'-i* 

aXi ax% aXf^i 

dxi dxi ^ dXn dx2 'dx% ^ dXn 

• , • • • • • • OwC* 

Accordingly, substituting in the Jacobian 



it becomes 



dixxyX^y • . . iP»-i)' 



dyx y dyi dt/i dt/i dt/i dt/i 

dxi dxn^ dx2 ^ dXfJ ' * * dxn-i **" doi>n 

dy2 y ^ ^y^ \ ^y^ ^ya % dy^ 

dXx'dXn' ■^"^'■^'•'•^Zi" ""'"^ 



dyn^x ^ dyn-i dyn-x ^ rfyn-i ^yn^i > rfyn-i 

If this determinant be bordered by introducing an addi- • 
tional column as in the following determinant, the other 



1 



terms of the additional row being cyphers, its yalne is readify 
seen to be 



dxi' 



dyi 



dyt dy^ 



dx^ dx2^ 



dy^rx dy, 
dxx' 



n~i 



A., 



dyi 
dxn 

dyt 

dXm. 



dy 



n-i 



dXm 



or 



dF 



dXn 



dyi dyi 



dxi* 


doh,' 


dyt 


dy% 


dxi' 


rfar,' 


dPn-i 


dyn-i 


das^' 


dx2 ' 


dF 


dF 



• • • 



dxi dx2 



dyi 

dxn 

dyt 
dx» 



dy 



nr-i 



dXn 

dF 

dXn 



Again, we have 



dF _ dF dyi_ d^ ^ dF dy^ 

dxi dyi dxi dyt dxi * " rfy» dxi * 



iF dF dyi dF dy^ dF dy, 

+ — r~ — : — + . • . + 



dx% dyi dxt dy^ dx% 



dyn dXi * 



Substitnrting tlbese values in the last row of the preceding 
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tlie tlieorem is establishedy sinoe we readily find that the 
detenuinant is reducible to 





dyi 


dyi 


dyi 




dxi' 


dx,' •• 


^ da>n 


dF 


dyi 


dyi 
dx% 


dy% 
* dxn 


dF 


• 


• • 


• 


dx„ 


dtjn 


dyn 


dyn 




dx^' 


dxi' • • 


' dXn 



(16) 



It may be well to guard the student from the supposition 
that this latter determinant is zero, as in Arts. 339 and 344. 
The distinction is, that in the former cases the equation 
-^(yi> ^2 . . . g^n) = o, connecting the y functions, is deduced 
by the elimination of the variables Xi, x^, . . . Xn f^om the 
equations of connexion ; whereas in the case here considered 
it is an additional and independent relation. 
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JotMoMg. 



i« lwHn0 2iiT<n 



find tiia Taliie of tlie Jaoobian 






^'(r, «!, «^ «d 



2. Find the Jacobun ^^ '5' ; » l>e™K gmn 



▼here «*+»*« i. 



ulju. 



3. Being giTeii 



s^x% xiXi S|j% 

a?l «4 «* 



find the yalue of the Jacobian of yi, yt, ys. 
4. In the Jacobian 



.^JM. 4. 



if we make 



pEOTe that it becomes 






I 



in tl2 Ms 



«S «i, ffj, . . . «» 

du du\ du% dum 

dx\ dx\ dx\ ' ' ' dxi 

du du\ dut dun 

dx% dx% dx% ' ' ' dxt 



du dui du% dun 

dXn dXn dXn dXn 



This detenninant is represented by the notation K{u, «i, . . • «»). 

5. If a homogeneous leUtion exists between u, mi, • • . u%t pioye that 

• 

jr(», Ml, •..«!•) «= o. 

6. In the same case if yi, ys, • . • ffn possess a oommon faotor, so that 
yi B umf &c., proye that 

/(y» ys» • • • y») " 2fi»/(Mi, Ml, . • . «b) - 1^^£'(«, «i, «% • • . HiO* 
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OHAPTEE XXV. 

GENERAL CONDITIONS FOR MAXIMA OR MINIMA. 

347. Conditions for a JHaxinmni or minimiiin for 
Poar Variables. — The conditions for a maximum or a 
minimum in the case of two or of three variables have been 
given in Chapter X. 

It can be readily seen that the mode of investigation, and 
the form of the conditions there given, admit of extension 
to the case of any number of independent variables. 

"We shall commence with the case of four independent 
variables. Proceeding as in Art. 162, it is obvious that the 
problem reduces to the consideration of a quadratic expres- 
sion in four variables which shall preserve the same sign for 
all real values of the variable. 

Let the quadratic be written in the form 

+ ittzipc^i + 2a^^iy (l) 

in which an, a^y chz^ &b., represent the respective second 
differential coefficients of the function, as in Art. 162. 

We shall first investigate the conditions that this ex- 
pression shall be always a positive quantity. In this case 
«ii, fl22> «33, &o., evidently are necessarily positive : again, 
multiplying by a,,, the expression may be written in the 
' following form : — 

flfnw = [anXi + ai^2 -^di^z-k- aiipff + (^i ifl22 - ciu) x% + (an^ss - «i3*) ^ 
+ («ii«44 - (X'ii) xi + 2 (aiia23 - (lnO>\%)X^ 

+ 2 [ax)fhA - «12«w) X^^ + 2 (flixOjA - «lBau) X^i:, (2) 
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General Conditions for Maxima or Minima. 



AlflOy in order that the part of this expression after 
first term shall be always positive, we most have, by 
Article referred to, the following conditions : — 

fliiOn - tfii* > o, (3) 

{aiiOn - aw') {aiifl» - flw') - («iifl» - OnflaY > 6, (4) 

and 

Oiian-ait Ouan-^^i^ih <*iifl*4-fli«flu 



fliifl»-flii«w> flii«8s-fli3% (hiQu-^i^ii. 
tf ii«it - Onfluf (hithi- Oj3fli49 «iifl« - «u* 



>o. 



(5) 



To express the determinant (5) in a simpler form, we 
write it as follows:— 



I 



All) Aiay (hh ^hk 

O, anfl»-flu*, fliiflu-fliiaui «iiaj4-ffuflu 

o, aiia23-ai2au, ffnfl3s-«i3% «iiai«-tfisai4 

o, fhiOu-avfiiiy aiiOu-anauf anau-au 



(6) 



Next, to form a new determinant, multiply the first row 
by au, ais, au, suooessiyely, and add the resisting terms to 
the 2nd, 3rd, and 4th rows, respectively; then, since each] 
term in the rows after the first contains an as a factor, the] 
determinant is evidently equivalent to 



an' 



(hlf fliJj f^Uy ^A 

<3(u9 Otty a^f Ou 

du, Otif Osiy Ou 

auf ^24? a^i On 



(7) 



In like manner the relation in (4) is at once reducible tc 
the form 

Oil, tfi2, flis 



an 



atif 021, Qts 

aiiy tf2s> flu 



> o. 
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Hence we oonolude that whenever the following condi- 
tions are fulfilled, viz. 

any ai2y fl^isj an 



«ii > o. 







«11, ^12, fllis 




«11, «12 










>o, 


^12) ^22> ^23 


>o, 


any (hi 




^13> ^23j ^33 





> o. 



(8) 



^12j ^22j ^23j ^24 
^13) ^23j ^^33) ^34 
^14> ^^24* ^34) ^44 

(he quadratic expression in (i) is positive for all real values 

of Xly CC29 ^3) ^4* 

Accordingly, the conditions are the same as in the case 
(Art. 162) of three variahles, with the addition that the deter- 
minant (7) shall be also positive. 

In like manner it can be readily seen that if the second 
and fourth of the preceding determinants be positive, and 
the two others negative, the quadratic expression (i) is 
negative for all values of the variables. 

The last determinant in (8) is called the discriminant of 
the quadratic function, and the preceding determinant is 
derived from it by omitting the extreme row and column, 
and the others are derived in like manner. 

When the discriminant vanishes, it can be seen without 
'difficulty that the expression (i) is reducible to the sum of 
' three squares. 

> It can now be easily proved by induction that the preceding 
principle holds in general, and that in the case of n variables 
the conditions can be deduced from the discriminant in the 
manner indicated above. 

1 348. Conditions for n Tariables. — If the notation 
already adopted be generalized, the coeflScient of Xr^ is 
' denoted by arr, and that of XrXm by zarm* In this case the 
discriminant of the quadratic function in n variables is 



auf ai2f <7i3, • 

^12) ^23> ^28j 

ills, ^23> fl^asj 



ainf a^y a^y 
20 



ain 

^2« 

a-M 



a 



nn 



(9) 
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General Conditions for Maxima or Minima. 



and the oonditions that the quadratic expression shall ^ 
always positive are, that the determinant (9) and the seri^ 
of determinant)3 derived in succession by erasing the outsic 
row and column shall be all positive. 

To establish this result, we multiply the quadratic f un( 
tion by Ou, and it is evident that 

OliM «= {aiiXi + ai^2 + . . . ^in^n/ + (^li<'22 - ai2)xi + . . . 
+ 2 {a\\(lrn — ^ir^i») XfXn + &C. 

In order that this should be always positive it is necessi 
that the part after the first term should always bapositivi 
This is a quadratic function of the n - i variables o^^a^, . . . 
Accordingly, assuming that the conditions in question hoi 
for it, its discriminant must be positive, as also the series 
determinants derived from it. But the discriminant is 



a 

aiiOti — flia , 011^23 "" ^12^13> 

a 

^11^28 — fll2^13> ^11^83 ■" ^18 » 






^ii^»~ (^nfliny ^iifl^an ^ a\%a\ny 



• • • 



^li^nn ~ ^\n 



(lO 



Writing this as in (6), and proceeding as in Art. 347, it 
is easily seen that it becomes 



a 



n-2 



11 



^ll> ^12> ^ISj 



«1» 



a\2y Cl%2y ^^23, . • . Chn 
dlS, (Z23> ^3S> • • • a^n 



^in> ^2n> ^3n> • • 



'nn 



(") 



i.e. the discriminant of the function multiplied by aii*"*. 

Hence we infer, that if the principle in question hold for 
n - I variables it holds for n. But it has been shown to hold 
in the cases of 3 and 4 variables, consequently it holds for 
any number. 
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We oonolude finally that the quadratic expression in n 
variables is always positive whenever the series of determi- 
• najits 



«ii, 



any a\2 



flTli, ^12, «13 




^125 a^y ^23 


1 • • • 


a\Zy a^Sy ^33 





any 


«18, 


• 


• • 


«1» 


ai2y 


^22) 


• 


• • 


«2n 


• 
• 


• 
• 


• 
• 


• 
• 


• 

• 



^inj ^2n> 



a 



nn 



(12) 



are all positive. 

According as the number of rows in a determinant is 
even or odd, the determinant is said to be one of an even or 
of an odd order. 

If the determinants of an even order be all positive, and 
if those of an odd order, commencing with ^u, be all negative, 
the quadratic expression is negative for all real values of the 
variables. 

Hence we infer that the number of independent conditions 
for a maximum or a minimum in the case of n variables is 
n — I, as stated in Art. 163. 

It is scarcely necessary^to state that similar results hold 
if we interchange any two of the suffix numbers ; i. e. if any 
. of the coefficients, 022, ^33,... Onny he taken instead of an as 
the leading term in the series of determinants. 

If the determinants in ( 1 2} be denoted by Ai, A2, A3, . . . A,», 
it can be seen without difficulty that whenever no one of these 
determinants vanishes the quadratic expression under con- 
sideration may be written in the form 



Ai?7;' + ^Cr2' + ^W + 
Ai A2 






(13) 



Hence, in general, when the quadratic is transformed into a 
. sum of squares, the number of positive squares in the sum 
depends on the number of continuations of signs in the series 
of determinants in (12). 

It is easy to see independently that the series of conditions 
in (12) are necessary in 'order that the quadratic fimction 
under consideration should be always positive ; the preceding 

2G2 
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investigation proves, however, that they are not only necessary^ 
but that they are sufficient. 

Again, since these results hold if any two or more of the* 
suffix numbers be interchanged, we get the following theorem I 
in the theory of numbers : that if the series of determinanta j 
given in (12) be all positive, then every determinant obtained I 
from them by an interchange of the suffix numbers is also 
necessarily positive. 

Also, since when a quadratic expression is reduced to a 
sum of squares the number of positive and negative squares 
in the sum is fixed (Salmon's Higher Algebra^ Art. 162), we 
infer that the number of variations of sign in any series of 
determinants obtained from (12) by altering the suffix 
numbers is the same as the number of variations of sign 
in the series. 

349. Orthogonal Transformation. — ^As already stated, 
a quadratic expression can be transformed in an infinite 
nxmiber of ways by linear transformations into the sum of 
a number of squares multiplied by constant coefficients; 
there is, however, one mode that is unique, viz. what ifi 
styled the orthogonal transformation (see Art. 341). 

In this case, if Xi, X^y X3, . . . Xn denote the new linear 
functions, we have 

a?i' + a?2' + . . . + ix^n = Xi^ + X2 + &c. f Z„* = F; 

also, denoting the coefficients of the squares in the transformed 
expression by «i, ^2, • • . «n, 

= aiXi + a^Xz + anXn. 

Hence, equating the discriminants of C^ - X F f or the two 
systems, we get 

^11 ~ A, flJi2, . • . ttin 
^12> ^28 *" A, • • • a^n 



A = 



t7i3, ^23) • • • a^ 



^in> (hny • • • ^nn~"A 



= («i - X)(«2-A) . . . (flf„ - A). 



(14) 



V 
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Accordingly, the coefficients ai, fl2> • • • <^n ar© the roots of 
the determinant A. 

Moreover, in order that the function U should be always 
positive or always negative for all real values of the variables 
I ^19 ^29 • • • ^n) the coefficients ai, a^ , , . a„ must be all positive 
^in the former case, and all negative in the latter ; and con- 
sequently, in either case, the roots of the determinants in (14) 
must all have the same sign. 

For a general proof that the roots of the determinant A 
are always real, and also for the case when it has equal 
roots, the student is referred to Williamson and Tarleton's 
DynamicSy Second Edition, Chapter XIII. 
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Miscetianeoua Mxamples. 



MiSCELLAlTEOTJS EXAMPLES* 



I. If a, i9, 7 be the roots of the cnbic 



»» + px^ + yo; + r = o, 



dp dq dr 
da da da 



show that 



dp dq dr 

dk* Sji' d$ 

dp dq dr 

dy dy* dy 



= (r - m^ - «)(« - 7)- 



2. Being given the three simultaneous equations 
0i(a?i» X2f a?s, «*) = o, ^(a?i,- af2, «3, xi) = o, ^(a?i, flf2, «3» a?4) = o. 



determine the values of -— -, — — , — 



dx2 dxz dxi 
dxi dx\ dx\ 



d^u dht 

3. If X and y be not independent, prove that the equation •^—t' = tjx 

does not hold good, in general. 

4. Prove that the points of intersection of a curve of the fourth degree with 
its asymptotes Ue on a conic ; and in general for a curve of the degree n they 
lie on a curve of the degree n — 2. 

5. Prove that every curve of the third degree is capable of being projected 
into a central curve, (Chasles}. 

For if the harmonic polar of a point of inflexion be projected to infinity^ the 
point of inflexion will be projected into a centre of the projected curve {see p. 282). 

6. Two ellipses having the same foci are described infinitely near one 
another, how does the interval between them vary ? 

(fl) How will the interval vary if the ellipses be concentric, similar, and 
similarly placed? 

7. Eliminate the arbitrary functions from the equation e = ^{x) \lf{i/). 

8. Show that in order to eliminate n arbitrary functions from an equation 
containing two independent variables, it is, in general, requisite to proceed to 
differentials of the order 2n — I. How many resulting equations would be ob- 
tained in this case ? 

9. In the Lemniscate t^ = a' cos 2$, show that the angle between the tan- 
gent aiLd radius vector is - 4- 20. 
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so. K the determinant of the n*^ order 



0. a. 



a 
a 
a 

X 



be denoted by a», prove that -^ = nAn-i. 

11. Prove that the ellipses 

aV + J'ic* = «'** W » «^^ 8«c* + %' cosec* ^ = a*g^ (2), 

are so related that the envelope of (2) for different values of ^ is the evolnte of 
(1) ; and the point of contact of (2) with its envelope is the centre of curvature 
a,t the point of (i) whose excentric angle is <f>, 

12. Being given the equations 
prove that 

13. If I - y - fly«» = o, develop y^ in terms of a by Lagrange's Theorem. 

14. Being given ^ = r cos 0, y » r sin 0, transform 



!■ * (l)T 



into a function of r and 0, where 9 is taken as the independent variable. 



I 



r» + 



e)T 



15. Apply the method of infinitesimals to find a point such that the sum of 
its distances from three given points shall be a minimum. 

If pit p2y p3 denote the three distances, we have d(n •\- dfn-k-dpz = 01 suppose 
dpi = o, then ^(/>2 + ps) = o, and it is easily seen that pi bisects the angle be- 
tween p2 and ps, and similarly for the others ; therefore &c. 

16. Eliminate the circular and exponential functions from the equation 

17. One leg of a right angle passed through a fixed point whilst its vertex 
slides along a given curve, show that the problem of finding the envelope of the 
other leg of the right angle may be reduced to the investigation of a locus. 
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i8. If two pain of conjugates, in a syBtem of lines in iiiTolation, be gira 
bj the equations 

•» = ««» + zhry + «y» = o, i/= a«* + 2h*xy + «'y* = o, 
show that the double lines are given by the eqiiation 

---—-—-——- = O. (Salmon^B Conies, Art. 342 ). 
dxdjf dydx 

where «!, xi, • • • jTm are connected by the relation 

ari* + xi« + «j» + . . . + xu* = I, 

proTe that the Jacobian 

d(uif Ha, . . . »«-i) I 



-1 



d(*u «ii, . . . «it-i) «•" 

20. If the Tariables ffu y%f . • • yn are related to jti, xa, • • . Xn by the 
equatioDf 

yi ■= airi + OiXt + . . . + a»Xnt 



and if we have also 



«1* +*«* + ... + «m* = I, 

n*+y»* + - .. + y-*=i> 

proTO that the Jacobian 

<^(yif y»»' - ■ ffn-i) ^yn 

ar. ProTe that the equation 

ry* - 2«ry + to^ =i»jp + ^ - a 

may be reduced to the form 3-5 + * = o by putting x^uooavy ysusinv. 

23. Inyestigate the nature of the singular point which occurs at the origin 
of coordinates in the curye 

•* — 2a«*y - ax^ + a-^ = o. 
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JL 



23. Inyestigate the form of the curve represented hj the equation y = e'*' 

24. How would you ascertain whether an expression, V, involving x, y, and «, 
ia ct function of two linear functions of these same variables P 

Afu. The given function must be homogeneous ; and the equations 

dV dV dV 
— = o, — = o, — = o, 
dz' dy dz 

must be capable of being satisfied by the same values of x^y^zi i. e. the result 
•of the elimination of x^ y, and e between these equations must vanish identi- 
cally. 

25. Ify=4>(ic«), prove that 

^ = (2iB)» ^'») (a;*) + ft (#f - I) (2;r)«-» 4>(«-i) («») 

26. If « + ty = (a + i$)^, where t = V^, prove that 

«* + y* "^ ** o=* + /S-* • 



37. Ift«n,t«.* = ;^.praTethat| + Ji^J^ = o. 



28. If « = — , prove that 
fcy 



dx ify 

transforms into 



V(i -3:«)(I-A«««) "^ V(i -y2)(i ->feV)* 

Prove that -. (arw) = f I + «^)«« 

29. Hence prove that 

( ^\( ± \ ^_8^ 
\ dx) \ dx J dx»* 

T? I ^\ I ^^\ I ^d\ du du ^d^u 

flierrfore ('i -')('£) = 



dhi 
d^^ 
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JO. PkovetiMt 

(4)(-l-)('^0"-S 



(4-)(-i--)W)-(-i-') 



31* PkOTC, ill genoil, fttt 

This ean be esailj amTed at from the jneceding by the method cf mathematical 
tnductiaii : thai ia, aaniming that the theorem holds for any positxre inle^ %» 
prove that it holds for the next higher iot^er (» + I), &c. 



32. Find ~ + 7^ (~) ™ tenns of r, whea i* « e^ coe 2f. Jbu. 

33. Ifii=(jr* + y» + iy , prore that 

rf*ii rfSi rf*M rf*i» iJSi rfHi _ 

34. H« = ^-^ andf=tBn-»^^j, prove that 



3^ 

I- I 



rf^ , , 1 . 2 . 3 . . .«.cos(ii+i)f.coe«*'f 

= {- 0- — ^ — — -* 

^Z , , I . 2 . 3 ... 211 . COB (211 + I) A . C08>-*f 

^ = <- s=n 
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35. If ti be a homogeneous function of the n'^degree in d?, y, s, and if eii, tfs, ti^ 
ienote its differential coefficients with regard to x^ y, t, respectiyely, while 
»ii» U129 &o., in like manner denote its second differential coefficients, proye that 



Mil, «lt> «18) «i 

<<aii t^as, ttnt **% 

«3l, «38, «ss> «s 

Mil U2y Ui, O 



nu 

« — 1 



tllly t<12> tllS 
«21, «ai, «83 
M81» ^33, t«3S 



36. If M be a homogeneous function of the ti** degree in «, y, «, «>, show 
that for all values of the yariables which satisfy the equation m = o we have 



Mil, Ml3, «13, 111 
U2\t Uz2t Ui3t M3 
Uilf «82» MS3» Ms 



Ml, M3, 



M8j 



W* 



(n-i)» 



Mil, M12, Mi3, UU 

M21, M22, M23, M24 

M8I, MS3» M33, M34 

Mil, M43» M43, MM 



37. If « + A be substituted for x in the quantic 

, n(n—i) , . 

floaJ* + naiX»^^ + — ^ ^ a2a^' + &c. + On, 

1.2 

and if a'o, a'l, • . . • aV • • • • denote the corresponding coefficients in the new 
quantic, prove that 

It is easily seen that in this case we have 

r(r—i) 
a'r =» «r + rar-iX + -^ ffr-aA'+ &c. . • . + tfoA**; .'. &0. 

38. If ^ be any function of the differences of the roots of the quantic in the 
preceding example, prove that 

/ d d d d\ 

I floy- + 2«i -— + 302 -— + ... + fkl».i -— - J <^ = o. 

\ wdii (Ml was »^ / 

This result follows immediately, since any function of the differences of the 

roots remains unaltered when d; + X is substituted for x, and accordingly 

dd» 

-^ s= o in this case. 

d\ 

39. Being given 

« « «y + Vl - «» - y« + «»y'» i> - « Vl - y* + y Vl - «^ 



46o 
prOTethat 
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diidv dv du 

dx dy dx dy * 



and explain the meaning of the result. 
40. Find the minimum yalae of 

sin^ sin^ dnC 



onBemC sinCsin^ sin^ Bin^ 



, whored + ^ + ^s 180" 



41. Prove that 

where ^ (d;) is a rational function of x. 

42. Show that the reciprocal polar to the evolute of the ellipse 

with respect to the circle descrihed on the line joining the foci as diameter, 
for its equation 

43. If the second term he removed from the quantio 

(«o, «i, «2, . . . « ») (aj, y)* 

hy the substitution otx y instead of Xy and if the new quantic he denoted 

Oq 

hy (^Of o, A2t Az, . • . -^nji^t y)\ show that the suocessiTe coefficients 
A^j A% , . , An are obtained b^ the substitution of ai for x and — oo for y in 
the series of quantics 

(<iO) 0i» 02) («) y)f (oo, 0i» fla* os) («, y)» • • • (<Xh oi» • • • «») («» y)- 

44. Distinguish the maxima and minima rallies of 

I + 2;r tan-^ x 
I +«» 

_- a'aj* + 2Vx + <j' . ^ 

«• " «^ = ax^^2bx^c ' ^'''' "^^^ 

2 <te "" (a*') «» - (tfa') X + (*o') ' 

where {ab') « aJ' - Ja', &o. . . . 
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46. UlX + mT \-nZ, rX+m'Y+n'Zy rX + m"T+n"Z, be substituted 
tor ar, y, 2, in the quadratic expression ax^ + hi^ + e^ + 2dyt + 2^20? + ifxy ; 
Bud if a\ b\ e\ d', e\ f be the respective coefficients in the new expression ; 
prove that 






e\ iTi , 



= o whenever 






9 

d 

e 



= 0. 



47. If the transformation be orthogonal^ i.e. if 

a;2 + y2 + 22 = J![a + 72 + Z2, 
prove that the preceding determinants are equal to one another. 

48. Prove that the mftTiiniiTn and minimum values of the expression 

ax^ + 4*0?' - 6ftp' + 4tfo; + e 
are the roots of the cubic 

aV - 3 (aH - zH^)z^ + 3 («^* - i^-ff/) « - A = O, 



wliere 



E=ae-V^f I = ae^^bd-\-^i^f 



/« 



a, bf e 
bf e, d 
e, df $ 



, and A = /' - 2^J^. 



By Art. 138 it is evident that the equation in « is obtained by substituting 
e — z instead of e in the discriminant of the biquadratic ; accordingly, since the 
discriminant of the biquadratic is 

i» - 27/2 = o, 
we have for the resulting equation 

(/-«)»« 27 (/-«^)^ 

In general, the equation in z whose roots are the » — I maximum and mini- 
mum values of a given function of n dimensions in x can be got from the dis- 
criminant of the function, by substituting in it, instead of the absolute term, 
the absolute term minus z. 

It is evident that the discriminant of the function in a; is, in all cases, the 
absolute term in the equation in 2. 

49. If A be the product of the squares of the differences of the roots of 



«* — pa^ + g-a? — r = O, 
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dA 

find an ezprewion for --- by solying from three equations of the form 

dA dA dp dA do dA dr 
da dp da dq da dr da 

Ant. 2(j8 + 7-2a)(7+a-2/5)(a+^-27). 

50. If X + F V^ be a function of a; + y V- i, prove that X and rsatiaff 
the equationa 

d^X d^X ^ dr-Y d^T 

• — + = o, and 1 e o, 

dx^ ^ dy^ ' d^ ^ df- 

51. If the three sides of a triangle are a, a + a, a + /3, where a and jS aret 
infinitesimalB, find the three angles, expressed in circular measure. 

IT o + jS T 20-/3 X 2/3-0 

Am, --, - H — , - + ;-• 

3 a^/i 3 a^i 3 «-/3 

52. If y s= jE 4. CUE*, where a is an infinitesimal, find the order of the error in 
taking x^y — ay^, 

53. The sides «, *, <;, of a right-angled triangle become a+o, h + $, c ■{■ y^ 
where a, $, y are infinitesimals ; find the change in the right angle. 

ey — aa ~b0 

'^' — 5 — 

54. If a cuiTe be given by the equations 

2X « ^/IFT^t + v^/2 - 2*, 



2y = o/W^t - ^/t^ - 2^ 

find the radius of curvature in terms of t, 

55. In the curve whose equation is y = r**^ determine all the cases where 
the tangent is parallel to the axis of x. 

If be the greatest angle which any of its tangents makes with the axis of «, 
prove that tand = ^-. 

56. In a curve traced on a sphere, prove the following formula for tfaa 
radius of curvature at any point : 

sin rdr 

tanpB — . 

^ cos pdp 

57. Apply this form to show that in a spherical ellipse we have 

sin J? sinj9' = const., 

where p and p* are the perpendiculars from the foci on any great circle which 
touches the ellipse. 
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58. Froye the following relation between (/>, p')^ the radii of curvature at 
lOTT-esponding points of two reciprocal polar curyeB : 

irKere ^ is the angle between the radius vector and normal. 

59. If ABf £Cy CD, ... be the sides of an equilateral polygon inscribed in 
any curve, and if AJD be produced to meet £C in F, prove that, when the sides 



of the polygon are diminished indefinitely, £F = 3 ^} where p and p' are the 

. P 
i of curvature at £ and at the corresponding point of the evolute. 



oo. If ir = V(t-a;)(i+y4-y-) + V(i-y)(i+a? + a;-^) ^ 



and Fi 



/Vi-a:3-Vl-yn» 



dnd the value of 



dx dy dx dy* 



6i. If re«» + — , and « = « + -, 



prove that 



,, ,rf«r dV ,^ 



62. Determine & and A; so that the curve 

{x^ + y') (a? coso + y sina — a) = A;' (a? cosiB + y sinjB - J) 

may have a cusp ; a, jS, and being given, and the coordinates being rectan- 
gular. 

Prove that in this case the cuspidal tangent makes equal angles with the 
asymptote and with the line drawn from the cusp to the origin. 

63. Find the coordinates of the two real finite points of inflexion on the 
curve y- = (a? — 2)3 (a; - 5), and show that they subtend a right angle at the 
double point. 

64. If x, y, «, be given in terms of three new variables, «, v, w, by the fol- 
lowing equations ; x = Pm, y = (P — i) «, « = (P - c) u?, where 

__ I + Jf>* + ew"^ ^ 
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it is required to prove that tb^ + dy^ + d^ = LHu^ + Jf»<fo* + 2Pdw^, and to 
determine the actual yalues of Z, My N. 

65. If « + y = X, y = XYf prove that 

tPu ^u du^ d^u d^u du 

* rfar* "*■ ^ dxdy "*" ^ " 5X^ " dXdF "*" dl' 

xdy — ydx 



66. Being given ar = m? - 3m»*, y = lu^v — t^, find what — - — - — 
in terms of «, r, rfw, <ft^. *^* + V^y 



Ans, 



becomes] 

udv — vdu 
udu + vdv 







67. If the polar equation of a curve be r a sec' -, find an expression forj 



its radius of curvature at any point. 



68. Show that the differential 



dx 






is transformed into 



-v/(i + y2 tan^A) (i + y»cot» A)' 



by assuming » a J^/r — -, and find the value of A. 



V. If y^ + «y B I, prove that 



Afu. A = 7* 30'. 






^8 



y» 31^ + 3* 3^ + y±i = o. 






70. The pair of curves represented by the equation 

»*-2rJ'(«) + tf' = o 

may be regarded as the envelope of a series of circles whose centres lie on a 
certain curve, and which cut orthogonally the circle whose radius is c, and 
whose centre is the origin (Mannheim, Journal de Math,, 1862). 

71. A chord PQ cuts off a constant area from a given oval curve ; show that 
the radius of curvature of its envelope will be \FQ (cot + cot ^}, and ^ being 
the angles at which PQ cuts the curve. 

72. In the polar equations of two curves, 

J'(r,«)=o, /(r, «)=0, 

if JS^" be substituted for r, and nO. for », prove that the curves represented by 
tbe transformed equations intersect at the same angle as the originid curves. 

W. BobertSy L%ow*\Ue^$ Journal^ Tome 13, p. 209. 
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This result follows immediately from the property that -y- iSv unaltered by 
tlie transformaticHi in question. 

73. A system of concentric and similarly situated equilateral hyperbolas is 
cut by another such system haying the same centre, under a constant angle, 
-wliich is double that under which the axes of the two systems intersect. 

Ibid., p. 210. 

74. In a triangle formed by three arcs of equilateral hyperbolas, haying the 
same centre (or by parabolas haying the same focus), the sum of the angles is 
equal to two right angles. Ibid., p. 210. 

75. Being giyen two hyperbolic tangents to a conic, the arc of any third 
Ifcyperbolic tangent, which is intercepted by the two first, subtends a constant 
angle at the focus. Ibid., p. 212. 

An equilateral hyperbola which touches a conic, and is concentric with it, is 
called a hyperbolic tangent to the conic. 

76. A system of confocal cassinoids is cut orthogonally b]r a system of equi- 
lateral hyperbolas passing through the foci and concentric with the cassinoids. 

Ibid.y p. 214. 

The student will find a number of other remarkable theorems, deduced by 
tlie same general method, in Mr. Eoberts' Memoir. This method is an exten- 
sion of the method of inyersion. 

77. If on each point on a curve a right line be drawn making a constant 
angle with the radius vector drawn to a fixed point, proye that the envelope of 
the line so drawn is a curve which is similar to the negative pedal of the given 
curye, taken with respect to the fixed point as pole. 

78. If 2 CT 3 aa;2 + ibxy + <?y», 2 F" s a'x" + ih'xy + e'y\ 



and 



dU dU 

dx* dy 

dV dV 

dx* dy 



AlpJt2BUV-\- CV\ find A, B, 0. 



79. Prove that the values of the diameters of curvature of the curve y*^f[x) 
at the points whei'e it meets the axis of x are/'(a),/'(;8), .... if a, /3, ... be 
the roots oif{x) = o. 

Hence find the radii of curvature of y* = (a?* - m') {x-a) at such points. 

80. A constant length FQ is measured along the tangent at any point P on 
a curve ; give, by aid of Art. 290, a geometrical construction for the centre of 
curvature of the locus of the point Q. 

81. In same case, if PQ' be measured equal to FQ, in the opposite direction 
along the tangent, prove that the point P, and the centres of curvature of the 
loci of Q and Q' lie in directum, 

82. A framework is formed by four rods jointed together at their extremities 
prove that the distance between the middle points of either pair of opposite sides 

2 H 



1 
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18 a maximum or ft minimum when the other rods are parallel ; being a mazimnm 
when the rods are uncrossed, and a minimum when they cross. 

83. At each point of a closed curve are formed the rectangular hyperbola, 
and Uie parabola, of closest contact ; show that the arc of the curve described by 
the centre of the hyperbola will exceed the arc of the oval by twice the arc of 
the curve described by the focus of the parabola ; provided that no parabola has 
five-pointio contact with the curve. {Camb. Math. Trip,, 1875.) 

84. A curve rolls on a straight line : determine the nature of tiie motion of 
one of its involutes. (JProf. Crofton.) 

85. Prove the following properties of the three-cusped hypocycloid : — 

(i). The segment intercepted by any two of the three branches on any 
tangent to the third is of constant length. (2). The locus of the middle point 
of the segment is a circle. (3). The tangents to these branches at its extremities 
intersect at right angles on the inscribed circle. (4). The normals corresponding 
to the three tangents intersect in a common point, which lies on the circum- 
scribed circle. 

Definition. — The right line joining the feet of the perpendiculars drawn to 
the sides of a triangle, from any point on its circumsciibed circle, is called the 
pedal line of the triangle relative to the point. 

86. Prove that the envelope of the pedal line of a triangle is a three-cnsped 
hypocycloid, having its centre at the centre of the nine-point circle of the 
triangle. (Steiner, JJeber eine besondere curve dritter klasee und vierten grades^ 
Crelle, 1857.) 

This is caUed Steiner* 8 Envelope, and the theorem can be demonstrated, 
geometrically, as follows : — 

Let Pbe any point on the cir( umscribed circle of a triangle ABC, of which D 
is the intersection of the perpendiculars ; then it can be shown without difficulty 
that the pedal line corresponding to P passes through the middle point of DP. 
Let Q denote this middle point, then Q lies on tiie nine-point circle of the 
triangle ABC. If be the centre of the nine-point circle, it is easily seen that, 
as Q moves round the circle, the angular motion of the pedal line is half that of 
OQ, and takes place in the opposite direction. Let B be the other point in 
which the pedal line cuts the nine-point circle, and, by drawing a consecutive 
position of the moving line, it can be seen immediately that the corresponding 
point T on the envelope is obtained by taking Qr= QB. Hence it can be 
readily shown that the locus of T is a three-cusped hypocycloid. 

This can also be easily proved otherwise by the metiiod of Art. 295 (a). 

87. The envelope of the tangent at the vertex of a parabola which toucfaei 
three given lines is a three-cusped hypocycloid. 

88. The envelope of the parabola is the same hypocycloid. 

For fuller information on Steiner's envelope, and the general properties of 
the three-cusped hypocycloid, the student is referred, amongst other memoirs, to 
Cremona, Crelle, 1865. Town send, Edw. Times. Beprint, 1866. Ferrers, 
Qaar. Jour, of Math., 1866. Serret, Ifouv. Ann., 1870. Fainvin, ibid.^ 1870 
Cahen, ibid., ZoJS- 



On the Failure of Taylor^ & Theorem. 467 



On the FAiLimE of Tatlob's Theobem. 

As no mention has been made in Chapter III. of the cases when« Taylor's 
Seiies becomes inapplicable, or what is usually called the failure of Taylor's 
Xheorem, the following extract from M. Navier's Lemons d* Analyse is intro- 
duced for the purpose of elucidating this case : — 

On the Case wlien^ for certain particular ITalnefl of the 
"Wariabley Taylor's Series does not i^ive the DeTelopment of 
^lie Function* — ^The existence of Taylor's Series supposes that the function 
/\x) and its differential coefficients /'(a;), /"(«], &c. do not become infinite for 
tbe value of x from which the increment h is counted. If the contrary takes 
place the series will be inapplicable. 

Fix) 

Suppose, for example, that/(«) is of the form -. — ^-^, «w being any positive 

{x — fl)*" 

number, and F(x) a function of x which does not become either zero or infinite 
when x = a. 

If, conformably to our rules, ■-. — ^-7 — -r^ be developed in a series of posi- 
tive powers of A, all the terms would become infinite when we make xssa. At 
the ^.e ti^e the funotio. has tHe. a de Wnate .olue. ^. : £^ ; Wt. 

as the development of this value according to powers of h must necessarily con- 
tain negative powers of A, it cannot be given by Taylor's Series. 

Taylor's Series naturally gives indeterminate results when, the proposed 
function /(d;) containing radicals, the particular value attributed to x causes 
these radicals to disappear in the function and in its differential coefficients. 
In order to understand the reason, we remark that a radical of the form 

{x " a)9, p and q denoting whole numbers, which forms part of a function /(:r), 
gives to this function q different values, real or imaginary. As this same radical 
IS reproduced in the differential coefficients of the function, these coefficients also 
present a number, q, of values. But, if the particular value a be attributed to Xy 
the radical will disappear from all the terms of the series, while it remains 

p 
always in the function, where it becomes h9. Therefore the series no longer re- 
presents the function, because the latter has many values, while the series can 
have but one. The analysis solves this contradiction by giving infinite values 
to the terms of the series, which consequently does not any longer represent a 
determined result. 

The development oif(x) ought, in the case with which we are occupied, to 

p_ 

contain terms of the form A?. We should obtain the development by making 
a; = a + A in the proposed f unction« 
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Fractional powers of h would appear in the latter deyelopment : for example 
auppose 

f(x) « 20* - «» + a\/«»-«^; 
this giyet 

f(x) « 2(a - a?) + . ; 



v^«» - 



a 



[3 



rw=-a+ "" "^ 



On making a; = a, we haye/(d;) a a^, and all the differential coefficienu 
become infinite. This circumstance indicates that the deyelopment oif{x + h) 
ought to contain fractional powers of h when a; » a : in fact the function be- 
comes then 



f{a + A)e a* - A» + aVaoA + h\ 

of which the deyelopment according to powers of h would contain A^, At, At, fte. 

It should be remarked that a radical contained in the f unotion/(x) may 
disappear in two different ways when a particular yalue is attributed to the 
yariable x ; that is, i**, when the quantity contained under the radical yanishes : 
2°, when a factor with which the radical may^ be affected yanishes. 

In the former case the deyelopment according to Taylor's Theorem can neyer 
agree with the function /(j; + h) for the particular yalue of « in question, for 
the reason already indicated. 

But it is not me same in tbe latter case, because the factor witb wbich the 
radical is affected, and which becomes zero in the function, may cease to affect 
the radical in the differential coefficients of higher orders ; in fact it may not 
disappear at all, and the series may in consequence present the necesaary number 
of yalues. 

For example, let the proposed function be 

f{x) « (« - ay^ix^b, 

m being a positiye integer. 
Here we haye 

m(a? — a)"» 

Each differentiation causes one of the factors of {x — a)"* to disappear hi the 
first term. After m differentiations these factors would entirely disappear ; and 
consequentiy the supposition x = a, in causing the first m-deriyed functions to 

vanish, will leaye the xadical Vx — 6 to remain in all the otheis. 
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ACNODB, 259. 

Approximations, 42. 

further trigonometrical applica- 
tions of, 130-8. 
Arbogast's method of derivations) 88. 
Arc of plane curve, differential ex- 
pressions for, 220, 223. 
ArcMmedes, spiral of, 301, 303. 
Asymptotes, definition of, 242, 249. 

method of finding, 242, 245. 

number of, 243. 

parallel, 247. 

of cubic, 249, 325. 

in polar coordinates, 250. 

circular, 252. 

Bernoulli's numbers, 93. 

series, 70. 
Bertrand, on limits of Taylor's series, 

77. 
BobiUier's theorem, 368, 374. 

Boole, on transformation of coordi- 
nates, 412. 
Brigg's logarithmic system, 26. 
Bumside, on covariants, 412. 

Cardioid, 297, 372. 

Cartesian oval, or Cartesian, 233, 375. 

third focus, 376. 

tangent to, 379. 

coniocals intersect orthogonally, 

381. 
Casey, on new form of tangential 
equation, 339. 

on cycloid, 373. 

on Cartesians, 382. 
Cassini, oval of, 233, 333. 
Catenary, 288, 321. 
Cayley, 259, 266. 
Centre of curve, 237. 
Centrode,^3. 
Change of smgle independent variable, 

399. 



Change of two independent variables, 

403, 410. 
Chasles, on envelope of a earned right 
line, 356. 
construction for centre of instan- 
taneous rotation, 359. 
generalization of method of draw- 
ing normals to a roulette, 360. 
on epicycloids, 373. 
on Cartesian oval, 376. 
on cubics, 454. 
Circle of inflexions in motion of a plane 

area, 354, 358, 367, 374- 
Complete Solid Harmonics, 421. 
Conchoid of Nicomedes, 332, 361. 

centre of curvature of, 370. 
Concomitant fimctions, 411. 
Condition that Fdx + Qdy should be a 

total differential, 146. 
Conjugate points, 259. 
Contact, different orders of, 304. 
Convexity and concavity, 278. 
Crofton on Cartesian ovaJ, 378, 379, 

380. 
Crunode, 259. 
Cubics, 262, 281, 323, 334. 
Curvature, radius of, 286, 287, 295, 
297, 301. 

chord of, 296. 

at a double point, 310. 

at a cusp, 311, 313. 

measure of, on a surface, 209. 
Cusps, 259, 266, 315. 

curvature at, 311. 
Cycloid, 335, 356. 

equation of, 335, 336. 

radius of curvature, and evolute, 

337. 
length of arc, 338. 

Descartes, on normal to a roulette, 336. 

ovals of, 375. 
Differential coefficients, definition, 5. 

successive, 34. 
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Differentiation of, a product, 13, 14. 
a quotient, 15. 
a power, 16, 17. 
a function of a function, 17. 
an inyerse function, 18. 
trigonometrical functions, 19, 20. 
circular functions, 21, 22. 
logarithm, 25. 
exponential functions, 26. 
functions of two yariables, 115. 
three or more variables, 117. 
an implicit function, 120. 
partial, 113, 406. 

of a function of two variables, 

of three or niore variables, 

115. 

applications in plane trigono- 
metry, 130. 
in spherical trigonometry, 

133.. 

successive, 144. 

of ^ (2; + atf y + fit) with respect 
to tj 148. 
Discriminant of a ternary quadratic 
expression, 129, 194, 196. 
of any quadric, 449. 
Double points, 258, 261. 



Elimination, of constants, 384. 

of transcendental functions, 386. 

of arbitrary functions, 387, 396. 
Envelope, 270. 

of Lo? + 2Ma + JV = o, 272. 

of a system of confocal conies, 
Ex. 8, p. 276. 

of a carried curve, 355. 

centre' of curvature of, 357. 
Epicyclics, 363. 

are epi- or hypo-trochoids, 366. 
Epicycloids and hypocycloids, 339, 
356, 466. 

radius of curvature of, 342. 

cusps in, 341. 

double generation of, 343. 

evolute of, 344. 

length of arc, 345. 

pedal, 346, 372. 

regarded as envelope, 347 . 
Epitrochoids and hypotrochoids, 347. 

ellipse as a case of, 348, 363. 

centre of curvature of, 351. 

double generation of, 367. 



Equation of, tangent to a plane cuife^ 
212, 218. 
normal, 215. 
Errors in trigonometrical observation, 

135. 
Euler, formulae for sin x and cos j;, 69. 

theorem on homogeneous fime- 
tions, 123, 127, T48, 162. 

on double generation of epi- and 
hypo-cycloids, 344. 
Evolute, 297. 

of parabola, 298. 

of ellipse, 299, 308 ; as an enve- 
lope, 297. 

of equiangular spiral, 300. 
Expansion of a function, by Taylor's 
series, 61. 

by Arbogast's method, 88. 

of ^(ir + A, y + A:), 156. 

of ^ (a; + A, y + *, « + ^, 159. 

Family of curves, 270. 

Ferrers, on Bobillier*s theorem, 369. 

on Steiner's envelope, 466. 
Folium of Descartes, 333. 
Functions^ elementary forms of, 2. 

continuous, 3. 

derived, 3. 

successive, 34. 

examples of, 46. 

partisd derived, 113. 

elliptic, illustrations of, ij6, 138. 

Graves, on a new form of tangential 
equation, 339. 

Harmonic polar of point of inflexion 

on a cubic, 281. 
Huyg^ns, approximation to length of 

circular arc, 66. 
Hyperbolic branches of a curve, 246. 
Hypocydoid, 8$e Epicycloid. 
Hypotrochoid, tee Epitrochoid. 

Indeterminate forms, 96. 

treated algebraically, 916-9. 

treated by the calculus, 99, 9t seq. 
Infinitesimals, orders of, 36. 

geometrical illustration, 57. 
Inflexion, points of, 279, 281. 

in polar coordinates, 303. 
Intrinsic equation of a curve, 304. 

of a cycloid, 338. 

of an epicycloid, 350. 

of the involute of a circle, 301. 
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Fn verse curves, 225. 
tangent to, 225. 
I radius of curvature, 295. 

conjugate Cartesians, as, 378. 
In. volute, 297. 

of circle, 300, 358, 374. 
of cycloid, 356. 
of epicycloid, 357. 

Xacobians, 433-45. 

Lagrange, on derived functions, 4, note. 
on limits of Taylor's series, 76. 
on addition of elliptic integrals, 

136. 
theorem on expansion in senes, 

151. 
on Euler's theorem, 163, 

condition for maxima and minima, 
191, I97f I99» 202. 
La Hire, circle of inflexions, 354. 

on cycloid, 373. . 

Jjanden's transformation in elliptic 

functions, 133. 
Xiaplace's theorem on expansion in 
series, 154. 
coefficients, 429. 
Legendre, on elliptic functions, 137. 
on rectification of curves, 233. 
coefficients of, 426. . 
Leibnitz, on the fundamental principle 
of the calculus, 40. 
theorem on the n^^ derived func- 
tion of a product, 51. 
on tangents to curves in vectorial 
coordinates, 234. 
li'emniscate, 259, 277, 296, 329, 333. 
Ijima9on, is inverse to a conic, 227, 

... 331, 334» 349, 361, 372. 
Limiting ratios, algebraic illustration 

of, 5. 

trigonometrical illustration, 7. 

Limits, fundamental principles, 11. 

Maclaurin, series, 65, 81. 

on harmonic polar for a cubic, 282. 
Manheim, construction for axes of an 

ellipse, 374. 
Maxima or minima, 164. 

geometrical examples, 164, 183. 
algebraic examples, 166. 
ax^ + 2bxy ■\- oy^ 

condition for, 169, 174. 



problem on area of section of a 

light cone, 181. 
for implicit functions, 185. 

?uadrilateral of given sides, 186. 
or two variables, 191 ; Lagrange's 

condition, 191, 197. 
for functions of three variables, 
198. 
of n variables, 199, 449. 
application to surfaces, 200. 
undetermined multipliers applied 
to, 204. 
Multiple points on curves, 256, 265, 

. 367. 
Multipliers, method of undetermined, 
204. 

Napier, logarithmic system, 25. 
Navier, geometrical illustration of 
fundamental principles of the 
calculus, 8. 
on Taylor's theorem, 467. 
Newton, definition of fluxion, 10. 
prime and ultimate ratios, 40. 
expansions of sin x^ cos x^ sin~*j;, 
&c., 64, 69. 
by differential equations, 85. 
method of investigating radius of 

ciurvature, 291. 
on evolute of epicycloid, 345. 
Nicomedes, conchoid of, 332. 
Node, 259. 
Normal, equation of, 215. 

number passing through a given 

point, 220. 
in vectorial coordinates, 233. 

Orthogonal transformations, 409, 414, 

452. 
Osc-node, 259. 
Osculating curves, 309. 

circle, 291, 306. 

conic, 317. 
Oscul-inflexion, point of, 314, 317. 

Parabola, of the third degree, 262, 288< 

osculating, 318. 
Parabolic branches of a curve, 246. 
Parameter, 270. 

Partial differentiation, 113, 406, 
Pascal, lima^on of, 227. 
Pedal, 227. 

tangent to, 227. 

examples of, 230. 

negative, 227. 



